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Part 1

Half-linear ODE, oscillation theory

e Half-linear second order differential equation e Oscillation theory




HALF-LINEAR SECOND ORDER DIFFERENTIAL EQUATION
!/
(rOe(®)) + e (x() =0, ®(x) = |2, p>1 )

o The differential operator is scalar p-Laplacian (Allegretto, Drabek, Jaro$, Kusano, Mané-
sevich, Mawhin, del Pino, Usami, Yoshida)

e Equation (*) has been introduced in 70's by Mirzov and Elbert. This and related equa-
tions have been later studied by many authors (including Dosla, Dosly, Drabek, Fis-
narova, Hasil, Hata, Jaros, Kong, Kusano, Li, Lomtatidze, Manojlovi¢, Mari¢, Marini,
Matsumura, Matucci, Naito, Ogata, Onitsuka, Rehik, Sugie, Sun, Tanigawa, Usami,
Vesely, Wang, Xu, Yamaoka, Yoshida).

e Equation (*) preserves many properties of linear equation (p = 2)

e Some of the results known for linear equations can be smoothly extended to (*)
(oscillation theory with zero-interlacing-like and majorant-like theorems).

e Some of the “linear” methods have to be modified for (*) (there is no transfor-
mation theory).

e Some of the “linear” results fail (Wronskian).

OSCILLATION THEORY

e Equation is oscillatory if some (and thus all) solutions have zeros
in every neighborhood of oo.

e Equation is nonoscillatory otherwise (there exists a solution positive
in some neighborhood of o).
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OSCILLATION CRITERIA

Oscillation of
X" +c(H)x=0
is ensured if c(t) is large enough. For example in one of the following sense.

pointwise criteria simplest possibility, from comparison with suitable equation,

k
eg. x + -5x = 0 is nonoscillatory iff k < T

1
X"+ c(t)x = 0 is oscillatory if c(t) > <4 +£> 72 for large t

1
and nonoscillatory if c(t) < thz for large ¢

integral criteria can be used if c(t) is not large enough for every t but its mean value is large

e.g.: / ) di = co is sufficient for oscillation

series of conjugacy criteria can be used if the mean value of ¢(t) is small, but there is a
series of subintervals where ¢(f) is large enough to bend every solution to zero. Certain
lower bound for mean value of ¢(t) is required if we wish to eliminate this possibility

how the equation can be turned to oscillation, e.g. in nonoscillation criteria.
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Basic OSCILLATION/NONOSCILLATION CRITERIA

X" +c(H)x=0

1 t s
c(t) = ¥/1 /l ¢(8) dE ds
Hartman, Wintner: If
—0o0 < h}l_l}il;lfC(i’) < lirtrLs::p C(t) < oo,

or
lim C(t) = oo,

t—o0

then the equation is oscillatory.

Observation:
t

lim [ c¢(s)ds =0 = lim C(t) = o0
t—o0 t—o0

() = t/too c(s)ds

g = 11}1_1>£ft t c(s)ds
¢* =limsupt [ c(s)ds
t—oc0 t

Hille: ¢(t) >0

1
If g4« > T then the equation is oscillatory.
If ¢* > 1, then the equation is oscillatory.

1
Ifg* < T then the equation is nonoscillatory.

Further authors: Leighton, Nehari, Kamenev, Philos



Part 2

Nonoscillation criteria
for half-linear ODE

e Lomtatidze's extension of Hille and Nehari criteria e Half-linear Riccati equation
e Nonoscillatory criteria (guessing solution)




LOMTATIDZE’S EXTENSION OF HILLE AND NEHARI CRITERIA

¥ +e(t)x=0

(no sign restrictions on c(t), half-linear version also exists)

Co := th = lim —

t—oo t

&) dE ds

Ve
Q(f)=t<Co—/1 c(s) s )

= <if lim /;c(s)ds exist5> =g(t)

t—o0

Sufficient conditions for oscillation:

1
.Q*>Z

1
H, > -
° >4
oOSQ*S}IandH*>1(1~I—\/1—4Q*
.ogH*_anndQ > (1+\/ —1H,)
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H(x) = %/lt s2c(s)ds

Q. = ligian(t)
Q* = limsup Q(¥)

t—o0

H, = liminf H(t)
t—oo

H* = limsup H(t)

t—o0

Sufficient conditions for nonoscillation:
3 1
._Z<Q*andQ*<Z
e —o0< Q< —§
and Q* < Q*—1+\/1—4Q*
3
(i.e. ~1 < Qs can be broken, but the

upper bound for Q" must be decreased)



Sufficient conditions for oscillation:

1

QQ*>Z

1
.H*>Z

1 1
*0< Q. < 7 and H*>§(1+\/1—4Q*)

OOSH*Sannd Q*>%(1+\/1—4H*)

Q*
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REGION OF (NON-)OSCILLATION IN Q,Q"-PLANE

Sufficient conditions for nonoscillation:

o—§<Q*andQ*<}L —
L4 _°°<Q*§_§

(i.e. —Z < Qs can be broken, but the

upper bound for Q" must be decreased)




HALF-LINEAR RICCATI EQUATION

Lix] := (r()@(x")) + c(t)P(x) =0 F*@(xl/x)
x = exp([ @~ (w/r)) R[w] = w' +c(t) + (p — 1) =9(8)|w] = 0

Nonoscillation criteria: Show that
Rlw] <0

has a solution in a neighborhood of infinity.

>

Oscillation criteria: Show that
R[w] =0

does not have solution defined in a neighbor-
hood of infinity.



NONOSCILLATORY CRITERIA (GUESSING SOLUTION)

In order to prove nonoscillation of

" +c(t)x =0 *)
it is sufficient to prove that the Riccati inequality
w' +c(t) +w? <0 (**)

has a solution on the interval [tg, 00) for some t.

Example (proof of Hille’s criterion):

Consider
1

[e¢]
t) = - "= —c(t) — —.
w(t) /t c(s)ds + 4wl =—clt) ~ 55
1 1
The function w satisfies (**) iff w? < 2 (direct substitution to (*¥*)), i.e. iff |w| < 5

To ensure this condition it is sufficient to suppose that
3 0 o 1
1< liminft [ c¢(s)ds <limsupt [ c¢(s)ds < e

t—ro0 t 00 t

8x g*

1 1
(Really, just put the definition of w(t) into |w| < 27 multiply by ¢ and subtract ZL')
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— NONOSCILLATION CRITERIA (PERTURBATION OF NONOSCILLATORY EQUATION) —
Llx] := (r())@(x")) +c(®(x) =0  (under examination) *)
Lix] :== (r(t)CD(x’)), +c(H)P(x) =0 (nonoscillatory)

Theorem A (Do3ly, Reznitkovd). Let h € C! be a positive function such that h'(t) > 0 for

large t, say t > T. Suppose ... (assumptions on h: the function h is close to certain solution
of L[x] =0). If

) o0 ds t _ 1
limsup [ S Jy (€6 ~E ) ds < o
liminf [~ ds /t (c(s) —c(s))hP(s)ds > —23;]

tmeo e r(s)h?(s) (W ()P~
(*

for some T € R sufficiently large, then (*) is nonoscillatory.

Observation: note bounds for c(t) — c(t) rather that for ¢(t), as in the linear case. Due
transformation, there is no loos of generality in the linear case to consider ¢(t) = 0.

)
®(h)

o(t) = — = </t°° R1(s) ds) s /t (c(s) — &(s))hP(s) ds.

The function w is solution of the inequality which arises from the associated Riccati equation
by replacing “=" with “<".

Qe W ’fb e g g

Proof: Denote R := rh2|h’|p_2, w = wy, + h~Pv, where wy, = r and




SIMPLE COROLLARY

Corollary. If

t o p—1
limsupﬁ/ c(s)sP1in?sds < % (p_1>

t—o0

1 t 3/p—1 p—1
iminf — p=11n2 —— (==
ht mf1 t/ C(s)s In“sds > 5 < )

=

e (cp(x’))' + [(’%1)’0 FP 4 c(t)] ®(x) =0
is nonoscillatory.

Proof. Special case of the previous theorem for

_ p
(®(x’))/+<%> tPD(x) =0 and h(t) =P D/PIn?/Pt,

Why &(t) = (p;l)pt—P?
(q>(x'))' FhtPD(x) =0

. . . —1\7 . L . I
is oscillatory iff k > P_) and this equation is on the border line between oscillation

and nonoscillation.
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NONOSCILLATION CRITERIA (PERTURBATION OF NONOSC. EQUATION 2)
Lix] := (r(t)CID(x’))/ +c(t)®(x) =0  (under examination) *

Lix] :== (r(t)CD(x’)), +c(H)P(x) =0 (nonoscillatory)

Theorem 1. Let h be a function such that h(t) > 0 and i’ (t) # 0, both for large t. Suppose
... (technical assumptions on h).

If

. o ds
lim sup

t—soo Jt r(s)h2(s)|h/(s)|p—z/ (C(S) —E(S))hp(s)ds < ; (_lx_,_ \/ﬂ)’
« ds

limint [ /t (cts) —(s) ) w7 (5) ds > E (—a— v2a)

t—oo  Jt q

for some « > 0, then equation (*) is nonoscillatory.

1 .
Remark: For o = 2 we have Theorem by Dosly and Reznickova.

Proof. Denote R := rh2|h’|p_2, w = wy +h Vv, where wy, = r and

o (h)

o(t) = —% (/tw R1(s) ds) s /t (c(s) — &(s))hP(s) ds.

The function w is solution of the inequality which arises from the associated Riccati equation

by replacing “=" with “<".
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WHAT IS THE ROLE OF PARAMETER &7
1 . . . . .
The value & = 3 has been used by D+R, since it produces maximum in the expression

. o . 1
involving lim sup. Is it reasonable to choose general a # E?

Yes, we obtain similar extension, as extension of Hille's criteria obtained by Lomtatidze et al.

o d t _
s = [ r(s)h2(5)|2’(s)|l’—2/ (cls) ~2(s)) ¥ (s) ds

8+ = liminfg(t)

g" = limsup g(t)

X—00

Regions of nonoscillation:

§ <5
D+R: Il 2‘73
8 > 7
1
g < = (—a+V2a)
F-+m: 1
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SUMMARY OF NONOSCILLATION CRITERIA

e Replacing a fixed constant in the proof of nonoscillation criteria by
a parameter we succeeded to find a parametric curve which forms
a boundary of the region where nonoscillation is ensured.

e The results correspond to the Lomtatidze's extension of Hille
nonoscillation criteria (we just obtained parametric curve rather
than analytic formula).

e We have several modification of the expression which is tested on
liminf and lim sup, depending on the convergence/divergence of
some integrals arising from r and h and depending on the fact
whether we use ¢ — ¢ or L[k] in the expression to be tested. (Some
of the results were new even in the linear case.)




Part 3

Neutral half-linear differential equations

e Half-linear Euler equation e Motivation (a known result to be examined in details)
e Neutral differential equation e Comparison method e Riccati transformation
e Suggested enhancements to both methods e Main results (comparison method)
e Main results (Riccati method) e Comparison of available methods




HALF-LINEAR EULER EQUATION

[cb(x’(t))]/ + tﬁpcb(x(t)> =0

The equation is oscillatory if and only if

- (52 =5

If p =2, then B > 1/4 is necessary and sufficient for oscillation of x + tﬁzx =0.

MOTIVATION (A KNOWN RESULT TO BE EXAMINED IN DETAILS)
(Sun, Li, Han, Li; 2012)

[¢Qﬂg+moﬂmgyﬂﬁ+g¢Qmﬂn:o *)
with 0 < b(t) < by < oo, p>2,6>0 A €(0,1).

2r-2 by
e If 0 < Ay < Aq, then (*) is oscillatory if B > FPW 1+ 0 .
Ay

. . 22 by
e If Ay € [A1,00), then (*) is oscillatory if B > D= (1+—— |
M

e If formally Ay = Ay = 1 and b(t) = 0, the equation becomes Euler equation, but the
oscillation constant is worse by a multiplicative factor 2P 2. Brief sketch of literature
reveled that this factor appears frequently in the oscillation criteria for (*).
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NEUTRAL DIFFERENTIAL EQUATION

(1)) + e (x(e(1)) =0
z(t) = x(t) + b(t)x(7(t))

Assumptions: e o(t) < 7(t) <t, lim o(t) = .
t—>o0

o(t(t)) = (e (t))

o r(t) >0, /°° A=0(t) dt = oo, c(t) > 0

° T/(i’) > 19 >0, b(t) < by

p > 2 (i.e. ®(x) is a convex function)

Terminology: e Solution = Classical solution which is not eventually constant

Oscillatory equation = All solutions are oscillatory (no eventually
positive solution exist)
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COMPARISON METHOD

(Baculikova, Dzurina, Rogovchenko)

Consider the original equation and the equation shifted from ¢ to T(t) and multiplied

0@ ()] + c(t) (x(e(1)) =0

p—1 ,
b e )] + e g oot n) =0
.
o Consider new variable y(t) = r(t)z/(t) + ?f—or(r(t))z’(r(t)). This variable satisfies

y/() + min{e(t),e(x(t)} [@(x((6)) + @ (box(e(x())] <0

Under appropriate assumptions we get
v+ min{e(t), c(z())} 22PD(z(0(#)) <0

() p-1
v minfe)c(e(0)} 27 | [ 00 o — (o) <0
0 0 0

The previous steps can be performed also for quasilinear equation

(rO@u (1)) + elhp(x(o(1))) = 0
but we end up with nonlinear inequality.
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Let q(t) > 0.
(i) Ifo(t) <t and
. t 1
htrgg}f/g(t) q(s)ds > >
then
y'(#) +q(t)y(o(t)) <0

has no eventually positive solution.

(ii) If o(t) > t and
) 1
htrgglf t q(s)ds > o
then

y'(t) —q(t)y(o(t)) >0

has no eventually positive solution.

FIRST ORDER DELAY DIFFERENTIAL INEQUALITY

(Chanturia, Kitamura, Koplatadze, Kusano)
(iii) Let o(t) <t, w€ (0,1). If

/tooq(s) ds = oo,

0
then

y'() +q(t)y*(o(t) <0
has no eventually positive solution.

(iv) Let o(t) > t, a € (1,00). If

[ ats)ds =<,

0
then

y'(t) —q(t)y*(e(t) >0

has no eventually positive solution.



RICCATI TRANSFORMATION

(Bohner, DZurina, Rogovchenko, Stavroulakis, Li)

Classical Riccati transformation:
N rx’ . e ’ Pl 1 5
If (rx")" 4+ gx =0, then w = p— satisfies W’ = —w — pg — —w".
X 0 or

For wo(t) = p(t)w

= ! we obtain Riccati-
a(:(r() ™ =P e o) btain Riccat

like inequalities.

We combine them like in the comparison method. Among others, we use similar in-
equalities and estimates.

Proceed like in Riccati method for ordinary differential equation.

OBSERVATION COMMON TO BOTH METHODS

The oscillation criteria are expressed in terms
of min{c(t),c(t(t))} and contain constant 2277
(which has no analogy in the case without delay).




Idea 1 (power of 2)

Inequality
-1 -1 _ _
T > 22 P (x4 xp)P !

causes undesired constant 2P 2. The con-
stant 2277 is optimal in this inequality,
however writing the inequality in the form

1,00 1 p9 1 1 \"!
Exf +§x§’ Z(§x1+§x2>

we see that it is just the immediate conse-
quence of convexity of xP 1.

Suggestion: What about to use general
convex linear combination with coeffi-

cients —, — rather than 5?

I
Expectation: We hope that the con-
stant 2277 will be replaced by some-
thing more convenient when choosing
optimal [ and [*.

LRIV A wgrraey

SUGGESTED ENHANCEMENTS TO BOTH METHODS

Idea 2 (minimum)

To write the term

c(£)xP (1) + (T () x? (2 (1))
in the form of product

("factor”) [xP~1(t) + xP (T ()]
we have to introduce common multiplica-
tive factor, i.e. we have to replace both c(t)
and c(t(t)) by min{c(t),c(t(t))}. Here
we loose.

Suggestion: What about to try not to
loose so much and arrange thing so

that min{c(t),(pc(r(t))} appears in-
stead of min{c(t),c('r(t))}?

Expectation: We hope that the fac-
tor ¢ allows to make c(f) closer to

@c(T(t)) than to c(T(t)) .



MAIN RESULTS (COMPARISON METHOD)

Classical approach:

— Oy o) <0
T + Po

- -1
y +min{c(t),c(t(t))} [/h " 1= (s) ds} ’ 227

Improved approach: for 77(t) < o(t) we have

g+ minde(t), pe(e ()} [ P9y as] (14 (/) po)

1

Py ) <0

Theorem 2. Suppose that there exists number ¢ > 0 and a function 1(t) satisfying
n(t) <o(t) and tlim n(t) = oo such that 1(t) < T(t) < t and for every T there exists
—00

t1 > T such that
t

.. 1
htrggf L) Cﬂ(s, @, t)ds > >
where

Cy(t; @, t1) := min{c(t), pc(T(t))} [/:(f) rl—q(s)ds]pfl (1 N (QD/TO)l/“Po)lip

!/

Then (r(t)(b(z’(t))) —|—c(t)d>(x(a(t))> =0 is oscillatory.
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MAIN RESULTS (RICCATI METHOD)

Theorem 3. If there exist positive mutually conjugate numbers 1, I* and positive functions
p(t), ¢(t) such that

o 1 p(s)r(o(s))
SN R e T ) T
S (0O a0 (P (B w )T
llp (557) +or=5 (p(s)*( o) ) JE T
where
C(t) = min{e(t), ()e(x(1) },
then

is oscillatory.




EXAMPLE

[CI)<(x(t) + box(/\lt))l>]/ + tEPCD(x(Azt)) =0

P
0<by<oo,p>2B>00<A <A <1 T,:i= <%>

Lower bound for oscillation

1 b
Sun, Li, Han, Li (2012 >T,— 221420
(2012 e ( d
1 _
Finarova, Mafik (2014) Riccati method B > Fpﬁ(l +boAy)? !
A

2

1 1 (1+bpA)P?
e%’*l log(A1/A2)

comparison method B>




COMPARISON OF AVAILABLE METHODS

{x(t) + 0.5x(0.75t)] " tﬁpx()xzt) =0

= RICCATI METOD (BOUND. VAL. PROBL. 20W>

“““ BASIC COMPARISON METHOD (ABSTR. APPL. ANAL. 20\
= IMPROVED COMPARISON METHOD (ABSTR. APPL. ANAL. 20W4)
NONOSCILLATORY SOLUTION EXISTS BELOW THIS CUORVE




SUMMARY ON NEUTRAL EQUATION

e Introducing parameters in the existing oscillation criteria for neutral
half-linear and quasilinear equation we generalized existing results.
We have shown that this extension is not empty, but significant.

e The method removes undesired expressions heavily used in the os-
cillation criteria in the literature (2P~2 and min{c(t),c(7(t))}),
improves the estimates used in the proofs and naturally produces
better results.

e The improvement is in basic steps used in most oscillation criteria
and thus a vast number of results can be improved in this direction.




Part 4

Summary
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Two success stories based on examination of widely used inequalities
and using them in another way than usual have been presented.




