
Vypoètìte integrály pomo
í vhodné substitu
e:Evaluate the following integrals through method of substitution:1) ∫ sin(ln x)
x

dx = ∫ sin(lnx) 1
x
dx = lnx=t1

x
dx=dt

= ∫ sin t dt = − 
os t = − 
os(ln x)2) ∫

xdx

x4 + 16 = x
2=t2x dx=dt

x dx= 12 dt

x
4=t

2 = 12 ∫ 1
t2 + 16 dt = 18 ar
tg t4 = 18 ar
tg x243) ∫

xe
1+x

2 dx = 1+x
2=t2x dx=dt

x dx= 12 dt

= ∫ 12e
t dt = 12e

t = 12e
1+x

2
4) ∫

e
√

x+1
√

x + 1 dx = ∫

e
√

x+1 1√
x + 1 dx

√

x+1=t12√x+1 dx=dt1
√

x+1 dx=2dt

= 2 ∫

e
t dt = 2et = 2e√x+1

5) ∫ dx3x + 1 = 3x=t

x=log3 tdx= 1ln 3 1
t
dt

= 1ln 3 ∫ 1
t(t + 1) dt = 1ln 3 ∫

(1
t
− 1

t + 1) dt = 1ln 3(ln t − ln(t + 1)) == log3 t − log3(t + 1) = x − log3(3x + 1)Vypoètìte integrály z ira
ionální
h funk
í pomo
í vhodné substitu
e:Evaluate the following integrals of the irrational fun
tions through method ofsubstitution:1) ∫ 3√x + 1√
x

dx = 6√
x=t

x=t
6dx=6t
5 dt

= ∫

t2 + 1
t3 6t5 dt = 6 ∫

t
4 + t

2 dt = 1( t55 + t33 ) = 65x
56 + 2√x2) ∫

√
x + 1 + 1√
x + 1− 1 dx = √

x+1=t

x+1=t
2dx=2t dt

= ∫

t + 1
t − 1 2t dt = 2 ∫

t2 + t

t − 1 dt = 2 ∫

t + 2 + 2
t − 1 dt == 2( t22 + 2t + 2 ln |t − 1|) = x + 1 + 4√x + 1 + 4 ln |√x + 1− 1|3) ∫

x + 13√
x − 1 dx = x−1=t

3dx=3t
2 dt

x=t
3+1

t= 3√
x−1 = ∫

t2 + 2
t

3t2 dt = 2 ∫ (t2 + 2)t dt = 3 ∫

t
3 + 2t dt = 3( t55 + t

2) == 35 3√(x − 1)5 + 3 3√(x − 1)24) ∫

x2
√4− x

dx = 4−x=t
2dx=−2t dt

x=4−t
2

t=√4−x

= −
∫ (t2 − 4)2

t
2t dt = −2 ∫

t
4 − 8t2 + 16dt = −2(t55 − 8 t33 + 16t) == −2(15√(4− x)5 − 83√(4− x)3 + 16√4− x
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25) ∫

x +√2x
x −

√2x dx = 2x=t
2dx=tdt

x= 12 t
2

t=√2x

= ∫

t2 + 2t
t2 − 2t t dt = ∫

t2 + 2t
t − 2 dt = ∫

t + 4 + 8
t − 2 dt == 12 t

2 + 4t + 8 ln |t − 2| = x + 4√2x + 8 ln |√2x − 2|6) ∫ 1 + 4√x

x +√
x
dx = 4√

x=t

x=t
4dx=4t
3 dt

= ∫ 1 + t

t4 + t2 4t3 dt = 4 ∫

t2 + t

t2 + 1 dt = 4 ∫ 1 + t

t2 + 1 − 1
t2 + 1 dt == 4(t + 12 ln(t2 + 1)− ar
tg t

) = 4 4√x + 2 ln(√x + 1)− 4 ar
tg 4√x7) ∫

√2x + 1
x

dx = √2x+1=t2x+1=t
2dx=tdt

x= t
2
−12 = ∫

t

t2−12 t dt = ∫ 2t2
t2 − 1 dt = 2 ∫ 1 + 1

t2 − 1 dt == 2(t + 12 ln ∣

∣

∣

∣

t − 1
t + 1 ∣

∣

∣

∣

) = 2√2x + 1 + ln ∣

∣

∣

∣

√2x + 1− 1√2x + 1 + 1 ∣

∣

∣

∣8) ∫ 31 +√2x + 1 dx = √2x+1=t2x+1=t
2dx=tdt

= ∫ 3t1 + t
dt = ∫ 3− 3

t + 1 dt = 3t − 3 ln |t + 1| == 3√2x + 1− 3 ln |1 +√2x + 1|9) ∫

√
x − 3

x − 2 dx = √

x−3=t

x−3=t
2dx=2tdt

x=t
2+3 = ∫ 2t2

t2 + 1 dt = ∫ 2− 2
t2 + 1 dt = 2t − 2 ar
tg t == 2√x − 3− 2 ar
tg√x − 310) ∫ 1

x
√

x − 1 dx = x−1=t
2

x=t
2+1dx=2t dt

= ∫ 2t
t(t2 + 1) dt = 2 ∫ 1

t2 + 1 dt = 2ar
tg t = 2ar
tg√x − 111) ∫

x√
x + 1 + 3√

x + 1 dx = 6√
x+1=t

x+1=t
6dx=6t
5 dt

= ∫

t6 − 1
t3 + t2 6t5 dt = 6 ∫

t9 − t3
t + 1 dt == 6 ∫

t
8 − t

7 + t
6 − t

5 + t
4 − t

3 dt = 6(19 t
9 − 18 t

8 + 17 t
7 − 16 t

6 + 15 t
5 − 14 t

4)
, kde t = 6√x + 112) ∫

√
x + 1

x(1 +√
x + 1) dx = x+1=t

2
√

x+1=t

x=t
2
−1dx=2tdt

= ∫ 2t2(t2 − 1)(t + 1) dt = ∫ 2t2(t − 1)(t + 1)2 dt == ∫ 12 1
t − 1 + 32 1

t + 1 − 1(t + 1)2 dt = 12 ln |t − 1|+ 32 ln |t + 1|+ 1
t + 1 == 12 ln |1−√

x + 1|+ 32 ln(1 +√
x + 1) + 11 +√

x + 113) ∫

x√
x + 2(x + 1)(√x + 2− 2) dx = x+2=t

2
x=t

2
−2dx=2t dt

t=√

x+2 = 2 ∫

t2 − 2(t2 − 1)(t − 2) dt =



3= 2 ∫ 12
t − 1 −

16
t + 1 + 23

t − 2 dt = ln |t − 1| − 13 ln |t + 1|+ 43 ln(t − 2) == ln |√x + 2− 1| − 13 ln(√x + 2 + 1) + 43 ln |√x + 2− 2|14) ∫

√3x + 2− 1
x

dx = 3x+2=t
23 dx=2tdtdx= 23 tdt

x= 13 (t2−2)
t=√3x+2 = ∫

t − 113 (t2 − 2) 23 t dt = 2 ∫

t2 − t

t2 − 2 dt = 2 ∫ 1 + −t + 2
t2 − 2 dt == 2 ∫ 1− t

t2 − 2 + 2
t2 − 2 dt = 2(t − 12 ln |t2 − 2| − 22√2 ln ∣

∣

∣

∣

∣

√2 + t√2− t

∣

∣

∣

∣

∣

) == 2√3x + 2− ln |3x| − √2 ln ∣

∣

∣

∣

∣

√2 +√3x + 2√2−√3x + 2 ∣

∣

∣

∣

∣15) ∫

x1 +√3x + 2 dx = 3x+2=t
23 dx=2tdtdx= 23 tdt

x= 13 (t2−2) = 29 ∫

t2 − 2
t + 1 t dt = 29 ∫

t3 − 2t
t + 1 dt = 29 ∫

t
2− t−1+ 1

t + 1 dt == 29(

t33 − t22 − t + ln |t + 1|) = 29(

√(3x + 2)33 − 3x + 22 −
√3x + 2 + ln(1 +√3x + 2))16) ∫ 2

x + 2√

x

x + 2 dx = √
x

x+2=t

x

x+2=t
2

x= 2t
21−t2dx= 4t dt(1−t2)2 = ∫ 4t21− t2 dt = ∫

−4 + 41− t2 dt == −4√ x

x + 2 − 2 ln √
x −

√
x + 2√

x +√
x + 2Vypoètìte integrály z goniometri
ký
h funk
í pomo
í vhodné substitu
e:Evaluate the following integrals of goniometri
 fun
tions through method of substitution:1) ∫ 
os3 xdx = ∫ (1− sin2 x) 
osxdx = sinx=t
os x dx=dt

= ∫ (1− t
2) dt = t − t33 = sin t − 13 sin3 t2) ∫ sinx1 + 2 
os2 x

dx = ∫ 11 + 2 
os2 x
sinxdx = 
osx=t

− sin xdx=dtsin xdx=− dt

= ∫

− 11 + 2t2 dt == −
∫ 11 + (√2t)2 dt = − 1√2 ar
tg(√2t) = −ar
tg(√2 
osx)√23) ∫ sin3 x
os2 x
dx = ∫ 1− 
os2 x
os2 x

sinxdx = 
osx=tsin x dx=−dt
= ∫

t2 − 1
t2 dt = ∫ 1− 1

t2 dt = t + 1
t
== 
osx + 1
osx4) ∫ tg3 xdx = ∫ sin3 x
os3 x

dx = ∫ 1− 
os2 x
os3 x
sinxdx = !! 
os x=t !!sinx dx=− dt

= ∫

t2 − 1
t3 dt = ∫ 1

t
− 1

t3 dt == ln |t|+ 12t2 = ln | 
osx|+ 12 
os2 x



45) ∫ sin3 x1 + 
os2 x
dx = ∫ 1− 
os2 x1 + 
os2 x

sinxdx = 
osx=tsin x dx=− dt
= ∫

t2 − 1
t2 + 1 dt = ∫ 1− 2

t2 + 1 dt == t − 2 ar
tg t = 
osx − 2 ar
tg(
osx)6) ∫ sinx6− 5 
osx + 
os2 x
dx = 
osx=tsinx dx=− dt

= −
∫ 1

t2 − 5t + 6 dt = −
∫ 1

t − 3 − 1
t − 2 dt7) ∫ 1sinx

dx = ∫ 11− 
os2 x
sinxdx = 
osx=tsinx dx=− dt

= ∫ dt

t2 − 1 = 12 ln ∣

∣

∣

∣

1− t1 + t

∣

∣

∣

∣

= 12 ln 1− 
osx
osx + 18) ∫ dx(2 + 
osx) sinx
= 
os x=tsinx dx=− dt

= ∫ 1(2 + t)(1 + t)(t − 1) dt = ∫

−12 11 + t
+16 1

t − 1+ 13 12 + t
dt == −12 ln |1 + t|+ 16 ln |t − 1|+ 13 ln |2 + t| = −12 ln(1 + 
osx) + 16 ln(1− 
osx) + 13 ln(2 + 
osx)9) ∫ 
osxsin3 x

dx = ∫ 1sin3 x

osxdx = sinx=t
os x dx=dt

= ∫

t
−3 dt = t−2

−2 = − 12 sin2 x10) ∫ 1 + 
osxsinx
dx = ∫ 1 + 
osx1− 
os2 x

sinxdx = 
os x=tsinx dx=− dt
= ∫

− 1 + t1− t2 dt = ∫ 1
t − 1 dt = ln |t − 1| == ln(1− 
osx)11) ∫ sinx + sin3 x
osx + 
os2 x

dx = ∫ 2− 
os2 x
os2 x + 
osx
sinxdx = 
os x=tsinx dx=− dt

= ∫

t2 − 2
t + t2 dt = ∫ 1− t + 2

t2 + t
dt == ∫ 1− 2

t
+ 1

t + 1 dt = t − ln t
2 + ln |t + 1| = 
osx − ln 
os2 x + ln(1 + 
osx)12) ∫ 
os2 xsinx

dx = ∫ 
os2 x1− 
os2 x
sinxdx = 
osx=tsinx dx=− dt

= −
∫

t21− t2 dt = ∫ 1− 11− t2 dt == t − 12 ln 1 + t1− t
= 
osx − 12 ln 1 + 
osx1− 
osx13) ∫ 
osx + 
os3 xsinx

dx = ∫ 2− sin2 xsinx

osxdx = sinx=t
osx dx=dt

= ∫ 2− t2
t

dt = ln t
2 − 12 t

2 == ln(sin2 x)− 12 sin2 x14) ∫ 
os5 xdx = ∫ (1− sin2 x)2 
osxdx = sinx=t
osx dx=dt

= ∫ (1− t
2)2 dt = t − 23 t

3 + 15 t
5 == sinx − 23 sin3 x + 15 sin5 x15) ∫ 
osx(2 + sinx)3− 
os2 x

dx = ∫ 2 + sinx2 + sin2 x

osxdx = sinx=t
osx dx=dt

= ∫

t + 2
t2 + 2 dt == 12 ln(t2 + 2) +√2 ar
tg t√2 = 12 ln(2 + sin2 x) +√2 ar
tg sinx√216) ∫ sin2 x
os3 x

dx = ∫ sin2 x(1− sinx)2(1 + sinx)2 
osxdx
sinx=t
osx dx=dt

= ∫

t2(1− t)2(1 + t)2 dt == ∫ 14
t − 1 + 14(t − 1)2 −

14
t + 1 + 14(t + 1)2 dt = 14 ln 1− t1 + t

− 14 1
t − 1 − 14 1

t + 1 == 14 ln 1− sinx1 + sinx
− 14 1sinx − 1 − 14 1sinx + 1



517) ∫ 1 + 
osx(1 + 
os2 x) sin x
dx = ∫ 1 + 
osx(1 + 
os2 x)(1− 
os2 x) sinxdx


osx=tsinx dx=− dt
= ∫

t + 1(1 + t2)(t2 − 1) dt == ∫ 1(t2 + 1)(t − 1) dt = ∫

−12 t + 1
t2 + 1 + 12 1

t − 1 dt = −14 ln(t2 + 1)− 12 ar
tg t + 12 ln |t − 1| == −14 ln(
osx
2 + 1)− 12 ar
tg 
osx + 12 ln(1− 
osx)18) ∫ 2 + 
osxsinx 
os2 x

dx = ∫ 2 + 
osx
os2 x(1− 
os2 x) sinxdx

osx=tsinx dx=− dt

= ∫

t + 2
t2(t2 − 1) dt == ∫

− 2
t2 − 1

t
+ 32 1

t − 1 − 12 1
t + 1 dt = 2

t
− ln |t|+ 32 ln(1− t)− 12 ln(1 + t) == 2
osx

− ln | 
osx|+ 32 ln(1− 
osx)− 12 ln(1 + 
osx)19) ∫ 
osx + 2 
os3 x(1 + sinx)(1 + sin2 x) dx = ∫ 3− 2 sin2 x(1 + sinx)(1 + sin2 x) 
osxdx
sinx=t
osx dx=dt

== ∫ 3− 2t2(1 + t)(1 + t2) dt = ∫ 12 11 + t
− 52 t

t2 + 1 + 52 1
t2 + 1 dt == 12 ln(1 + t)− 54 ln(1 + t

2)− 52 ar
tg t = 12 ln(1 + sinx)− 54 ln(1 + sin2 x) + 52 ar
tg sinx20) ∫ sin5 x 
os2 x1 + 
osx
dx = ∫ (1− 
os2 x)2 
os2 x1 + 
osx

sinxdx = 
osx=tsinx dx=− dt
= −

∫ (1− t2)2t21 + t
dt == −

∫

t
2(t − 1)(t2 − 1) dt = −

∫

−t
3 + t

5 + t
2 − t

4 dt = − t66 + t55 + t44 − t33 == −
os6 x6 + 
os5 x5 + 
os4 x4 − 
os3 x321) ∫ 1sinx 
osx
dx = ∫ 1(1− 
os2 x) 
osx

sinxdx = 
osx=tsinx dx=− dt
= ∫ 1(t2 − 1)t dt == ∫ 12 1

t + 1 + 12 1
t − 1 − 1

t
dt = 12 ln |t + 1|+ 12 ln |t − 1| − ln |t| = 12 ln 1− 
os2 x
os2 x

= ln | tg x|22) ∫ 1− 
osxsin3 x
dx = ∫ 1− 
osx(1− 
os2 x)2 sinxdx = 
osx=tsinx dx=−dt

= −
∫ 1− t(1− t2)2 dt == ∫ 1(t − 1)(1 + t)2 dt = ∫ 14 1

t − 1 − 14 1
t + 1 − 12 1(1 + t)2 dt == 14 ln |t − 1| − 14 ln |t + 1|+ 12 11 + t

= 14 ln 1− 
osx1 + 
osx
+ 12(1 + 
osx)23) ∫ 1− sinx1 + 
osx

dx = tg x2=t
osx= 1−t
21+t2sinx= 2t1+t2dx= 21+t2 dt

= ∫

t2 − 2t + 1
t2 + 1 dt = ∫ 1− 2t1 + t2 dt = t − ln(1 + t

2) == tg x2 − ln(1 + tg2 x2 )


