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Ulohy 1. (L’Hospitalovo pravidlo)
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Ulohy 2. Vysetfete pritbéh funkce:
l.y=a%—-222+2
ReSeni.

* Defini¢ni obor: D(f) =R

* Limity v nevlastnich bodech:

lim 2% - 222+ 2= lim 2= (—00)® = —
T——00 T—r—00

lim 2® — 222 + 2 = lim 23 = (00)? = o0
Tr—00 T—00

* Priusetiky s osou z (y = 0), prisecik s osou y (x = 0):

y=20 =0
0=a—222 42 y=0>-2-02+40
0=a(z? -2z +1) Y=
0=ax(zx—1)?

S osou z: [0, 0], [1, 0]
S osou y: [0, 0]
Znameénko funkce (f(z) > 0 = kladna, f(z) <0 = zaporna):

3 =222 + 2 >0 2 — 222 + <0
(2 =20 +1)>0 (2 =26 +1) <0
z(z—1)>>0 z(z—1)> <0
Nulové body: 0,1
- + +
0 1

Kladna: (0, 00)
Zaporna: (—o0,0)
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* Parita - suda (f(z) = f(—x)), licha (f(z) = —f(—=z)), ani jedno, oboji

flx)=2° 22"+ 2 flx) =2 —22* +
fl=2) = (-2 =2(=2)* + (-2)  —[f(-2)] =~ [-2° - 227 — q]
f(—z)=—2®—22°> -z —f(—z)=2+22> + =z

f(x) # f(—x) f(x) # —f(=x)

Neni sudé, nenf liché.

*  Monoténnost a lokaln{ extrémy - pomoci prvn{ derivace
Yy =222+ 2) = (@3 - (22%) + (z) =322 —2(2%) +1=32" —4a + 1
y' =0

322 —4dx+1=0
4416 —4-3-1 4+2

T12 =

6 6
xr1 = 1
1
Tro = g
Nulové body: 1,%
/ NS
1/31
- - -

Roste: (—o0, 5) U (1, 00)
Klesd: (3,1)
V bodé z = % je lokalni maximum a v bodé x = 1 je lokdlni minimum.
Lokalnf minimim: f(1) = 13 — 212 4+ 1 = 0. Soutadnice [1,0].
1

Lokalni maximum: f() = (3)3 -2 (%)2 + 1 = o. Soufadnice [3, 5.



MATM — MATEMATIKA UZ1TI DERIVACI, PRUBEH FUNKCE - RESENI ULOH

*  Konvexnost, konkévnost a inflexni body - pomoci druhé derivace

y'= (32" —da+ 1) = (32%) — (42) + (1) =3(2*) — 4(z) + 0 =6z — 4

y// — 0

6r—4=0

2

==

3

Nulové body: %
M U
- 2/3

Konvexni: (%, 00)
Konkavni: (—oo, %)

Inflexni bod je x = %

Inflexni bod: f(%) = (%)3 -2 (%)2 + % = 2% Soufadnice [%, 2%]
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_ z2+41
2.y ="

Regeni.

*  Defini¢ni obor:  # 0 = D(f) =R\ {0}
V bodé z = 0 pomoci jednostrannych limit - jak se chova funkce v jeho okoli.

0 : lim f(x) = 0" : lim
z—0~ f( ) xl>0+ f( )
241 2241
= lim = = lim
z—0— z—0t
02+1H_ 02+1H
= _—_— = _— = X0
H —0,000. OOlH H0,000...OOlH
* Limity v nevlastnich bodech:
.22+l . ox? .
lim = lim = lim z=-
2 o N
lim = lim — = lim 2 = >
T—00 €T T—0o0 I T—00
* Prusetiky s osou z (y = 0), prisecik s osou y (x = 0):
y=20 z=0
2?2 +1 02 +1
O = y =
x 0
0=a2+1 nesmiysl
x¢R

S osou x: nema
S osou y: nema
Znaménko funkce (f(z) > 0 = kladna, f(z) <0 = zaporna):

2+ 1 2+ 1
>0 <

x x
Nulové body ¢itatele: #2 +1 =0 = x¢R

Nulové body jmenovatele: z =0

Nulové body: 0
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- | +
0
Kladna: (0, c0)
Zaporna: (—o0,0)
* Parita - suda (f(z) = f(—x)), licha (f(z) = —f(—=z)), ani jedno, oboji
.’1:2 .T2
fay="-1 floy =T
(—2)P+1 _ 2?41
fe0=EEE o= |-
132 .TQ
e =-T0 fen =T
f(z) # f(—=) f(@) =—f(-=)

Neni suda, je liché.

*  Monoténnost a lokaln{ extrémy - pomoci prvni derivace

y =
x x
2z)(z) — (22 +1)(1) 222 —22-1 2%2-1
y =0
2
-1
x 1
x
Citatel i jmenovatel se rovné nule:
2—1=0 z? =
(x—1)(z+1)=0 T =

Nulové body: 1,—-1,0
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NN

+ - - +

Roste: (—oo,—1) U (1,00)
Klesa: (—1,0) U (0,1)

V bodé x = —1 je lokalni manimum a v bodé x =1 je lokalni minimum.
Lokalni minimum: f(1) = 251 = 2. Soufadnice [1,2].
Lokalni maximum: f(—1) = % = —2. Soufadnice [—1,—2].

*  Konvexnost, konkévnost a inflexni body - pomoci druhé derivace

o (1) (@ =1~ (@ - (@)
(=)

2

x4

x4 xt xt
y// — 0
2
Z 0
3
Citatel i jmenovatel se rovné nule:
2=0 z® =0
nesmysl z=0
Nulové body: 0
N U
— 0

Konvexni: (0, c0)
Konkavni: (—o0,0)

Inflexni bod funkce nemaé.

(2z)(2?) — (2% — 1)(22) _ 223 — (223 — 22) 2z
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2

- X
'EE‘ y - 132—1
ResSeni.

x Defini¢ni obor: (z2 —1) #0 = D(f) =R~ {1,-1}

V bodech x =1, x = —1 pomoci jednostrannych limit - jak se chova funkce v jejich okoli.
1™ lim f(z) = 1" lim f(z) =
z—1— z—1+
. z? . z?
:xligl—x?—lz :xliglerQ—l:
12 12
s Cllanz—1)
_"(0,999)2—1 B _"(1,000...001)2—1 B
B 1 B B 1
_"0,999—1 B _‘1,000...001—1
B 1 B B 1
H—o,ooo...om - ‘0,000...001
-1 lim f(x)= —1* lim f(x)
z——1" z——17F
. 1’2 1’2
:x—ligll— 221 T asoi 22— 1
(-1)? (-1)?
- ' (1) =1~ - ‘ (1) =1
_ 1 _ B 1
B H(—1,000...001)2 —1| B ’(—0,999)2 —1
B 1 B B 1
_’1,000...001—1 B _‘0,999—1
1 1
:‘0,000...001 - B ‘—0,000...001
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* Limity v nevlastnich bodech:

2 2
lim —— = lim — = lim 1=1
z——oco x4 —1 zo-—00x T——00
2 2
lim —— = lim — = lim 1=1
rz—oo x4 — 1 r—00 12 T—00
* Prusetiky s osou = (y = 0), prisecik s osou y (x = 0):
y=20 z=0
B 5[32 B 02
221 YT
0
0= .1'2 Yy = jl
T = y=20
S osou x: [0, 0]
S osou y: [0, 0]
Znameénko funkce (f(z) > 0 = kladna, f(x) <0 = zaporna):
2 2
x x
—— >0 —— <0
21 21"
Nulové body ¢itatele: 22 = 0 = T =
Nulové body jmenovatele: 22 — 1 = 0
(x—=1(z+1)=0 = r=1,-1
Nulové body: 0,1, -1
+ — -

Kladna: (—oo,—1) U (1,00)
Zaporna: (—1,1)
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* Parita - suda (f(z) =

f@):xf—l J@) =
(_x)Q - 1,‘2
e R Pt
1'2 $2
f(_‘r):xz_l _f(_x):_xg_l
f(z) = f(—=) f(z) #—f(-=)

Je sudé, neni licha.

*  Monoténnost a lokaln{ extrémy - pomoci prvn{ derivace

y:<m:y:@WW—U—umﬁ—W:

x? — (2 —1)2
C (22)(a? - 1) — (H)(22)  22° -2z —223 = -2
T e @ @
y' =0
—2z
=0
@1
Citatel i jmenovatel se rovna nule:
—2x =0 (2 —1)% =
=0 > —1=0
(x—1)(x+1)=0
z=1,-1

Nulové body: 0,1, —1
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Roste: (—oo,—1) U (—1,0)

Klesa: (0,1) U (1, 00)

V bod€ z = 0 je lokilni mathnum.
0

Lokdlni maximum: f(0) = 52— = -4 = 0. Soufadnice [0,0].

*  Konvexnost, konkévnost a inflexni body - pomoci druhé derivace

)?) = (=22)((=* — 1)?)

(22 -1

J — <—2:c)2>’ _ (F22)((«* -1

(a2 1)1 B

(2@ - 1?4+ 22(2(2* — 1) - 22)  (=2)(z? —1)® + 8z*(2? — 1)

(2% —1)* (% —1)*
(z2—1)- [-2(2? = 1) +82?]  [-227+2+482%] 622 +2
- @ =1 @y @y
y// — 0
622 + 2 _ 0
(=17 =
Citatel i jmenovatel se rovné nule:
62242 =0 (2 —1)>=0
kvadratickd rovnice, kterd nema feseni ?—1=
(r—D@+1) =
r=1,-1
Nulové body: 1, -1
@] N @]
-1 - 1

Konvexni: (—oo, —1) U (1, 00)
Konkavni: (—1,1)

Inflexni bod funkce nemé.
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