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' +c(x)u=0

Cla) = ;/lz/lsc(t)dt ds

P. Hartman: If

—00 < liminf C(z) < limsup C(z) < oo,

Z—00 T—00
or
lim C(z) = oo,

Tr—r 00

then the equation is oscillatory.

Observation:
T

If lim

Tr— 00 Tr—00
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c(t)dt = oo, then lim C(z) = oco.
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g(z) = / ety dt

oo

g = hglogfx/ c(t)dt

x

oo
g = 1imsupx/ c(t)dt
t—o00 @

E. Hille: ¢(z) > 0

1 . .
If g* < T then the equation is nonoscillatory.

1
If g, > T then the equation is oscillatory.

If g* > 1, then the equation is oscillatory.
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' +c(x)u=0

Co:= lim C(z) = lim — / / t)dt ds
T—00 T—00 I
Q) =2 (co [ dt>
1.
=.--if ,IEIL /l c(t)dt exists- - = g(x)

Q. = liminf Q(z)

TrT—0o0

H, =liminf H(x)

T—00

H* =limsup H(z)

Tr—r00

Q" = limsup Q(z)

T—> 00

Lomtatidze et. al: a collection of oscillatory and nonoscillatory criteria in terms of the numbers

Q« Q, Hy, H"
Sufficient conditions for oscillation:
1
(), > 1
1
o H, > - 1
oogQ*Siand H*>§(1+ 1-14Q.)

1—|-\/ —4H,)

1
.OSH*SZandQ >
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Sufficient conditions for nonoscillation:

0—%<Q*andQ*<i

3
° —oo<Q*<—f

and Q* <Q*—1+\/1—4Q*



Sufficient conditions for oscillation:
1

QQ*>Z

1
H, > -
¢ 1

1 1
00§Q*§1andH*>§(1+\/1—4Q*)

1 1
00§H*§ZandQ*>§(l—|—vl—4H*)

Q*:% —t—\/ﬁ)
Q*=% —t+\/2_t),t€<

Q*:Q*_1+\/1_4Q*
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Sufficient conditions for nonoscillation:

3 1
°_Z<Q*andQ*<Z s
3
e —< Q* < _Z
and Q" < Q. — 1+ /1 —4Q. [
Q*:Q*
Q*
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Sufficient conditions for oscillation:

1
.Q*>1

1
H, > -
¢ 1

1 1
oogQ*gfandH*>§(1+\/1—4Q*)

1
.ogH*gzandQ*>5(1+\/1—4H*)

—

Proofs:
[
The function

satisfies

s
&
A

T Vdx?

and the Riccati inequality
Y + 9% +c(z) <0
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Sufficient conditions for nonoscillation:

1
o—%<Q*andQ*<4 C
3
L4 _OO<Q*§_1
and Q" < Q. — 1+ /1 —4Q. [

v = —% (Q2(x) +2aQ(z) + ala — 1))1}
— %(a + Q(z))v'
u(x) = z%v(x) exp {/j @ dt}

Q*(z) +2aQ(z) +a(a—1) <0
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Llz] := (r(t)®(z")) + c(t)®(x) =0, (1)

L[z] == (r()®(a")) + &(t)®(z) = 0 ()

Theorem A (0. Dosly). Let h € C* be a positive function such that h'(t) > 0 for large t, say
t>T,

t ds
Fale) = /T SRR ()

Suppose that

Jim By (£)r(H)h(H)@(H (1)) = oo (3)
and
Tim F2(t)r (6 (1) (' (4))P 2L [A)(1) = 0. (4)

If the integral / (c(s) — ¢(s))hP(s) ds is convergent,

lim sup F (1) /t " (els) — as) HP(s) ds <

t—00 2q

and

- o ~ 3
htn_1>1£f Fi(t) /t (c(s) —c(s))hP(s)ds > 2
then (1) is nonoscillatory.
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Theorem B (O. Dosly, J. Rezni¢kova). Let h € C' be a positive function such that h'(t) > 0 for
large t, say t > T, and denote

° ds
Fy(t) =
0= | S
Suppose that (3) and (4) with Fy replaced by Fy hold. If

< 0.

lim sup Fg(t)/ (c(s) —¢(s))hP(s) ds < 2i

t—00 T q

and

t

litrgg)lf Fg(t)/T (c(s) —c(s))hP(s) ds > —%

for some T' € R sufficiently large, then (1) is nonoscillatory.
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Theorem 1. Let h be a function such that h(t) > 0 and I/(t) # 0, both for large t. Suppose that
the following conditions hold

/Oo dt <o
r(t)h2 ()| (t )|1"_2 ’
Jim, r(t)h '/ |h’( 2 = o

o If

i sup (6B~ (¢) L [A(0) </ r(s)hQ(;h’(S)V’_Q) -

imow [ e | (66— o)) <
liminf /t i (S;i‘;, oI / (cls) — &) 7 (s) ds >

for some o > 0, then equation (1) is nonoscillatory.

Q= Q=
|

Q

|

g 5
Q Q
~——

o If

hﬁsogp /too T(s)hz(sii’(s)V’—Q /t h(s)Llh|(s)ds < 7 <foz +V2a
liminf/t (5)h2( ds ( )|p72/ h(s)L[h](s)ds > é (_O‘_ \/%)

00 2(s)|h/ (s

for some o > 0, then equation (1) is nonoscillatory.
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g(t) = /t T(S)hQ(SiZ'(Sﬂp_Z / (C(S) — E(s))hp(s) ds

g« = liminf g(t), g* = limsup g(t),

T—00 — 00

*

g *
[ Joscillatory (D+R)
Il ronoscillatory (D+R)
[ nonoscillatory (F+M)
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Theorem 2. Let h be a function such that h(t) > 0 and I'(t) # 0, both for large t. Suppose that

/ h(t)L[h)(t) dt is convergent,

tlgrolor( )h( |/ |h’ 2 = 0.
If

).
)

. ¢ ds > 1
hmsup/ TSR (52 /t h(s)L[h](s)ds < . (—a +

t—o0

. ¢ ds ° 1
hfgg.}f/ r(5)h2(3)| 1 (s)[P—2 /t h(s)L[R](s)ds > p (—a -

for some o > 0, then equation (1) is nonoscillatory.
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Theorem 3. Let h be a function such that h(t) > 0 and I'(t) # 0, both for large t. Suppose that
the following conditions hold

/ i (c(t) - E(t)) RP(t)dt is convergent,
hm r(t)h(t)| (R (t |/ (s)h2 \h’ (s)|P—2 = 00,

. 2
timsup (01 ()L [A(0) (/ r(s)hQ(SiZ’(SWQ) -

If

_|_

h’iﬁsip/ T(S)hQ(s;Z’(sﬂP—Q /t (€s) =) ) (s) ds < é (e
i | s |0 - (o

for some o > 0, then equation (1) is nonoscillatory.
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Theorem 4. Let the following conditions hold:

/Oo P9t dt < 0o (5)

and for some o« > 0

oS p—1 st
lim sup (/ r179(s) ds> / c(s)ds < —a+al/e,
¢

t—o0

oo =1 rt
lim inf </ riT4(s) ds> / c(s)ds > —a — /1.
t—o0 t

Then equation (1) is nonoscillatory.
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