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div(||∇u||p−2∇u) + c(x)|u|p−2u = 0 p > 1 (E)

∆u+ c(x)u = 0 p = 2 (L)

CONCEPT OF OSCILLATION

Function u is oscillatory in Ω ⊆ R
n if the set of zeros of u in Ω is unbounded

with respect to the norm.

Equation (E) is oscillatory in Ω if every its solution defined in Ω is oscillatory

in Ω.

METHODS OF STUDY

 Comparison with radial equation and application of 1-dimensional oscillation

criteria

 Riccati technique

 Variational technique

KNOWN RESULTS

� Theorem A [Jaroš-Kusano-Yoshida (2000), Došlý-M.(2001)].

Let ĉ(r) =
1

ωnrn−1

∫

||x||=r

c(x) dS .

If (rn−1|y′|p−2y′)′ + rn−1ĉ(r)|y|p−2y = 0 is oscillatory, then also (E) is

oscillatory.

� Theorem B [M.(2000)].

Denote C(t) =
p− 1

tp−1

∫ t

1

sp−2

∫

1≤||x||≤s

||x||1−nc(x) dx ds .

If −∞ < lim inf
t→∞

C(t) < lim sup
t→∞

C(t) ≤ ∞ or if lim
t→∞

C(t) = ∞,

then equation (E) is oscillatory.



INTEGRAL AVERAGING TECHNIQUE

Philos, Grace, Kong, Li, Manojlovic, Yeh

(|u′|p−2u′)′ + c(x)|u|p−2u = 0 t ≥ t0 (1)

D = {(t, s) ∈ R
2 : t ≥ s ≥ t0} H(t, s) ∈ C(D,R+

0 ) H(t, t) = 0

Wang(2001): k ∈ C([t0,∞),R+)
∂

∂s

(
k(s)H(t, s)

)
≤ 0

ρ ∈ C([t0,∞),R+) h(t, s) =
∂H(t, s)

∂s
+H(t, s)

d ρ(s)

d s∫ t

t0

H1−p(t, s)|h(t, s|pρ(s) ds < ∞

� Example: H(t, s) = (t− s)λ, λ > 1, ρ(s) ≡ k(s) ≡ 1

� Theorem D. (1) is oscillatory if:

lim sup
t→∞

1

H(t, t0)

∫ t

t0

[
H(t, s)ρ(s)c(s)−

|h(t, s)|pρ(s)

ppHp−1(t, s)

]
ds = ∞

� Theorem E. (1) is oscillatory if:

0 < inf
s≥t0

{
lim inf
t→∞

H(t, s)

H(t, t0)

}
(2)

lim sup
t→∞

1

H(t, t0)

∫ t

t0

|h(t, s)|pρ(s)

ppHp−1(t, s)
ds < ∞ (3)

lim sup
t→∞

1

H(t, T )

∫ t

T

[
H(t, s)ρ(s)c(s)−

|h(t, s)|pρ(s)

ppHp−1(t, s)

]
ds ≥ A(T ) (4)

∫ ∞

t0

(A+(T ))
qk−1(T )ρ1−q(T ) dT = ∞ (5)

� Theorem F. (1) is oscillatory if: (2), (5)

lim inf
t→∞

1

H(t, t0)

∫ t

t0

H(t, s)ρ(s)c(s) dx < ∞ (6)

lim inf
t→∞

1

H(t, T )

∫ t

T

[
H(t, s)ρ(s)c(s)−

|h(t, s)|pρ(s)

ppHp−1(t, s)

]
ds ≥ A(T ) (7)



INTEGRAL AVERAGING TECHNIQUE FOR HALF–LINEAR PDE

D = {(t, x) ∈ R× R
n) : t ≥ ||x|| ≥ t0} , H(t, x) ∈ C(D,R+

0 )

||x|| = t ⇒ H(t, x) = 0,

H(t, x) = 0 for ||x|| < t, then ||∇H(t, x)|| = 0 ∇ = (
∂

∂x1
, . . . ,

∂

∂xn

)

Ω(a) = {x ∈ R
n : ||x|| ≥ a}

S(a) = {x ∈ R
n : ||x|| = a}

Ωt(a, b) = {x ∈ R
n : b ≥ ||x|| ≥ a, H(t, x) 6= 0}

H(t, s) =

∫

S(s)

H(t, x) dS > 0 s < t

k ∈ C(R,R+)
∂

∂s

(
k(s)H(t, s)

)
≤ 0 s < t

ρ ∈ C(R,R+) ~h(t, x) = ∇H(t, x) +H(t, x)
∇ρ(x)

ρ(x)∫

Ωt(t0,t)

H1−p(t, x)||~h(t, x)||pρ(x) dx < ∞

� Example: ∆u+ c(x)u = 0 n = 2

r = ||x|| =
√
x2
1 + x2

2

φ = arg x = arctan
x2

x1
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a b x1

x2

H(t, x) = (t− r)λ sin2 φ

H(t, x) ≡ 0

Ωt(a, b)

a) k ≡
1

r
, ρ ≡ 1

b) k ≡ ρ ≡
1

r



� Theorem 1. If

lim sup
t→∞

1

H(t, t0)

∫

Ωt(t0,t)

[
H(t, x)ρ(x)c(x)−

||~h(t, x)||pρ(x)

ppHp−1(t, x)

]
dx = ∞,

then (E) is oscillatory.

� Theorem 2. If

lim sup
t→∞

1

H(t, t0)

∫

Ωt(t0,t)

||~h(t, x)||pρ(x)

Hp−1(t, x)
dx < ∞ (1)

0 < inf
s≥t0

{
lim inf
t→∞

k(s)H(t, s)

k(t0)H(t, t0)

}
(2)

there exists a function A ∈ C(Ω(t0),R) such that

inf
t∈(T,∞)

{
1

H(t, T )

∫

Ωt(T,t)

[
H(t, x)ρ(x)c(x)−

||~h(t, x)||pρ(x)

ppHp−1(t, x)

]
dx

}
≥ A(T )

(3)
∫ ∞

t0

(
A+(T )

)q

ρ̂1−q(T )k−1(T ) dT = ∞ (4)

A+(T ) = max{A(T ), 0}

ρ̂(T ) = sup
t>T

{ 1

H(t, T )

∫

S(T )

ρ(x)H(t, x) dS
}
,

then (E) is oscillatory.

� Theorem 3. If (2), (3), (4) and

lim inf
t→∞

1

H(t, t0)

∫

Ω(t0,t)

H(t, x)ρ(x)c(x) dx < ∞. (5)

then (E) is oscillatory.



� Example: ∆u+ c(x)u = 0 n = 2

r = ||x|| =
√
x2
1 + x2

2

φ = arg x = arctan
x2

x1

Every of the following conditions is sufficient for oscillation of the equation on

the half–plane x2 ≥ 0:

lim sup
t→∞

t−λ

∫

M(t)

[
c(x(r, φ))(t− r)λ sin2 φ−

(t− r)λ

r2
cos2 φ

]
dx (r, φ) = ∞

lim sup
t→∞

t−λ

∫

M(t)

c(x(r, φ))(t− r)λr−1 sin2 φ dx (r, φ) = ∞

where M(t) = {(x1, x2) ∈ R
2 : 1 ≤ x2

1 + x2
2 ≤ t2, x2 > 0}.


