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Vy&etr ete chovani funkcey = T+




e Omezeni nadefini€ni obor vyplyvéaze jmenovatele zZlomku.

e Vyraz x> + 1 nesmi byt nulovy.

e Tojevsak zgjisténo pro viechnaredlnacida.
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D(f) = R; lichg

o Citatel, x, jelichafunkce, jmenovatel, (1 + x?), je funkce suda.

e Jako celek jetedy zlomek lichafunkce.
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D(f) = R; lichg

Ur&ime priisetik s osou x aznaménko funkce najednotlivych intervalech. '
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X
=0=>-—— =0
Y 14 x2

Ur&ime priisetik s osou x aznaménko funkce najednotlivych intervalech. '
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Zlomek je roven nule pravé tehdy, kdyz Citatel je nulovy. '
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y=0= =0=x=0

X
14 x2

Zakredime priisecik x = 0 naosu x. Funkce nemazadny bod nespojitosti.
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14 x2

-
o Jmenovatel (1 + x?) je stale kladny.

o Citatel zlomku ma proto stejné znaménko jako cely zlomek %

e Funkcejekladng, je-li x kladné anaopak.
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y=0= =0=x=0

X
14 x2

XLHEOO 1+x2

Urcime limity v nekoneCnu. '
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X

=——W@D = IR; lichg;
*OéL*Oéx*O
y= 1+x2 a
— , _|_
0
xLH}:loo 1+x2 :xilzltloo;
s

e Vime, Ze o vydedku rozhoduji jenom vedouci Cleny v Citateli a ve
jmenovateli.

e Zelenou Cast Ize vynechat.

e Zbytek zkratime:

x
x2  x
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y

y=0= =0=x=0

X
14 x2

T . 1 1
xig:loo 14x2 xig:loo x oo

Dosadime. .
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y=0= =0=x=0

X
14 x2

1 1

llm —— = lim - =—=0
x—+oo 1+4x2 x—do0o X +00

e Obé hodnoty é i Loo jsou nuloveé.

e Funkce méavodorovnou asymptotu v = 0 pro x jdouci K t-oo.
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, 1(1+x%) —x(0+42x)
N (1+ x2)2

e \/ypolteme derivaci.

e Derivujeme podil podle vzorce pro derivaci podilu.
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- — R-licha  — +
V=i D(f) = R; lichg ;

, 11+ x%) — x(0+2x)
(14 x2)?
14 x2—2x2
(1 +a2)2

Upravime. '
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- — R-licha  — +
V=i D(f) = R; lichg ;

, 11+ x%) — x(0+2x)
(14 x2)?
_ 1+ x2 —2x2
N
2

1—x
(14 x2)?

Upravime. '
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- — R-licha  — +
V=i D(f) = R; lichg ;

;o 1—x
YT a2

Hledame FeSeni rovnicey’ = 0. I
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y=-—"_ND(f)=Rilichey _— , T

T 142 0
p i — 7
Y = aro2
(14 x?)
y' =0
L= -
(1+x2)2

Dosadime za derivaci. .

(© Robert Mafik, 2004,



y=-—"_ND(f)=Rilichey _— , T

“i o :
;L i — 7
e
y' =0
1—x2
a+2p -
1—x2=0

Zlomek je nulovy, mé&li nulovy Citatel. '
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y=-—"_ND(f)=Rilichey _— , T

T 1+2 0
;L i — 7
Rl
y' =0
1— x2
A+x22
1-x2=0
x? =

Vyjadfime x2. I
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x -+

=1y D(f) = R; lichg ;
p i — 7
YT a2

y =0

il — g -

(14 x2)?

1-x%=0

x% =

X1 =

X, = —1

Vypocitame x. Dostavame dveé feSeni. '
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y=-—"_ND(f)=Rilichey _— , T

=TT
1+x 0
1—x2
S =41
YT vy 12
1 1

e Nakredime osu x a stacionarni body.

o Nejsou zadné body nespojitosti.
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p =

V= Gyap M2=#

Testujeme x = —2. Dostavame

1-4

/ _
¥ (=2) = Hadnahodnota < °
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p =

= ———mery = :tl
d+x2)2 "2

y

N /

Testujemex = 0.
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- — R-licha  — +
V=i D(f) = R; lichg ;

2
p 1—x

V= Gyap M2=#

\ min /‘

—1 1
Funkce malokani minimum v bodé x = —1. Funk&ni hodnotaje
-1 1
1= =—.
VU= e T 2
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PRI

1—x2
/
V= Gyap M2=#
. mlin e . Ny
-1 1

Testujeme x = 2. Plati

1-4

Iiny _
¥'(2) = {fadnahodnota < °
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- — R-licha  — +
V=i D(f) = R; lichg ;

p 1—x

V= Gyap M2=H

\ min /! MAX \
—1

—_

Funkce malokalni maximum v bodé x = 1. Funkéni hodnotaje

kde jsme vyuZili toho, Ze funkceje lichaahodnotay(—1) jiz byla
vypocitana.
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== o) =Ritiens, = +

1—x
R = 0
ST T e M2

1" 1—x /
7 =\ 0+ 27

Vypotteme druhou derivaci. '
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X

_ _ e licha +
V=i D(f) = R; lichg

2
p 1—x

V= Gyap M2=H

"o 1— x2 !
e <<1+x2>2)

_ —2x(1+ %)%= (1 —x2)2(1 4 x%) (0 + 2x)
- (1+ x2)%

e Derivuje podil podle vzorce pro derivaci podilu.

e Jmenovatel derivujeme jako sloZzenou funkci. Tim se nezbavime moz-
nosti vytknout v Citateli a zkrétit zlomek.
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__ — - licha — T

p 1— x2
y = 22!
(14 x?)

" 1—x2 1\
e ((1+x2)2)
—2x(1+ x2)2—(1 — x2)2(1 + x2)(0 + 2x)
(14 x2)4
—2x(1+x%)[(1+x%) + (1 — x?)2]
(14+x2)4

xllz = +1

Vytkneme l
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__x — R-licha  — +
V=i D(f) = R; lichg
p i — 7

YT a2

"o 1 — x2 !
Y=\

— ({1l A= s = (1l — 2D 4 (O 4 252)

X12 = +1

(14 x2)4
C 2x(14+ ) 1422 +(1—x2)2]
; (1+x2)4
_ —2x[3—x7]
 (14x2)3

Zelengé Casti se zkrati. ZjednoduSime vyraz v hranaté zavorce.
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__ 7 — R-licha  — +
V=117 D(f) = R; lichg
p i — 7

YT a2

"o 1— x2 !
g ‘<<1+x2>2)
— ({1l A= s = (1l — 2D 4 (O 4 252)

X1/2 = +1

(14 x2)4
 2x(14x?)[ 1422 +(1—x2)2]
- (14 x2)4
_ —2x[3—x7]
 (1+x2)3
_x(x2=3)

T (14x2)8
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y=-—"_ND(f)=Rilichey _— , T

T 142 0
L=
A el — 1
YT arar M2
"_ x(x? —3) 2x(x2—3) _

avep -~ taeer

Vyfegimey” = 0. I
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y=-—"_ND(f)=Rilichey _— , T

1+ 0
1—x2
e — =41
N R
2 2
-3 -3
1 — x(x ) zx(x ) _ = x(xz _3) — 0

avep © Parer

Zlomek je nulovy, je-li nulovy jeho Citatel. '
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2
p 1—x

R
g g
7 x(x*—3) x(x*—3) 2
=20 T2 o 2T 0 = x(x2-3)=0
(1+22)2 (1+22)2 *(x=3)
X3:0,X4:\/§,X5:— 3

Jsou dvé moznosti: bud x = 0, nebo x> — 3 = 0. Druhaz moznosti vede
narovnici

=3
x:j:\/g.
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x -+

=1y D(f) = R; lichg ;
1—x2
y = vk x1p = *1
1" x(x2_ ) x(x2_3) 2
- 7 = ~-3)=0
1+ x2)3 1+ x2)3 = x> -3)
X3:O,x4:\/§,X5:— 3
_/3 0 V3

Vyznatime body naosu x. Nejsou zde zadné body nespojitosti. '
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x -+

=1y D(f) = R; lichg :
— ’ MA
y,: 71 X 0 xlzzﬂ:l \‘n’llln/‘ 1 )\
(1+ x2)2 ’ 11
2 _3) x(x? —3)

1" :2x(x _ 2 _ oy _
y EraE = 2(1+x2)3 0 = x(x*-3)=0
x3:0/ x4:\/§/ x5:_\/§

ﬂ | | |
-3 0 V3

Testujeme x = —2.
—2(4-3)

" _
¥ (=2) = 2 nahodnota <
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x -+

=1y D(f) = R; lichg ;
/ 1 _x2 \min /MA>\
Y ==—FT—3 X2==1 I I
(”’ZC ) , 11
g =X =3) X723 g L x2—3)=0

X3:0,X4:\/§,XS:—\/§

Testujeme x = —1. Funkce je v tomto bodé konvexni, protoze je zde
[ok& ni minimum.
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x -+

/ 1_x2 \min/‘MA)\
= a2\ X1/2=ﬂ:1 f f
! (H’;z)z , 11
x(x= —3) x(x= —3) »
y//zzm = zmzo = x(x —3):0

x3:0/x4:\/§/x5:_\/§

V bodé x = —+/3 jeinflexe. Funkéni hodnotaje

y(—V3) —V3 o,

“1713
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x -+

=1y D(f) = R; lichg ;
y_ 1-2 N\ min, MAX
S ——cry X1/2 = +1 ! I
T +ch2)2 i 11
g =X =3) X723 g L x2—3)=0

X3:0,X4:\/§,XS:—\/§

Testujeme x = 1. Funkce je v tomto bodé konkéavni, protozeje zde
lok&lni maximum.
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x -+

=1y D(f) = R; lichg :
) _AMA
y/ _ %’ X1y = £1 N\ rrlun/‘ I >\
( o ) , 1
y' =25 =3 X8 g o x2-3)=0

N = N —
EEE 1+ 223
x3:0/ x4:\/§/ x5:_\/§

Testujeme x = 2. Dostavame

24-3)

1" _
¥ (2) = 2 Wiadneho =
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x -+

= —— WU D(f) = R;lichg
.2 . MA
y’: 71 X 0 x12::i:1 \‘n’lun/‘ 1 )\
(1+ x2)2 ’ AR 1
2 2
—3) x(x= —3)

n X =3) R el 2_3)=0
4 (1+x2)3 - (1+x2)3 = xlx )
x3:0/ x4:\/§/ x5:_\/§

N in U , N in U
_\/3 0 \/g

Inflexe v bodé x = +/3. Funkéni hodnotaje

y(V/3) ERN

“1713
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N in U N in U

0 11 3 0 3
f(0) = F(+1) = i% F(£/3) ~ £0.433

Vypigeme s nejduilezitési vysiedky.
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— + \ mlin /M/IXX\‘

| N in U N in U
0 11 3 0 3
;E(i) :) . F(+1) = i% F(£V3) ~ £0.433
y
-3 -1
1 V3 x

Zakredlime soufadny systém. '
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-t \‘mlin/'M/}X\« NinU  Nin U

0 11 3 0 3
}‘E(i) :) Y F(+1) = i% F(£V3) ~ £0.433
y
-3 -1
1 V3 X

V bodé x = 0 je prlise€ik s osou x. Funkéni hodnoty se v tomto bodé
meéni z kladnych na zaporné.
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= aF \ min M/}X\«

| N in U N in U
0 11 3 0 3
%Oi) :) ’ F(+1) = i% F(£V3) ~ £0.433
y
-3 -1 _
— — -

Zachytimeinformaci o vodorovnétetnév +oo. Davamesi pozor na

znameénko funkce, musime graf spravné nakreslit nad nebo pod
asymptotu.
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, \«mlin/'M‘?X\ NinU  Nin U
0 11 3 0 3
f(0)=0 F(a1) = £+ F(£V3) ~ £0.433
f(£00) =0 2
Y H
—V3 -1 E
— , — —
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, \«mlin/'M/}X\. NinU  Nin U
0 11 3 0 3
;E(i) :) . F(+1) = i% F(£V3) ~ £0.433
y I
-3 -1 E
1

5 b —
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3x+1

Vy&etrete chovani funkcey = 3
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y=2 D) =R\ {0} ;

e Urcime defini€ni obor.

e Vejmenovateli nesmi byt nula.
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Ur&ime priisetik s osou x jako FeSeni rovnicey = 0.
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y=2 D) =R\ {0} ;

y=0
3x+1 _
x3
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Funkce masosou x jediny priisecik x = —% I
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o Urcime znaménka funkce.

¢ Rozd&ime osu x pomoci priisetikl a bodll nespojitosti na podintervaly,
kde se znaménko zachovava
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Uvazujmeinterval zcelavlevo. Zvolme x = —1 avypocteme

y(—1) = —3_4{1 =2>0.
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: . 1 .
Uvazujme prostfedni interval, zvolme x = ~1 avypocteme

=-16<0.
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V poslednim intervalu zvolme x = 1 avypocteme

y(l):?)—;—1:4>0.
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== =R\ {0}
T . - T
1 0
3
. 3x+1
li T =
x—0t X
. 3x+1
lim 7 =
x—0— X

Najdeme jednostranné limity v bodech nespojitosti. '
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== p() =R\ {0}
T . — T
1 0
3
. 3x+1 1
li =
x—0t x3 0
i 3x+1 L
x—0— x3 0

nenulovy vyraz

D i x = 0 vedek vy t .
osazeni x = 0 vede k vyrazu typu ia
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== p() =R\ {0}
T . — T
1 0
3
3x+1 1
1 = = oo
x—0t x3 +0
. 3x+1 1
lim 7 = 5= -
x—0- X —

e Z prednasky vime, ze jednostranné limity jsou nevlastni.

e Schéma se znaménkem funkce umoziuje odhalit, zda se funkce bliZi k
plus nebo minus nekonecnu.
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== p() =R\ {0}
T . — T
1 0

3
3x+1 1
1 = = o0
x—0t x3 +0
. 3x+1 1
lim T == -0
x—0- X -
3x+1
x—+oo x3

Urcime limity v nevlastnich bodech. '
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== p() =R\ {0}
T . — T
1 0

3
3x+1 1
1 = = o0
x—0t x3 +0
. 3x+1 1
lim T == -0
x—0- X -
. 3x+1
lim
x—+oo x3

Vime, ze pouze vedouci Cleny jsou podstatné v limité tohoto typu a
ostatni ¢leny miizeme vynechat.
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== b =R\ {0}
+ | - +
1 0
3
i 3x+1 1
x—0+ x3 +0
! 3x+1 1 -
x—0— x3 -0 -
lim 3x+1 i
x—+oo x3 x—+oo x2

Zkratime x. .
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== o) =R\ {0}
- | — -
1 0

3

i 3x+1 1

x—0+ x3 +0
! 3x+1 1 -

x—0— x3 -0 -

3x+1 3 3
lim =5 — = —
x>t x3 x— oo x2 o0

Dosadime. .
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=== o) =R\ {0} ;
T . - T
1 0
3
i 3x+1 1
x—0t x3 +0
! 3x+1 1 -
x—0— x3 -0 -
im X gm 223
x—+oco X x—+oo X o0

Limitajavypoctena.
Funkce ma vodorovnou asymptotu y = 0 v £oo.
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3x+1 ) e _ o

Derivujeme podil.
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y=2 0 -r\(oy; _*, =+

Vytknutim rozlozime na soucin. '
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3x+1 ) e _ o

y = (x3)2 = 6
x—3x—1
=3
e

o Zkratime.

e Roznasobime zavorku.
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y=2 g =r\poy; _F, =t

Y (x3)2 = 6
Co,x—=3x—-1 _—2x-—1
=3 o = A

ZjednoduSime. '
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y=2 g =r\poy; _F, =t

N C 7
_L,x—=3x-1 _—2x-1 2x+1
=3 x4 - x4 - P

Méame derivaci. .
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3x+1 —
== pp-r\fo}; F*, = 7
_% 0
2x +1
y/(x):_?’ 4 ;

Méame derivaci. .
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Rovnicey’ = 0 je ekvivaentni rovnici 2x + 1 = 0.
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3x+1 ) e _ o

=X o =r\vi0ys =
_% 0
2x+1 1
y/(x):_a P! y A1 = T
_I% 0

Vyznatime stacionarni bod a bod nespojitosti na osu x. '
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3x+1 ) e _ o

=¥ o =r\vj0): £ =

10
2x+1 1
y/(x):_a x4 y A1 — T3
/l |

1 0

2
J(—1) =32t 3.9
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3x+1 ) e _ o

~ 2 g =r\f0): =
2x +1 1 _% ’
, x
y(x):_a x4 y A1 — T3
e . N
1 0
7

v (- %) < 0, protoze funkce méni znaménko z kladného na zgporné.
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3x+1 ) e _ o

=3 o =R\ joy; L, —
_% 0
0 2x +1 1
y():—3 x4 ’ l:_i
/! MAX \
o 0
2

Funkce malokani minimum v bodé x = — % Funk&ni hodnotaje
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= D(f) =R\ {0}; =
3
) 241
y(x):_a xx4 ’ l:_i
/! MAX
0
y(1)=-32=-9>0
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D(f) =R\ {0}; :
2x+1 MAXR, N\
x4 Il 0
2
y 2x+1Y)
()
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D(fy=R\{0}; _+, — *
-1 0
2x +1 /MAX\ N
PR | o
1 0
2
w_ a 2641\ 2x*— (2x+1)4x3
s () -t
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3x+1 ) e _ o

=~ | D) =R\ {0} —
-1 0
MAXS
y,(x):_Binrl, / : N\ i N\
X
1 0
2
a— 2x +1 ':_32x4—(2x+1)4x3
! (x4)2
2x* — 8x* — 43
X
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3x+1 ) e _ o
T3 D(f):]R\{O}, I o
_% 0
2x+1 MAX
Y =" L™ ™
_1 0
2
y = —3 2x+1 ’:_32x4—(2x+1)4x3
x4 (x%)2
2x* — 8x* — 4x3 —6x* — 453
X %
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3 1 _
22 b =Rr\fo}; _*, = T
X _% 0
, 2% +1 MAX
J(x) = -3 xxi— : e I \.u\.
_% 0

J =3 <2x+1>’ _ g2 - (x4 14

x4 (.X'4)2
2x% — 8x% — 443 —6x* — 448
= _3—8 == 3 -
X X
3x* + 2x3
= 678
X
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3 1 _
22 b =Rr\fo}; _*, = T
X _% 0
, 2% +1 MAX
J(x) = -3 xxi— : e I \.u\.
_% 0

J =3 <2x+1>’ _ g2 - (x4 14

x4 (.X'4)2
2x% — 8x% — 443 —6x* — 448
X X
3xt 2% (Bx+2)x°
X X
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3x+1 ) e _ o

= ——— D(f) =R\ {0}; : o
X 10
. v 41 MAX
J(x) = -3 xxi— : e I N u Y
_% 0

J =3 <2x+1>’ _ g2 - (x4 14

! (x4)2
_ _32x4 — 83;4 — 43 _ _3—6x48—4x3
X X
3xt+2x3 (Bx+2)x°
=6 3 =6 3
X X
3
—6 x;—Z
5
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y= 3 D(f)
2x+1
/ _
y(x)——3 4 ’
,,763x45-2;
X
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3x+1 ) e _ o

y=" o =R\{0}: T, =
_% 0
2x+1 MAX
y=-8S: £ > ™~
_% 0
g2 2

. 2
y'=0pro3x+2=0,tj.x = —=

3
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y=—73[Pf) =R\ {0}; |
1
3
2x+1 MAX
Y =" L™ ™
10
3x+42 2
"=6 5 2T 73
2 0
3
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y=—7"|PU) =R\ {0}: .
1
3
2x+1 MAX
y'(x) = 3= AN N
_% 0
n_ 3x+2 2
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e Urgime priisetik s osou .

e Dosadime x = 0 ahledamey(0).
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Y= SECESE D(f) =R\ {1}, y(0) = 2, neni prusetik s osou x

Vypotteme derivaci '
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(2x—1)(x—1)2 = (x> —x+1)2(x—1)(1-0)
((x=1)%)?

D(f) =R\ {1}, y(0) = 2, neni priisecik s osou x

=2

/

e UZijeme vzorec pro derivaci podilu.
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v vz

e UZijemevzorecproderivaci slozenéfunkcepfi derivovani vyrazu (x — 1
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e PouZzijeme pravidlo pro derivaci podilu.

e Jmenovatel budeme derivovat jako slozenou funkeci.
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