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(E)
x=(x1,..., X)) €R",
A(x) is elliptic n x n matrix with differentiable components,

c(x) is Holder continuous function,

b(x) = (b1(x),...,by(x)) is continuous n-vector function,

0 o \" .
V= e is the usual nabla operator,
0x1 0xn ) i=1
, 0 0o . :
div=s —+---+ is the usual divergence operator,

0X1 0Xxy,

q is a conjugate number to the number p, i.e., g = Ll
p_

(-, is the usual scalar product in R”,
I-]l is the usual norm in R",

solution of (E) in Q € R" is a differentiable function u(x) such that
A IVux) P ?Vu(x) is also differentiable and u satisfies (E) in Q



div(A(x)lqullp‘ZVu) + <E(x), ||Vu||P—2w> +eOlulP2u=0

(E)

CONCEPT OF OSCILLATION

Equation (E) is said to be oscillatory if for every nontrivial solution u(x) and
every number t* there exists x* with properties u(x*) =0 and || x™|| > t*.

RADIAL CASE, A=1I, b=0

If the function c(x) is radial, i.e. c¢(x) = ¢(llx|]), then the equation for radial
solution u(x) = u(||x|) of

div(lqullp_ZVu)+c(x)|u|p_2u:0 (1)

n=1y~1p=2~1\ | n=1r 1~ 1P-2~ /
(r |o' |P u)+r cn)|u|Pcu=o. = — (2)

If (2) is oscillatory, then (1) is also oscillatory.

DETECTION OF OSCILLATION FROM ODE, A=1, b=35

Oscillation of partial differential equation can be detected from oscillation of
ordinary differential equation.

Theorem A (O. Dosly (2001)). Equation
div(|[VullP2Vu) + c(x)|ulP *u=0 (3)

is oscillatory, if the ordinary differential equation

/ 1
(r”_llu'lp_zu') +r”_1( _1f c(x) dx)lulp_zuZO (4)
WpT" " Js(r)

is oscillatory. The number w,, is the surface area of the unit sphere in R".

J. Jaros, T. Kusano and N. Yoshida proved independently similar result (for
A(x)=a(lxIDI, a(-) differentiable).



MATRIX NORMS

Spectral norm:
IAll =sup {llAx| : x € R" with |x]| =1} = Amax

Frobenius norm:

n n
1AlF=|Y Y. a2,
i=1j=1

1Al < | Allr < VnllAl

SETS IN R”

Qa,b)={xeR":a<|x| < b}
Qa)={xeR":a<|x|}

S(a) ={xeR": || x|l = a}

v(x) is the normal unit vector to the sphere S(||x|)) oriented outwards



KNOWN RESULTS (SPECIFIED FOR b = 3)

Theorem B (Xu (2006)). 6 € C'([rg,00],R"), m>1, A€ C([ry,00),R*). If

m 6'*(|x|)
lim OUlxecx)—Alx])— dx = o0
=0 JQ(rg,r) 4 0(xl)
and
lim L dx here A(r) = max Amax(X)
= 00, wher >
r—o0 Jo e, OUxIDAIx]) xeSr) o

then div(A(x)Vu) +c(x)u =0 is oscillatory.

Theorem C (Xu, Xing (2005)). Suppose ¢, ke Cl([ry,00),R")

(i) H(r,r)=0 and H(r,s) >0 for r > s=ry,
0H(r,s) / ds is continuous and nonpositive,

(if)
0 ¢'(s)
()= - [H(r, s)k(s)] — H(r, $)k(s) o0
r
f H'7P(r, 9)|h(r,$)|Pds < oo
ro
(iii)
) 1 r
lnrllsgip H(r, ro)fa {H(r, DKL) S(s) ctado
] _
- 5 HI K] Oxy (9@ 9l fds =co,
where
A p
Ox,(s) = p(s)a)ns”_1 and p(s) = max : E?”F
xeS(s) Aﬁin(x)

Then diV(A(x) IIVullp_ZVu) +e)|ulP?u=01\is oscillatory.




SKETCH OF PROOF

The method used to prove most of oscillation criteria for half-linear PDE

(i)
(ii)

(iii)

Start with a proof of oscillation criterion for ODE.
Suppose by contradiction that the PDE is nonoscillatory and possesses
eventually positive solution.

IVu@)I1P~*Vu(x)

|u(x)|P~? u(x)

Using transformation w(x) = A(x) convert positive

solutions of
diV(A(x) IIVullp_ZVu) +e)|ulPPu=0

Into

div ib + c(x) + (p - 1)<ﬁ;, Vulx) > = 0. (5)
u(x)

Integrating (5) over spheres and using standard tools (such as eigenval-
ues, Schwarz and Holder inequalities) derive a Riccati type inequality
which is similar to the inequality from the proof of onedimensional
criterion,

Repeat steps from the proof of oscillation criterion for ODE which yield
a contradiction.

(QUESTIONS

Is it possible to replace all these steps (i)—(v) by method suggested in
Theorem A? Is it possible to deduce oscillation of

diV(A(x) ||Vu||p_2Vu) + <15(x), IIVuIIP_ZVu> +eOluP2u=0

from oscillation of certain ODE?

Function| A(r) = ms@(ax) Amax (x) | plays a crucial role in the linear case and
xeoslr

IA)IE
p(r) = max

max —5- plays similar role if p>1. This phenomenon can
A ()

min

be oserved also in other oscillation criteria than Theorems B and C. We
know that p(r) = A(r). Why such a discrepancy appears?



MAIN RESULT

Theorem 1. For a real number | > 1 define

a(r)= ("7 fs . IAIPA P (x)do,
P~ 1bx)|P
AP Y PP

b(r) =f
S(I‘) m|n

- :{1 if 1)l =0,

do,

c(x) —

——  otherwise.

If (a(r)lu'l"’_2 u'), +b(r)|ulP~*u=0|is oscillatory, then (E) is also oscillatory.

Proof.
500 = A( )nw(x)np—zvmx)
A P 2u)
. Pl L L IVull? _
dlvw+c(x)—( min) ﬁllbllp+(p—1) min 7y P

W(r):f (i, vydo = W +bm)+(p-DaInwl9<0
S(r)

[

MODIFIED VERSION

Theorem 1A. Let pe clQ@),R"). Theorem 1 remains valid, if a(r), b(r)
and I* are replaced by

ar) =P p@IAWIPAP () do,

S(r) min
[P~
b= ) |ctn- Hb( )—p—’”A(x)Hp d
S(r) 1x) p(x)
m|n
S ifllp(x)b(x)—Vp(x)A(x)ll=0,
% otherwise.

Proof. Consider i, (x) = p(x)i0(x) instead of i0(x). ]



MAIN RESULT IMPROVED FOR 1< p=2

Theorem 2. Let 1< p<2. For a real number | > 1 define

ar) =P Amax(x)do,

S(r)
b(r) = f
S(r)

l*—{l if 1b(x)l =0,

—+—  otherwise.

p—1

c(x) - lp—pamax(x) [bwa || do,

If (a(r)lu'l"’_2 u'), +b(r)|ulP~*u=0|is oscillatory, then (E) is also oscillatory.

Proof.

IVu(x) P2 Vu(x)

i) = A [ u()|P~2u(x)

: P! 7 -1 1 1-q,
d1vw+c(x)—7/1maxlle ||p+(p—1)l—*lmaxllw||qso.

W(r):f (W, vydo = W' +b(n+(p-Da i@®wl9<0
S(r)

[]
EXAMPLE
Corollary 1. The function
_ -1 pal-p
Oxy(s) =pwys",  p(s)= max AN A (x)

from Theorem C can be repaced by smaller function

o L(s) IA@IPA P do  if p>2,
S) =

Amax (x)do ifl<p<2.
S(s)



THE DIFFERENCE BETWEEN p>2 AND 1<p<2

IVu(x) P2 Vu(x)
|u(x)|P~2 u(x)

w(x) = A(x)

p > 1 arbitrary

div i + +< IV ul|P~ 2w>+( h (AlVullP~*Vu, Vuy _
IVW +C ,
| u|P—2 P |u|P
. IVulP~ 2Vu> IVullP
divio+c+{ b, +(p-DAyin——— =<0
< upzy )P D Amin T
div w + +< IVul™ 2Vu>+( 1)(1+ I)A IIVu||P<0
vV +c , -Dl=+= Il
- 2 P T T ) min e
1 |Vu p
diviv + ¢ — ( ) —||b||p+( —DAmin— IVul
I* |ulp
ALl L A L
a |u|P~1 lulp | All9
AR U 1 J
divio +c — —1IbIIF + (= DApmin———— 0|9 <0
(Amin) pp 11+ = Ddmin 750 101
I<p=s2
- Vul?>P
divﬁ;+c+<b,A‘1w>+(p—1)(ﬁ;,A—1w>&:
|u|?~P
> aA-1- L2 1
(W, A" )= |lwl
Amax
Vol < a VAP IV e
~ O qup! =P " | A|@-P(p-D)

divi +c+ <13A— >+ (p—DA D@19 <0

. 1
diVLT)+c+<bA_ >+(p 1)( l) A 519 <0

[p-1 1
dlvw+c—p—/lmaX||bA ||p+(p—1)l—* max||w||6’<0



