
Derivace

Robert Mařı́k
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Derivujte y =
x

x2 + 1
.

y′ =

(

x

x2 + 1

)′

=
(x)′ · (x2 + 1) − x · (x2 + 1)′

(x2 + 1)2

=
1 · (x2 + 1)− x · (2x + 0)

(x2 + 1)2

=
1 − x2

(1 + x2)2
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x

x2 + 1
.

y′ =

(

x

x2 + 1

)′

=
(x)′ · (x2 + 1) − x · (x2 + 1)′

(x2 + 1)2

=
1 · (x2 + 1)− x · (2x + 0)

(x2 + 1)2

=
1 − x2

(1 + x2)2

Funkce je ve tvaru podı́lu.
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Derivujte y =
x

x2 + 1
.

y′ =

(

x

x2 + 1

)′

=
(x)′ · (x2 + 1) − x · (x2 + 1)′

(x2 + 1)2

=
1 · (x2 + 1)− x · (2x + 0)

(x2 + 1)2

=
1 − x2

(1 + x2)2

Užijeme pravidlo pro derivaci podı́lu
(u

v

)′
=

u′v − uv′

v2
.
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Derivujte y =
x

x2 + 1
.

y′ =

(

x

x2 + 1

)′

=
(x)′ · (x2 + 1) − x · (x2 + 1)′

(x2 + 1)2

=
1 · (x2 + 1)− x · (2x + 0)

(x2 + 1)2

=
1 − x2

(1 + x2)2
• x′ = 1 podle derivace mocninné funkce.

• (x2 + 1)′ = (x2)′ + (1)′ = 2x + 0 = 2x podle derivace
součtu a derivace mocninné funkce.
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Derivujte y =
x

x2 + 1
.

y′ =

(

x

x2 + 1

)′

=
(x)′ · (x2 + 1) − x · (x2 + 1)′

(x2 + 1)2

=
1 · (x2 + 1)− x · (2x + 0)

(x2 + 1)2

=
1 − x2

(1 + x2)2

Roznásobı́me závorky a upravı́me čitatele.
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Derivujte y =
1 − x3

x2

y′ =

(

1 − x3

x2

)′

=
(1 − x3)′ · x2 − (1 − x3) · (x2)′

(x2)2

=
(0 − 3x2) · x2 − (1 − x3) · 2x

(x2)2

=
−3x4 − 2x + 2x4

x4
= −

2 + x3

x3
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Funkce je ve tvaru podı́lu.
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x2
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(1 − x3)′ · x2 − (1 − x3) · (x2)′

(x2)2
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(0 − 3x2) · x2 − (1 − x3) · 2x

(x2)2

=
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Užijeme pravidlo
( u

v

)′
=

u′v − uv′

v2
.
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Derivujte y =
1 − x3

x2

y′ =

(

1 − x3

x2

)′

=
(1 − x3)′ · x2 − (1 − x3) · (x2)′

(x2)2

=
(0 − 3x2) · x2 − (1 − x3) · 2x

(x2)2

=
−3x4 − 2x + 2x4

x4
= −

2 + x3

x3

• Výraz (1 − x3)′ derivujeme jako součet.

• Výrazy x2 a x3 derivujeme jako mocninné funkce.
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Derivujte y =
1 − x3

x2

y′ =

(

1 − x3

x2

)′

=
(1 − x3)′ · x2 − (1 − x3) · (x2)′

(x2)2

=
(0 − 3x2) · x2 − (1 − x3) · 2x

(x2)2

=
−3x4 − 2x + 2x4

x4
= −

2 + x3

x3

Roznásobı́me.
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Derivujte y =
1 − x3

x2

y′ =

(

1 − x3

x2

)′

=
(1 − x3)′ · x2 − (1 − x3) · (x2)′

(x2)2

=
(0 − 3x2) · x2 − (1 − x3) · 2x

(x2)2

=
−3x4 − 2x + 2x4

x4
= −

2 + x3

x3

Upravı́me.
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Derivujte y = x ln2 x.

y′ = ( x ln2 x )′ = (x)′ ln2 x + x (ln2 x)′

= 1 ln2 x + x 2 ln x (ln x)′

= ln2 x + x 2 ln x
1

x

= (2 + ln x) ln x
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Derivujte y = x ln2 x.

y′ = ( x ln2 x )′ = (x)′ ln2 x + x (ln2 x)′

= 1 ln2 x + x 2 ln x (ln x)′

= ln2 x + x 2 ln x
1

x

= (2 + ln x) ln x

Derivujeme jako součin (uv)′, kde u = x a v′ = ln2 x.

(uv)′ = u′v + uv′
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Derivujte y = x ln2 x.

y′ = ( x ln2 x )′ = (x)′ ln2 x + x (ln2 x)′

= 1 ln2 x + x 2 ln x (ln x)′

= ln2 x + x 2 ln x
1

x

= (2 + ln x) ln x

Derivace funkce x je vzorec.
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Derivujte y = x ln2 x.

y′ = ( x ln2 x )′ = (x)′ ln2 x + x (ln2 x)′

= 1 ln2 x + x 2 ln x (ln x)′

= ln2 x + x 2 ln x
1

x

= (2 + ln x) ln x

• Funkce ln2 x je složená, jedná se o funkci (ln x)2.

• Vnějšı́ složka je druhá mocnina, vnitřnı́ je logaritmus.

• Pro derivaci složené funkce užijeme řetězové pravidlo

[ f (g(x))]′ = f ′(g(x))g′(x) (g2(x))′ = 2g(x)g′(x) .
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Derivujte y = x ln2 x.

y′ = ( x ln2 x )′ = (x)′ ln2 x + x (ln2 x)′

= 1 ln2 x + x 2 ln x (ln x)′

= ln2 x + x 2 ln x
1

x

= (2 + ln x) ln x

Derivace logaritmu je tabelována.
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Derivujte y = x ln2 x.

y′ = ( x ln2 x )′ = (x)′ ln2 x + x (ln2 x)′

= 1 ln2 x + x 2 ln x (ln x)′

= ln2 x + x 2 ln x
1

x

= (2 + ln x) ln x

x
1

x
= 1 a vytkneme ln x.
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Derivujte y = (x2 + 3x)e−2x

y′ =
(

x2 + 3x
)′

e−2x + (x2 + 3x)
(

e−2x
)′

=
(

(x2)′ + 3(x)′
)

e−2x + (x2 + 3x)e−2x(−2x)′

=
(

2x + 3 · 1
)

e−2x + (x2 + 3x)e−2x(−2)(x)′

=
(

2x + 3
)

e−2x + (x2 + 3x)e−2x(−2)1

=
(

2x + 3 + (−2)(x2 + 3x)
)

e−2x

=
(

−2x2 − 4x + 3
)

e−2x = −
(

2x2 + 4x − 3
)

e−2x
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2x2 + 4x − 3
)

e−2x

Derivujeme součin funkce u = x2 + 3x a v = e−2x .



// / . .. c©Robert Mařı́k, 2004.
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)
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)

e−2x

Derivujeme součet. Užijeme pravidlo pro derivaci součtu a
pravidlo pro derivaci násobku konstantou.
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Derivujte y = (x2 + 3x)e−2x
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• Derivujeme složenou funkci e−2x.

• Vnějšı́ složka je exponenciálnı́ funkce a ta se při derivaci
neměnı́.

• (e f (x))′ = e f (x) f ′(x)

• Vnitřnı́ složka je −2x.
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Derivace funkcı́ x2 a x jsou tabelovány.
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Derivace funkce (−2x) může být vypočı́tána podle derivace
násobku . . .
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. . . a derivace mocninné funkce (x = x1 a tedy x′ = 1x0 = 1).
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Vytkneme e−2x.
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Upravı́me uvnitř závorky.
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Derivujte y =
3

√

1 + x3

1 − x3
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y′ =
1

3

(

1 + x3

1 − x3

)−2/3 (

1 + x3

1 − x3
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1

3
·
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1 − x3

1 + x3

)2/3

·
(1 + x3)′(1 − x3) − (1 + x3)(1 − x3)′

(1 − x3)2

=
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3)− (1 + x3)(−3x2)

(1 − x3)2

y′ =
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3) − (1 + x3)(−3x2)

(1 − x3)2

=
1

(

1 − x3

+ 3

)2/3
6x2

( 3)2
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3x2(1 − x3)− (1 + x3)(−3x2)

(1 − x3)2
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=
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1 − x3

+ 3

)2/3
6x2

( 3)2

Třetı́ odmocninu bereme jako mocninu s exponentem
1

3
.

Derivujeme tedy jako mocninnou funkci.
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Derivujte y =
3

√

1 + x3

1 − x3
.

y′ =
1

3

(

1 + x3

1 − x3

)−2/3 (

1 + x3

1 − x3

)′

=
1

3
·
(

1 − x3

1 + x3

)2/3

·
(1 + x3)′(1 − x3) − (1 + x3)(1 − x3)′

(1 − x3)2

=
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3)− (1 + x3)(−3x2)

(1 − x3)2

y′ =
1

3

(

1 − x3

1 + x3

)2/3
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Výraz pod odmocninou je vnitřnı́ funkce. Podle řetězového
pravidla násobı́me derivacı́ vnitřnı́ složky.

(

3

√

f (x)

)′

=
1

3
f

1
3−1(x) f ′(x)
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Vnitřnı́ složka je podı́l. Užijeme pravidlo
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v
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=

u′v − uv′

v2
.
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Derivujte y =
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·
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3x2(1 − x3)− (1 + x3)(−3x2)

(1 − x3)2

y′ =
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3) − (1 + x3)(−3x2)

(1 − x3)2

=
1

(

1 − x3

+ 3

)2/3
6x2

( 3)2

Derivace v čitateli a jmenovateli je možno vypočı́tat jako
derivace součtu (rozdı́lu) a mocninné funkce.
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Derivujte y =
3

√

1 + x3

1 − x3
.

y′ =
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3) − (1 + x3)(−3x2)

(1 − x3)2

=
1

3

(

1 − x3

1 + x3

)2/3
6x2

(1 − x3)2

=
3

√

1 + x3

1 − x3
·

1 − x3

1 + x3
·

2x2

(1 − x3)2
=

3

√

1 + x3

1 − x3

2x2

1 − x6

Tohle zatı́m máme.
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Derivujte y =
3

√

1 + x3

1 − x3
.

y′ =
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3) − (1 + x3)(−3x2)

(1 − x3)2

=
1

3

(

1 − x3

1 + x3

)2/3
6x2

(1 − x3)2

=
3

√

1 + x3

1 − x3
·

1 − x3

1 + x3
·

2x2

(1 − x3)2
=

3

√

1 + x3

1 − x3

2x2

1 − x6

Upravı́me čitatel . . .
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Derivujte y =
3

√

1 + x3

1 − x3
.

y′ =
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3) − (1 + x3)(−3x2)

(1 − x3)2

=
1

3

(

1 − x3

1 + x3

)2/3
6x2

(1 − x3)2

=
3

√

1 + x3

1 − x3
·

1 − x3

1 + x3
·

2x2

(1 − x3)2
=

3

√

1 + x3

1 − x3

2x2

1 − x6

. . . a ještě vı́ce upravı́me.
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Derivujte y =
3

√

1 + x3

1 − x3
.

y′ =
1

3

(

1 − x3

1 + x3

)2/3
3x2(1 − x3) − (1 + x3)(−3x2)

(1 − x3)2

=
1

3

(

1 − x3

1 + x3

)2/3
6x2

(1 − x3)2

=
3

√

1 + x3

1 − x3
·

1 − x3

1 + x3
·

2x2

(1 − x3)2
=

3

√

1 + x3

1 − x3

2x2

1 − x6

Hotovo!
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Derivujte y =

(

x − 1

x + 1

)2

.

y′ = 2
x − 1

x + 1

(

x − 1

x + 1

)′

= 2
x − 1

x + 1
·
(x − 1)′(x + 1)− (x − 1)(x + 1)′

(x + 1)2

= 2
x − 1

x + 1
·

1.(x + 1) − (x − 1).1

(x + 1)2

= 2
x − 1

x + 1
·

2

(x + 1)2
= 4

x − 1

(x + 1)3
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Derivujte y =

(

x − 1

x + 1

)2

.

y′ = 2
x − 1

x + 1

(

x − 1

x + 1

)′

= 2
x − 1

x + 1
·
(x − 1)′(x + 1)− (x − 1)(x + 1)′

(x + 1)2

= 2
x − 1

x + 1
·

1.(x + 1) − (x − 1).1

(x + 1)2

= 2
x − 1

x + 1
·

2

(x + 1)2
= 4

x − 1

(x + 1)3

• Jedná se o druhou mocninu zlomku. Vnějšı́ složka, druhá
mocnina, se derivuje jako mocninná funkce.

• Derivace vnitřnı́ složky následuje (podle řetězového pra-
vidla).

( f 2(x))′ = 2 f (x) f ′(x)
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Derivujte y =

(

x − 1

x + 1

)2

.

y′ = 2
x − 1

x + 1

(

x − 1

x + 1

)′

= 2
x − 1

x + 1
·
(x − 1)′(x + 1)− (x − 1)(x + 1)′

(x + 1)2

= 2
x − 1

x + 1
·

1.(x + 1) − (x − 1).1

(x + 1)2

= 2
x − 1

x + 1
·

2

(x + 1)2
= 4

x − 1

(x + 1)3Derivace podı́lu:

( u

v

)′
=

u′v − uv′

v2
.
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Derivujte y =

(

x − 1

x + 1

)2

.

y′ = 2
x − 1

x + 1

(

x − 1

x + 1

)′

= 2
x − 1

x + 1
·
(x − 1)′(x + 1)− (x − 1)(x + 1)′

(x + 1)2

= 2
x − 1

x + 1
·

1.(x + 1) − (x − 1).1

(x + 1)2

= 2
x − 1

x + 1
·

2

(x + 1)2
= 4

x − 1

(x + 1)3

Derivace čitatele a jmenovatele jsou již lehké.
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Derivujte y =

(

x − 1

x + 1

)2

.

y′ = 2
x − 1

x + 1

(

x − 1

x + 1

)′

= 2
x − 1

x + 1
·
(x − 1)′(x + 1)− (x − 1)(x + 1)′

(x + 1)2

= 2
x − 1

x + 1
·

1.(x + 1) − (x − 1).1

(x + 1)2

= 2
x − 1

x + 1
·

2

(x + 1)2
= 4

x − 1

(x + 1)3

Upravı́me.
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Derivujte y =

(

x − 1

x + 1

)2

.

y′ = 2
x − 1

x + 1

(

x − 1

x + 1

)′

= 2
x − 1

x + 1
·
(x − 1)′(x + 1)− (x − 1)(x + 1)′

(x + 1)2

= 2
x − 1

x + 1
·

1.(x + 1) − (x − 1).1

(x + 1)2

= 2
x − 1

x + 1
·

2

(x + 1)2
= 4

x − 1

(x + 1)3

Vynásobı́me.
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Derivujte y′ = x ln(x2 − 1).

y′ = x′ ln(x2 − 1) + x
(

ln(x2 − 1)
)′

= 1 ln(x2 − 1) + x
1

x2 − 1
(x2 − 1)′

= ln(x2 − 1) + x
1

x2 − 1
2x

= ln(x2 − 1) +
2x2

x2 − 1
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Derivujte y′ = x ln(x2 − 1).

y′ = x′ ln(x2 − 1) + x
(

ln(x2 − 1)
)′

= 1 ln(x2 − 1) + x
1

x2 − 1
(x2 − 1)′

= ln(x2 − 1) + x
1

x2 − 1
2x

= ln(x2 − 1) +
2x2

x2 − 1

Derivace součinu

(uv)′ = u′v + uv′

kde u = x a v = ln(x2 − 1).
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Derivujte y′ = x ln(x2 − 1).

y′ = x′ ln(x2 − 1) + x
(

ln(x2 − 1)
)′

= 1 ln(x2 − 1) + x
1

x2 − 1
(x2 − 1)′

= ln(x2 − 1) + x
1

x2 − 1
2x

= ln(x2 − 1) +
2x2

x2 − 1

• Derivace u = x je lehká.

• Funkce ln(x2 − 1) je složená s vnějšı́ složkou ln(·) a vnitřnı́

složkou x2 − 1.



// / . .. c©Robert Mařı́k, 2004.

Derivujte y′ = x ln(x2 − 1).

y′ = x′ ln(x2 − 1) + x
(

ln(x2 − 1)
)′

= 1 ln(x2 − 1) + x
1

x2 − 1
(x2 − 1)′

= ln(x2 − 1) + x
1

x2 − 1
2x

= ln(x2 − 1) +
2x2

x2 − 1

(x2 − 1)′ = 2x − 0 = 2x
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Derivujte y′ = x ln(x2 − 1).

y′ = x′ ln(x2 − 1) + x
(

ln(x2 − 1)
)′

= 1 ln(x2 − 1) + x
1

x2 − 1
(x2 − 1)′

= ln(x2 − 1) + x
1

x2 − 1
2x

= ln(x2 − 1) +
2x2

x2 − 1

Upravı́me.
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Derivujte y =
1

4
ln

x2 − 1

x2 + 1
.

y′ =
1

4
·

x2 + 1

x2 − 1
·

2x(x2 + 1)− (x2 − 1)2x

(x2 + 1)2

=
1

4
·

x2 + 1

x2 − 1
·

4x

(x2 + 1)2

=
x

(x2 − 1)(x2 + 1)
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Derivujte y =
1

4
ln

x2 − 1

x2 + 1
.

y′ =
1

4
·

x2 + 1

x2 − 1
·

2x(x2 + 1)− (x2 − 1)2x

(x2 + 1)2

=
1

4
·

x2 + 1

x2 − 1
·

4x

(x2 + 1)2

=
x

(x2 − 1)(x2 + 1)

Funkce je konstantnı́ násobek logaritmické funkce.
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Derivujte y =
1

4
ln

x2 − 1

x2 + 1
.

y′ =
1

4
·

x2 + 1

x2 − 1
·

2x(x2 + 1)− (x2 − 1)2x

(x2 + 1)2

=
1

4
·

x2 + 1

x2 − 1
·

4x

(x2 + 1)2

=
x

(x2 − 1)(x2 + 1)

• Logaritmus je pouze vnějšı́ funkce. Vnitřnı́ funkcı́ je zlo-
mek.

• Derivujeme vnějšı́ složku podle pravidla (ln(x))′ =
1

x
a

podle řetězového pravidla.

• Platı́ (ln f (x))′ =
1

f (x)
f ′(x) a

1
x2−1
x2+1

=
x2 + 1

x2 − 1
.
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Derivujte y =
1

4
ln

x2 − 1

x2 + 1
.

y′ =
1

4
·

x2 + 1

x2 − 1
·

2x(x2 + 1)− (x2 − 1)2x

(x2 + 1)2

=
1

4
·

x2 + 1

x2 − 1
·

4x

(x2 + 1)2

=
x

(x2 − 1)(x2 + 1)

Pokračujeme derivacı́ vnitřnı́ složky.
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Derivujte y =
1

4
ln

x2 − 1

x2 + 1
.

y′ =
1

4
·

x2 + 1

x2 − 1
·

2x(x2 + 1)− (x2 − 1)2x

(x2 + 1)2

=
1

4
·

x2 + 1

x2 − 1
·

4x

(x2 + 1)2

=
x

(x2 − 1)(x2 + 1)

Upravı́me čitatel druhého zlomku. Členy s x3 se rušı́ a
zůstane 4x.
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Derivujte y =
1

4
ln

x2 − 1

x2 + 1
.

y′ =
1

4
·

x2 + 1

x2 − 1
·

2x(x2 + 1)− (x2 − 1)2x

(x2 + 1)2

=
1

4
·

x2 + 1

x2 − 1
·

4x

(x2 + 1)2

=
x

(x2 − 1)(x2 + 1)

Vynásobı́me.
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Derivujte y =
√

x + 1 − ln(1 +
√

x + 1).

y′ =
1

2
√

x + 1
· 1 −

1

1 +
√

x + 1

(

0 +
1

2
√

x + 1

)

=
1

2
√

x + 1

(

1 −
1

1 +
√

x + 1

)

=
1

2
√

x + 1
·

√
x + 1

1 +
√

x + 1

=
1

2(1 +
√

x + 1)
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Derivujte y =
√

x + 1 − ln(1 +
√

x + 1).

y′ =
1

2
√

x + 1
· 1 −

1

1 +
√

x + 1

(

0 +
1

2
√

x + 1

)

=
1

2
√

x + 1

(

1 −
1

1 +
√

x + 1

)

=
1

2
√

x + 1
·

√
x + 1

1 +
√

x + 1

=
1

2(1 +
√

x + 1)

(
√

x)′ =
(

x
1
2

)′
=

1

2
x

1
2−1 =

1

2
x−

1
2 =

1

2
√

x

podle derivace mocninné funkce. Toto musı́me spojit s
řetězovým pravidlem

(
√

x + 1)′ =
1

2
√

x + 1
· 1 =

1

2
√

x + 1
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Derivujte y =
√

x + 1 − ln(1 +
√

x + 1).

y′ =
1

2
√

x + 1
· 1 −

1

1 +
√

x + 1

(

0 +
1

2
√

x + 1

)

=
1

2
√

x + 1

(

1 −
1

1 +
√

x + 1

)

=
1

2
√

x + 1
·

√
x + 1

1 +
√

x + 1

=
1

2(1 +
√

x + 1)

Vytkneme
1

2
√

x + 1
.
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Derivujte y =
√

x + 1 − ln(1 +
√

x + 1).

y′ =
1

2
√

x + 1
· 1 −

1

1 +
√

x + 1

(

0 +
1

2
√

x + 1

)

=
1

2
√

x + 1

(

1 −
1

1 +
√

x + 1

)

=
1

2
√

x + 1
·

√
x + 1

1 +
√

x + 1

=
1

2(1 +
√

x + 1)

Převedeme na společného jmenovatele a sečteme.
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Derivujte y =
√

x + 1 − ln(1 +
√

x + 1).

y′ =
1

2
√

x + 1
· 1 −

1

1 +
√

x + 1

(

0 +
1

2
√

x + 1

)

=
1

2
√

x + 1

(

1 −
1

1 +
√

x + 1

)

=
1

2
√

x + 1
·

√
x + 1

1 +
√

x + 1

=
1

2(1 +
√

x + 1)

Zkrátı́me
√

x + 1. Hotovo.
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Derivujte y =
√

1 − x arcsin
√

x

y′ = (
√

1 − x)′ · arcsin
√

x +
√

1 − x · (arcsin
√

x)′

=
1

2
√

1 − x
· (1 − x)′ · arcsin

√
x

+
√

1 − x ·
1

√

1 − (
√

x)2
· (
√

x)′

= −
1

2
√

1 − x
· arcsin

√
x +

√
1 − x ·

1
√

1 − x
·

1

2
√

x

= −
arcsin

√
x

2
√

1 − x
+

1

2
√

x
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Derivujte y =
√

1 − x arcsin
√

x

y′ = (
√

1 − x)′ · arcsin
√

x +
√

1 − x · (arcsin
√

x)′

=
1

2
√

1 − x
· (1 − x)′ · arcsin

√
x

+
√

1 − x ·
1

√

1 − (
√

x)2
· (
√

x)′

= −
1

2
√

1 − x
· arcsin

√
x +

√
1 − x ·

1
√

1 − x
·

1

2
√

x

= −
arcsin

√
x

2
√

1 − x
+

1

2
√

x

Derivace součinu.
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Derivujte y =
√

1 − x arcsin
√

x

y′ = (
√

1 − x)′ · arcsin
√

x +
√

1 − x · (arcsin
√

x)′

=
1

2
√

1 − x
· (1 − x)′ · arcsin

√
x

+
√

1 − x ·
1

√

1 − (
√

x)2
· (
√

x)′

= −
1

2
√

1 − x
· arcsin

√
x +

√
1 − x ·

1
√

1 − x
·

1

2
√

x

= −
arcsin

√
x

2
√

1 − x
+

1

2
√

x

Řetězové pravidlo pro
√

1 − x a pro arcsin(
√

x)
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Derivujte y =
√

1 − x arcsin
√

x

y′ = (
√

1 − x)′ · arcsin
√

x +
√

1 − x · (arcsin
√

x)′

=
1

2
√

1 − x
· (1 − x)′ · arcsin

√
x

+
√

1 − x ·
1

√

1 − (
√

x)2
· (
√

x)′

= −
1

2
√

1 − x
· arcsin

√
x +

√
1 − x ·

1
√

1 − x
·

1

2
√

x

= −
arcsin

√
x

2
√

1 − x
+

1

2
√

x

Derivace vnitřnı́ složky.
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Derivujte y =
√

1 − x arcsin
√

x

y′ = (
√

1 − x)′ · arcsin
√

x +
√

1 − x · (arcsin
√

x)′

=
1

2
√

1 − x
· (1 − x)′ · arcsin

√
x

+
√

1 − x ·
1

√

1 − (
√

x)2
· (
√

x)′

= −
1

2
√

1 − x
· arcsin

√
x +

√
1 − x ·

1
√

1 − x
·

1

2
√

x

= −
arcsin

√
x

2
√

1 − x
+

1

2
√

x

Výraz
√

1 − x se zkrátı́. Hotovo!
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Derivujte y = (x2 + 1) sin x + x cos x

y′ =
(

(x2 + 1) sin x
)′

+ (x cos x)′

= (x2 + 1)′ sin x + (x2 + 1)(sin x)′ + x′ cos x + x(cos x)′

= 2x sin x + (x2 + 1)cos x + 1 · cos x + x(− sin x)

= (2x − x) sin(x) + (x2 + 1 + 1) cos x

= x sin x + (x2 + 2) cos x
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Derivujte y = (x2 + 1) sin x + x cos x

y′ =
(

(x2 + 1) sin x
)′

+ (x cos x)′

= (x2 + 1)′ sin x + (x2 + 1)(sin x)′ + x′ cos x + x(cos x)′

= 2x sin x + (x2 + 1)cos x + 1 · cos x + x(− sin x)

= (2x − x) sin(x) + (x2 + 1 + 1) cos x

= x sin x + (x2 + 2) cos x

Derivace součtu.



// / . .. c©Robert Mařı́k, 2004.

Derivujte y = (x2 + 1) sin x + x cos x

y′ =
(

(x2 + 1) sin x
)′

+ (x cos x)′

= (x2 + 1)′ sin x + (x2 + 1)(sin x)′ + x′ cos x + x(cos x)′

= 2x sin x + (x2 + 1)cos x + 1 · cos x + x(− sin x)

= (2x − x) sin(x) + (x2 + 1 + 1) cos x

= x sin x + (x2 + 2) cos x

Dvakrát derivace součinu.
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Derivujte y = (x2 + 1) sin x + x cos x

y′ =
(

(x2 + 1) sin x
)′

+ (x cos x)′

= (x2 + 1)′ sin x + (x2 + 1)(sin x)′ + x′ cos x + x(cos x)′

= 2x sin x + (x2 + 1)cos x + 1 · cos x + x(− sin x)

= (2x − x) sin(x) + (x2 + 1 + 1) cos x

= x sin x + (x2 + 2) cos x

Aplikace vzorců.

(x2)′ = 2x (sin x)′ = cos x (cos x)′ = − sin x
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Derivujte y = (x2 + 1) sin x + x cos x

y′ =
(

(x2 + 1) sin x
)′

+ (x cos x)′

= (x2 + 1)′ sin x + (x2 + 1)(sin x)′ + x′ cos x + x(cos x)′

= 2x sin x + (x2 + 1)cos x + 1 · cos x + x(− sin x)

= (2x − x) sin(x) + (x2 + 1 + 1) cos x

= x sin x + (x2 + 2) cos x

Vytkneme goniometrické funkce
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Derivujte y = (x2 + 1) sin x + x cos x

y′ =
(

(x2 + 1) sin x
)′

+ (x cos x)′

= (x2 + 1)′ sin x + (x2 + 1)(sin x)′ + x′ cos x + x(cos x)′

= 2x sin x + (x2 + 1)cos x + 1 · cos x + x(− sin x)

= (2x − x) sin(x) + (x2 + 1 + 1) cos x

= x sin x + (x2 + 2) cos x

Upravı́me.
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Derivujte y = (x2 + 1) cos(2x)

y′ = (x2 + 1)′ cos(2x) + (x2 + 1)
(

cos(2x)
)′

= 2x cos(2x) + (x2 + 1)
(

− sin(2x)
)

(2x)′

= 2x cos(2x)− (x2 + 1) sin(2x)2

= 2x cos(2x)− 2(x2 + 1) sin(2x)
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Derivujte y = (x2 + 1) cos(2x)

y′ = (x2 + 1)′ cos(2x) + (x2 + 1)
(

cos(2x)
)′

= 2x cos(2x) + (x2 + 1)
(

− sin(2x)
)

(2x)′

= 2x cos(2x)− (x2 + 1) sin(2x)2

= 2x cos(2x)− 2(x2 + 1) sin(2x)

Derivace součinu.



// / . .. c©Robert Mařı́k, 2004.

Derivujte y = (x2 + 1) cos(2x)

y′ = (x2 + 1)′ cos(2x) + (x2 + 1)
(

cos(2x)
)′

= 2x cos(2x) + (x2 + 1)
(

− sin(2x)
)

(2x)′

= 2x cos(2x)− (x2 + 1) sin(2x)2

= 2x cos(2x)− 2(x2 + 1) sin(2x)

Vypočteme derivace. Derivujeme složenou funkci.

(cos x)′ = − sin x [cos( f (x))]′ = − sin( f (x)) · f ′(x)
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Derivujte y = (x2 + 1) cos(2x)

y′ = (x2 + 1)′ cos(2x) + (x2 + 1)
(

cos(2x)
)′

= 2x cos(2x) + (x2 + 1)
(

− sin(2x)
)

(2x)′

= 2x cos(2x)− (x2 + 1) sin(2x)2

= 2x cos(2x)− 2(x2 + 1) sin(2x)

Dopočı́táme derivaci.
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Derivujte y = (x2 + 1) cos(2x)

y′ = (x2 + 1)′ cos(2x) + (x2 + 1)
(

cos(2x)
)′

= 2x cos(2x) + (x2 + 1)
(

− sin(2x)
)

(2x)′

= 2x cos(2x)− (x2 + 1) sin(2x)2

= 2x cos(2x)− 2(x2 + 1) sin(2x)

Upravı́me.
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Derivujte y =
(x2 + 1)3

x4

y′ =

[

(x2 + 1)3
]′

x4 − (x2 + 1)3(x4)′

(x4)2

=
3(x2 + 1)2(x2 + 1)′x4 − (x2 + 1)34x3

x2·4

=
3(x2 + 1)2(2x)x4 − (x2 + 1)34x3

x8

=
2(x2 + 1)2x3[3x2 − 2(x2 + 1)]

x8

= 2
(x2 + 1)2(x2 − 2)

x5
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Derivujte y =
(x2 + 1)3

x4

y′ =

[

(x2 + 1)3
]′

x4 − (x2 + 1)3(x4)′

(x4)2

=
3(x2 + 1)2(x2 + 1)′x4 − (x2 + 1)34x3

x2·4

=
3(x2 + 1)2(2x)x4 − (x2 + 1)34x3

x8

=
2(x2 + 1)2x3[3x2 − 2(x2 + 1)]

x8

= 2
(x2 + 1)2(x2 − 2)

x5

Derivace podı́lu.
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Derivujte y =
(x2 + 1)3

x4

y′ =

[

(x2 + 1)3
]′

x4 − (x2 + 1)3(x4)′

(x4)2

=
3(x2 + 1)2(x2 + 1)′x4 − (x2 + 1)34x3

x2·4

=
3(x2 + 1)2(2x)x4 − (x2 + 1)34x3

x8

=
2(x2 + 1)2x3[3x2 − 2(x2 + 1)]

x8

= 2
(x2 + 1)2(x2 − 2)

x5

Derivujeme složenou funkci.

(x3)′ = 3x2
[

(

f (x)
)3

]′
= 3

(

f (x)
)2

f ′(x)
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Derivujte y =
(x2 + 1)3

x4

y′ =

[

(x2 + 1)3
]′

x4 − (x2 + 1)3(x4)′

(x4)2

=
3(x2 + 1)2(x2 + 1)′x4 − (x2 + 1)34x3

x2·4

=
3(x2 + 1)2(2x)x4 − (x2 + 1)34x3

x8

=
2(x2 + 1)2x3[3x2 − 2(x2 + 1)]

x8

= 2
(x2 + 1)2(x2 − 2)

x5
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Derivujte y =
(x2 + 1)3

x4

y′ =

[

(x2 + 1)3
]′

x4 − (x2 + 1)3(x4)′

(x4)2

=
3(x2 + 1)2(x2 + 1)′x4 − (x2 + 1)34x3

x2·4

=
3(x2 + 1)2(2x)x4 − (x2 + 1)34x3

x8

=
2(x2 + 1)2x3[3x2 − 2(x2 + 1)]

x8

= 2
(x2 + 1)2(x2 − 2)

x5

Vytkneme v čitateli.
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Derivujte y =
(x2 + 1)3

x4

y′ =

[

(x2 + 1)3
]′

x4 − (x2 + 1)3(x4)′

(x4)2

=
3(x2 + 1)2(x2 + 1)′x4 − (x2 + 1)34x3

x2·4

=
3(x2 + 1)2(2x)x4 − (x2 + 1)34x3

x8

=
2(x2 + 1)2x3[3x2 − 2(x2 + 1)]

x8

= 2
(x2 + 1)2(x2 − 2)

x5
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Derivujte y =
(x2 + 1)3

x4
tak, že nejprve upravı́te.

y′ =

[

x6 + 3x4 + 3x2 + 1

x4

]′

=
[

x2 + 3 + 3x−2 + x−4
]′

= 2x + 0 + 3(−2)x−3 + (−4)x−5

= 2x −
6

x3
−

4

x5
=

2x6 − 6x2 − 4

x5
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Derivujte y =
(x2 + 1)3

x4
tak, že nejprve upravı́te.

y′ =

[

x6 + 3x4 + 3x2 + 1

x4

]′

=
[

x2 + 3 + 3x−2 + x−4
]′

= 2x + 0 + 3(−2)x−3 + (−4)x−5

= 2x −
6

x3
−

4

x5
=

2x6 − 6x2 − 4

x5

Umocnı́me podle vzorce

(a + b)3 = a3 + 3a2b + 3ab2 + b3.
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Derivujte y =
(x2 + 1)3

x4
tak, že nejprve upravı́te.

y′ =

[

x6 + 3x4 + 3x2 + 1

x4

]′

=
[

x2 + 3 + 3x−2 + x−4
]′

= 2x + 0 + 3(−2)x−3 + (−4)x−5

= 2x −
6

x3
−

4

x5
=

2x6 − 6x2 − 4

x5

Vydělı́me každý člen čitatele.
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Derivujte y =
(x2 + 1)3

x4
tak, že nejprve upravı́te.

y′ =

[

x6 + 3x4 + 3x2 + 1

x4

]′

=
[

x2 + 3 + 3x−2 + x−4
]′

= 2x + 0 + 3(−2)x−3 + (−4)x−5

= 2x −
6

x3
−

4

x5
=

2x6 − 6x2 − 4

x5

Derivujeme součet (přesněji lineárnı́ kombinaci) čtyř
mocninných funkcı́.
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Derivujte y =
(x2 + 1)3

x4
tak, že nejprve upravı́te.

y′ =

[

x6 + 3x4 + 3x2 + 1

x4

]′

=
[

x2 + 3 + 3x−2 + x−4
]′

= 2x + 0 + 3(−2)x−3 + (−4)x−5

= 2x −
6

x3
−

4

x5
=

2x6 − 6x2 − 4

x5

Přepı́šeme záporné mocniny na zlomky.
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Derivujte y =
(x2 + 1)3

x4
tak, že nejprve upravı́te.

y′ =

[

x6 + 3x4 + 3x2 + 1

x4

]′

=
[

x2 + 3 + 3x−2 + x−4
]′

= 2x + 0 + 3(−2)x−3 + (−4)x−5

= 2x −
6

x3
−

4

x5
=

2x6 − 6x2 − 4

x5

Upravı́me. Derivovánı́ bylo jednoduššı́ než v předchozı́m
postupu, ale hůř se bude řešit rovnice y′ = 0.
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Derivujte y = ln
(

x + arcsin(2
√

x)
)

y′ =
1

x + arcsin(2
√

x)

(

x + arcsin(2
√

x)
)′

=
1

x + arcsin(2
√

x)

(

1 +
1

√

1 − (2
√

x)2
(2
√

x)′
)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
1 − 4x

· 2 ·
1

2
· x−1/2

)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
x
√

1 − 4x

)
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Derivujte y = ln
(

x + arcsin(2
√

x)
)

y′ =
1

x + arcsin(2
√

x)

(

x + arcsin(2
√

x)
)′

=
1

x + arcsin(2
√

x)

(

1 +
1

√

1 − (2
√

x)2
(2
√

x)′
)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
1 − 4x

· 2 ·
1

2
· x−1/2

)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
x
√

1 − 4x

)

Derivujeme složenou funkci

(ln x)′ =
1

x

(

ln f (x)
)′

=
1

f (x)
f ′(x)
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Derivujte y = ln
(

x + arcsin(2
√

x)
)

y′ =
1

x + arcsin(2
√

x)

(

x + arcsin(2
√

x)
)′

=
1

x + arcsin(2
√

x)

(

1 +
1

√

1 − (2
√

x)2
(2
√

x)′
)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
1 − 4x

· 2 ·
1

2
· x−1/2

)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
x
√

1 − 4x

)

Derivace součtu a derivace složené funkce.

(

arcsin f (x)
)′

=
1

√

1 − f 2(x)
f ′(x)
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Derivujte y = ln
(

x + arcsin(2
√

x)
)

y′ =
1

x + arcsin(2
√

x)

(

x + arcsin(2
√

x)
)′

=
1

x + arcsin(2
√

x)

(

1 +
1

√

1 − (2
√

x)2
(2
√

x)′
)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
1 − 4x

· 2 ·
1

2
· x−1/2

)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
x
√

1 − 4x

)

Derivujeme složenou funkci

√
x = x

1
2 (

√
x)′ =

1

2
x

1
2−1
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Derivujte y = ln
(

x + arcsin(2
√

x)
)

y′ =
1

x + arcsin(2
√

x)

(

x + arcsin(2
√

x)
)′

=
1

x + arcsin(2
√

x)

(

1 +
1

√

1 − (2
√

x)2
(2
√

x)′
)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
1 − 4x

· 2 ·
1

2
· x−1/2

)

=
1

x + arcsin(2
√

x)

(

1 +
1

√
x
√

1 − 4x

)

Upravı́me
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