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ELLIPTIC HALF-LINEAR PDE OSCILLATION DEDUCED FROM ODE
- The simplest method how to detect oscillation is to employ oscillation criteria for
div<A(x)||Vu||”‘2Vu) + <b(x), ||Vu||p‘2Vu> +c(X)|uff2u=0 ordinary differential equations.
(E)
ep>1,x=(xy..., x,) € R, « g is a conjugate number to the Theorem 2. For a real number | > 1 define d

A(x) is elliptic n x n matrix with
differentiable components,

c(x) is Holder continuous function,
b(x) = (by(x). ..., b,(x)) is
continuous n-vector function,

number p, i.e., g = p—1
e (-,-) is the usual scalar product in
R", || is the usual norm in R”,

e Q(a,b) ={xeR":a <|x|| < b},
Qa) ={x e R":a < ||x||},
S(a) ={x e R":||x| = a}

SOLUTION

Solution of (E) in Q ¢ IR” is a differentiable function u(x) such that
X)||Vu(x)|IP2Vu(x) is also differentiable and v satisfies (E) in Q.

CONCEPT OF OSCILLATION

Equation (E) is said to be oscillatory if it possesses no solution u(x) which is positive
for large ||x||-

SKETCH OF TYPICAL PROOF OF OSCILLATION CRITERION

(i) Suppose by contradiction that the PDE is nonoscillatory and possesses
eventually positive solution.

= Ax)
div<A(x

divw + c(x) + <VT/, b(x)AT'(x)+ (p - 1)

IVuC)IP~ Vu(x)

convert positive solutions of
|lu()lP-2u(x)

(i) Using transformation i (x)
)||Vu||p‘2Vu) + c(x)|ufP2u =0
Vu

0\ _ o
u(x)
(i) Integrating over spheres and using standard tools and some

algebraic gymnastics derive a Riccati type inequality in one variable. °

(iv) Proceed as in the proof of oscillation criterion for ODE.

OBSERVATIONS AND NATURAL QUESTIONS

into

(1)

The following natural questions suggest that the approach mentioned in previous
paragraph needs to be revisited.

e Oscillation criteria depend in fact on the mean value of ¢(x) over spheres
centered in the origin. Is it possible to detect oscillation in such an extreme

c(x)do =07?
S(r)

case as

X) plays a crucial role in the linear case (p = 2) and

e Function A(r) > max 4, (
xeS(r)
AP
o(r) = max
xeS(r) /1'0 ( )
discrepancy appears?

plays similar role in general case p > 1. Why such a

OSCILLATION DEDUCED FROM C(X)|, .o

Theorem 1. Let Q be unbounded simply connected domain in R", with smooth
boundary 0Q and meas(Q N S(t)) >0 fort >1. Letk € (1, 00) real number and

a € C(QnQ(1), R*) nCy(Q, R) function satisfying A
(i) a(x) =0iffx ¢ QnQ(1),

0o 1-g
(ii) /1 (/Qns(t) a(x) da) dt = oo.

If >
i __k P\ dx =
lim /QnQ(1,t) a(x) (c(x) Da(x)? [IVa(x)]| ) dx = oo,

t— oo

then the equation
div (|[Vu|[P~2Vu) + c(x)|uf’?u = 0

is oscillatory.

APPLICATION — OSCILLATION IN UPPER HALFPLANE

Corollary 1. Ifn =2 and

lim —/ / c(r, p) sin®(¢p)dep dr > 5 (2)

t—oo In

then the equation Au + c(x)u = 0 is oscillatory.

. A . e
The function c(r, @) = — sin¢ satlsfles/
r S(r)
be deduced from “usual” oscillation criteria. However, condition (2) can be used for |

A sulfficiently large.

c¢(x)do = 0 and the oscillation cannot

Equadiff 12

Simple,
my dear Watson.

a(r) = (1P~ / ACIPA (x

HO)IP
b(r) = / [ || pr)ﬂ]da’

I* =1 if||b(x)|| = 0 and I =

If (a(r)|u’|p‘2u’>’ + b(r)

OSCILLATION DEDUCED FROM ODE (p < 2)

)do,

/P

- '(x)

min

/
—— otherwise.
/-1

lulP~2u = 0 is oscillatory, then (E) is also oscillatory.

Theorem 3. Let1 < p < 2. For a real number | > 1 define

()~

a(r) =
S(r)

r) /S " [c(x

=1 /f||b(x |=0and/" =

(X)) do,

max

| e

—— otherwise.
| - 1

r)|ulP~2u = 0 is oscillatory, then (E) is also oscillatory.

If <§(r)|u'|”‘2u'>l +b

APPLICATION

Corollary 2. Suppose ¢, k € C'([r,, o), R*)

(i) H(r,ry=0andH(r,s) >0 forr > s > r,
(i) @H(r,s) / Bs is continuous and nonpositive,

(iif)
h(r, s) := -% [H(r, s)k(s)] — H(r, s)k(s) =22

r
/ H'P(r, s)|h(r, s)|Pds < oo
o

limsup 1 / {H(r, s)k(s)¢(s)/ c(x)do
reo H(r, 1) s
- % [H(r, $)k(s)] PO s)p(s)|A(r, s)|p} ds = o
where
[ azwaipda o>
S(s
/ Amax(X) dO ifl<p<2.
S(s)
Then div( A VullP2Vu) + c()|ulP2u = 0 is osoillatory.

Remark. It holds

X)

Amax( p_1
W = (F203) A) 2 Al

AP )| A(x

mm

and hence the case 1 < p < 2 is sharper than the general case p > 1. Corollary 2 is
sharper than corresponding result published by Xu,Xing (2005).

POSSIBLE EXTENSIONS ey Cag o e e e

The above suggested approach can be used whenever the study of an equation can
be restricted to the partial differential equation (1) (or the corresponding inequality
with = replaced by <). This covers for example the equation with mixed
nonlinearities such as

m
), ||Vu||p‘2Vu> +c()|uPPu + D c(x)|ufPu = 0.
=1

div <A(x)||Vu||p‘2Vu) + <5(x
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