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u′′ + c(x)u = 0

C(x) =
1

x

∫ x

1

∫ s

1

c(t) dt ds

P. Hartman: If

−∞ < lim inf
x→∞

C(x) < lim sup
x→∞

C(x) ≤ ∞,

or

lim
x→∞

C(x) =∞,

then the equation is oscillatory.

Observation:

If lim
x→∞

∫ x

c(t) dt =∞, then lim
x→∞

C(x) =∞.

g(x) = x

∫ ∞
x

c(t) dt

g∗ = lim inf
t→∞

x

∫ ∞
x

c(t) dt

g∗ = lim sup
t→∞

x

∫ ∞
x

c(t) dt

E. Hille: c(x) ≥ 0

If g∗ <
1

4
, then the equation is nonoscillatory.

If g∗ >
1

4
, then the equation is oscillatory.

If g∗ > 1, then the equation is oscillatory.
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u′′ + c(x)u = 0

C0 := lim
x→∞

C(x) = lim
x→∞

1

x

∫ x

1

∫ s

1

c(t) dt ds

Q(x) = x

(
C0 −

∫ x

1

c(t) dt

)
= · · · if lim

x→∞

∫ x

1

c(t) dt exists · · · = g(x)

H(x) =
1

x

∫ x

1

t2c(t) dt

Q∗ = lim inf
x→∞

Q(x)

Q∗ = lim sup
x→∞

Q(x)

H∗ = lim inf
x→∞

H(x)

H∗ = lim sup
x→∞

H(x)

Lomtatidze et. al: a collection of oscillatory and nonoscillatory criteria in terms of the numbers
Q∗, Q∗, H∗, H∗

Sufficient conditions for oscillation:

• Q∗ >
1

4

• H∗ >
1

4

• 0 ≤ Q∗ ≤
1

4
and H∗ >

1

2
(1 +

√
1− 4Q∗)

• 0 ≤ H∗ ≤
1

4
and Q∗ >

1

2
(1 +

√
1− 4H∗)

Sufficient conditions for nonoscillation:

• −3

4
< Q∗ and Q∗ <

1

4

• −∞ < Q∗ ≤ −
3

4
and Q∗ < Q∗ − 1 +

√
1− 4Q∗
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√
1− 4Q∗)

• 0 ≤ H∗ ≤
1

4
and Q∗ >

1

2
(1 +

√
1− 4H∗)

Sufficient conditions for nonoscillation:

• −3

4
< Q∗ and Q∗ <

1

4

• −∞ < Q∗ ≤ −
3

4
and Q∗ < Q∗ − 1 +

√
1− 4Q∗

Q∗ = Q∗

Q∗

Q∗

−
3

4

1

4Q∗ = Q∗ − 1 +
√

1− 4Q∗

Q∗ =
1

2

(
−t−

√
2t
)

Q∗ =
1

2

(
−t+

√
2t
)
, t ∈

(
1

2
,∞
)
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Sufficient conditions for oscillation:

• Q∗ >
1

4

• H∗ >
1

4

• 0 ≤ Q∗ ≤
1

4
and H∗ >

1

2
(1 +

√
1− 4Q∗)

• 0 ≤ H∗ ≤
1

4
and Q∗ >

1

2
(1 +

√
1− 4H∗)

Sufficient conditions for nonoscillation:

• −3

4
< Q∗ and Q∗ <

1

4

• −∞ < Q∗ ≤ −
3

4
and Q∗ < Q∗ − 1 +

√
1− 4Q∗

Proofs:

The function

y(x) =

∫ ∞
x

c(t) dt +
1

4x

satisfies
|y(x)| ≤ 1√

4x2

and the Riccati inequality

y′ + y2 + c(x) ≤ 0

v′′ = − 1

x2

(
Q2(x) + 2αQ(x) + α(α− 1)

)
v

− 2

x

(
α+Q(x)

)
v′

u(x) = xαv(x) exp

[∫ x

1

Q(t)

t
dt

]

Q2(x) + 2αQ(x) + α(α− 1) < 0
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L[x] :=
(
r(t)Φ(x′)

)′
+ c(t)Φ(x) = 0, (1)

L̃[x] :=
(
r(t)Φ(x′)

)′
+ c̃(t)Φ(x) = 0 (2)

Theorem A (O. Došlý). Let h ∈ C1 be a positive function such that h′(t) > 0 for large t, say
t > T ,

F1(t) =

∫ t

T

ds

r(s)h2(s)(h′(s))p−2
.

Suppose that

lim
t→∞

F1(t)r(t)h(t)Φ(h′(t)) =∞ (3)

and

lim
t→∞

F 2
1 (t)r(t)h3(t)(h′(t))p−2L̃[h](t) = 0. (4)

If the integral
∫ ∞(

c(s)− c̃(s)
)
hp(s) ds is convergent,

lim sup
t→∞

F1(t)

∫ ∞
t

(
c(s)− c̃(s)

)
hp(s) ds <

1

2q

and

lim inf
t→∞

F1(t)

∫ ∞
t

(
c(s)− c̃(s)

)
hp(s) ds > − 3

2q
,

then (1) is nonoscillatory.
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Theorem B (O. Došlý, J. Řezníčková). Let h ∈ C1 be a positive function such that h′(t) > 0 for
large t, say t > T , and denote

F2(t) =

∫ ∞
t

ds

r(s)h2(s)(h′(s))p−2
<∞.

Suppose that (3) and (4) with F1 replaced by F2 hold. If

lim sup
t→∞

F2(t)

∫ t

T

(
c(s)− c̃(s)

)
hp(s) ds <

1

2q

and

lim inf
t→∞

F2(t)

∫ t

T

(
c(s)− c̃(s)

)
hp(s) ds > − 3

2q

for some T ∈ R sufficiently large, then (1) is nonoscillatory.
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Theorem 1. Let h be a function such that h(t) > 0 and h′(t) 6= 0, both for large t. Suppose that
the following conditions hold

∫ ∞ dt

r(t)h2(t)|h′(t)|p−2
<∞,

lim
t→∞

r(t)h(t)|Φ(h′(t))|
∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2
=∞.

• If

lim sup
t→∞

r(t)h3(t)|h′|p−2(t)L̃
[
h(t)

](∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2

)2

= 0

lim sup
t→∞

∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2

∫ t(
c(s)− c̃(s)

)
hp(s) ds <

1

q

(
−α+

√
2α
)
,

lim inf
t→∞

∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2

∫ t(
c(s)− c̃(s)

)
hp(s) ds >

1

q

(
−α−

√
2α
)

for some α > 0, then equation (1) is nonoscillatory.

• If

lim sup
t→∞

∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2

∫ t

h(s)L[h](s) ds <
1

q

(
−α+

√
2α
)
,

lim inf
t→∞

∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2

∫ t

h(s)L[h](s) ds >
1

q

(
−α−

√
2α
)

for some α > 0, then equation (1) is nonoscillatory.
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g(t) =

∫ ∞
t

ds

r(s)h2(s)|h′(s)|p−2

∫ t(
c(s)− c̃(s)

)
hp(s) ds

g∗ = lim inf
x→∞

g(t), g∗ = lim sup
x→∞

g(t),

g∗ = g∗

−
3

2q

1

2q

−
3

2q

1

2q

g∗

g∗

oscillatory (D+Ř)

nonoscillatory (D+Ř)

nonoscillatory (F+M)
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Theorem 2. Let h be a function such that h(t) > 0 and h′(t) 6= 0, both for large t. Suppose that∫ ∞
h(t)L[h](t) dt is convergent,

lim
t→∞

r(t)h(t)|Φ(h′(t))|
∫ t ds

r(s)h2(s)|h′(s)|p−2
=∞.

If

lim sup
t→∞

∫ t ds

r(s)h2(s)|h′(s)|p−2

∫ ∞
t

h(s)L[h](s) ds <
1

q

(
−α+

√
2α
)
,

lim inf
t→∞

∫ t ds

r(s)h2(s)|h′(s)|p−2

∫ ∞
t

h(s)L[h](s) ds >
1

q

(
−α−

√
2α
)

for some α > 0, then equation (1) is nonoscillatory.
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Theorem 3. Let h be a function such that h(t) > 0 and h′(t) 6= 0, both for large t. Suppose that
the following conditions hold ∫ ∞(

c(t)− c̃(t)
)
hp(t) dt is convergent,

lim
t→∞

r(t)h(t)|Φ(h′(t))|
∫ t ds

r(s)h2(s)|h′(s)|p−2
=∞,

lim sup
t→∞

r(t)h3(t)|h′(t)|p−2L̃
[
h(t)

](∫ t ds

r(s)h2(s)|h′(s)|p−2

)2

= 0.

If

lim sup
t→∞

∫ t ds

r(s)h2(s)|h′(s)|p−2

∫ ∞
t

(
c(s)− c̃(s)

)
hp(s) ds <

1

q

(
−α+

√
2α
)
,

lim inf
t→∞

∫ t ds

r(s)h2(s)|h′(s)|p−2

∫ ∞
t

(
c(s)− c̃(s)

)
hp(s) ds >

1

q

(
−α−

√
2α
)

for some α > 0, then equation (1) is nonoscillatory.



Robert Mařík (Brno) CDDEA 2012 (Terchová) :

Theorem 4. Let the following conditions hold:∫ ∞
r1−q(t) dt <∞ (5)

and for some α > 0

lim sup
t→∞

(∫ ∞
t

r1−q(s) ds

)p−1 ∫ t

c(s) ds < −α+ α1/q,

lim inf
t→∞

(∫ ∞
t

r1−q(s) ds

)p−1 ∫ t

c(s) ds > −α− α1/q.

(6)

Then equation (1) is nonoscillatory.
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