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1 Limity bez I'Hospitalova pravidla
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arctg x ]

Vypoctéte lim
yp x-1 X+ 1

. arctgx
lim 9
x-1 X+ 1
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Vypoctéte Iim1
X—

arctg x
X+ 1

im arctgx  arctg1
-1 x+1  1+1

e Dosadime x = 1.

e Jedné se o dobfe definovany vyraz. Funkce je tedy spojita v
bodé x = 1 a funkéni hodnota je rovna hodnoté limity.
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arctg x ]

Vypoctéte lim
yp x-1 X+ 1

arctgx  arctg1

lim =
x-1 X +1 1+1
z
= &2
2
Or&ime arctg 1. Musime doplnit schema )
tg(-) = 1.
Reseni je
T
tg— =1
937
a proto arctg 1 = i
- 4 y
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arctg x ]

Vypoctéte lim
yp x-1 X+ 1

arctgx arctg1
lim 229X _ 2l
x-1 x+1

-
+
-y

[ IR S ESE

ZjednoduSime. Hotovo.
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Vypoitéte lim Arc9X
yp x—-1 X+ 1

. arctg x
lim —g
x—-1 X + 1
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Wypottste lim 29X |
yp x—-1 X+ 1

im arctgx _ arctg(-1)
x—-1 x+1  —1+1

Dosadime ... m
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arctg x
Vypoctéte lim g ]
x—-1 X+ 1

I

im arctgx _ arctg(-1) -3
x»-1 x+1 -1+1 0
.. a upravime.
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Vypoitéte lim Arc9X
yp x—-1 X+ 1

I

im arctgx  arctg(-1) -3

x—»-1 x+1 ~ —1+1 0
arctg x

lim 29

x—>=1* X + 1

nenulovy vyraz
nula '

e Musime proto studovat nejprve jednostranné limity. Zacneme
s limitou zprava.

e Funkce je typu
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Vypoitéte lim Arc9X
yp x—-1 X+ 1

e arctgx _ arctg(-1) _ —7%
=1 x+1  —=1+1 0

. arctgx
lim 9 =
x—-1* X + 1

|
O|J>|=l

Dosadili jsme x = —1.
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Vypoitéte lim Arc9X
yP x—-1 X+ 1

arctgx _ arctg(-1) _ —7%

lim = =4
x—>-1 X + 1 -1+1 0
arctgx -%
im 29X _ T4
x—=1* X + 1 +0

e Musime ur€it znaménko jmenovatele.
e Je-li x napravo od -1, pak x > -1 aplati x + 1 > 0.

e Jmenovatel je kladny.
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Vypoctéte
X

lim
—-1 X

arctg x
+1

im arctgx _ arctg(-1)
x—-1 x+1  —1+1
arctgx -7
lim 9 = —4 = —00
x—=-1* X + 1 +0

I

S
0

Limita zprava je —oco.
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Vypoitéte lim Arc9X
yp x—-1 X+ 1

arctgx _ arctg(-1) _ —7%

lim = - _4
x—-1 X + 1 -1+1 0
arctgx -%
lim 9 = —4 = —00
x—=1* X + 1 +0
arctgx —%
lim 9x _ "3
x—=1" X + 1 0

Zkoumejme limitu zleva.
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Vypoitéte lim Arc9X
yP x—-1 X+ 1

arctgx _ arctg(-1) _ —7%

lim = =4
x—>-1 X + 1 -1+1 0
arctgx -%
lim 9 = —4 = —00
x—=1* X + 1 +0
arctgx —%
lim 9 =2
x—>-1= X + 1 -0

e Je-li x nalevo od Cisla -1, pak x < —1.

e Proto x + 1 < 0 a jmenovatel je zaporny.
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Vypoitéte lim Arc9X
yp x—-1 X+ 1

arctgx _ arctg(-1) _ —7%

lim = =_4
x—-1 X + 1 -1+1 0
. arctgx %
lim 9 = 4 = —00
x—=1* X + 1 +0
s
. arctgx -7
lim g S
x—>-1= X + 1 -0

Limita je +oco
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Vypoitéte lim Arc9X
yp x—-1 X+ 1

I

im arctgx arctg(-1) -3
| = = —
x—>-1 X + 1 -1+1 0
arctgx -7
lim 9 = —4 = —00
x—=1* X + 1 +0
arctgx -5
im 229X _ T4 Lo
x—>-1= X + 1 -0
L . arctgx L
Oboustranna limita I|m1 neexistuje.
X——
Obég jednostranné limity jsou rlizné a oboustranna limita tedy
neexistuje. Hotovo! ‘
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arctgx |
Vypoctéte Iim g ]
x—-c0 X + 1
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Vypoctéte lim arctg x |
yp x—-00 X + 1 ‘

. arctgx -2
lim 9 = 2
x—-00 X + 1

-

X——00

L N §
Hodnota limity Citatele je -3

.

e Urcime limitu Citatele a jmenovatele samostatné.

e lim arctgx mdZe byt uréena z grafu funkce y = arctg x.

. T
e Funkce y = arctg x ma vodorovnou asymptotu y = -5 Voo

v
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. arctgx |
Vypoctéte Iim ‘

x—-00 X + 1
. arctgx -2
lim 9 = 2
x—>-00 X + 1 —00

Limita jmenovatele je —oco + 1
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Wypoitste lim 29X |
yP x—-c0 X + 1 ‘

. arctgx -2
lim _g_ 2

= =0
x—-00 X + 1 —00

Konecn4 hodnota délena nekone€nem je rovna nule. VyfeSeno!
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Vypoctéte lim e~ arctg x]‘
X—+00
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Vypoctéte lim e~ arctg x]‘
X—+00

lim e~ arctg x
X—00

Zacneme s limitou v +oo |
[ << I < > I > | (© Robert Mafik, 2008 B




Vypoctéte lim e~ arctg x]‘
X—+00

lim e*arctgx = e~
X—00

4 )
e Ur€ime zvlast limity funkci v souc€inu.
e Pokud dostaneme néco jiného neZ neurcity vyraz Oco, stane
se problém trivialnim.
e Dosadime. Vyrazem e~ mame na mysli limitu lim e*.
X——00
o
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Vypoctéte lim e~ arctg x]‘
X—+00

lim e~ arctgx = e~ arctg oo
X—00

e Dosadime do druhé funkce.

e Vyrazem arctgoco mame na mysli limitu lim arctg x.
X—00
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Vypoctéte lim e~ arctg x]‘
X—+00

. m
lim e arctgx = e"* arctgoo = 0=
X—00 2

(Zkoumanim grafli funkci y = e* a y = arctg x zjistime, Ze )
lim e =0
X——00
a

: T
lim arctgx = —.
X—00 2

- 4
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Vypoctéte lim e~ arctg x]‘
X—+00

lim e~ arctgx = e"* arctgoo = 0Z-o
X—00 2

Soucin je nula.
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Vypoctéte lim e~ arctg x]‘
X—+00

lim e~ arctgx = e"* arctgoo = 0Z-o
X—00 2

lim e Xarctgx =
X——00

PokraCujeme s limitou v —oo.
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Vypoctéte lim e arctg x ]‘
X—+00

X S —of _
XIer;oe arctgx = e arctgoo_02_0

lim e Xarctgx = %
X——00

4 )
e Opét uréime limity funkci, stojicich v soug€inu.

e A opét nesmime dostat 0oo, jinak bude Gloha obtiZzna.

e Dosadime. ProtoZe plati —(-o0) = oo, dostavame z prvniho
soucinitele vyraz e*. Tim mame na mysli limitu lim e*.
X—00
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Vypoctéte lim e~ arctg x]‘
X—+00

X S —of _
XIer;oe arctgx = e arctgoo_02_0

lim e *arctgx = e* arctg(—oo)
X——00

lim arctg x.

X——00

Dosadime do druhé funkce. Vyrazem arctg(—co) rozumime limitu ]
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Vypoctéte lim e~ arctg x]‘
X—+00

lim e~ arctgx = e"* arctgoo = 0Z-o
X—00 2

lim e *arctgx = e® arctg(-o0) = oo(—z)
X——00 2

(z grafti funkci y = e a y = arctg x plyne )
lim e = oo
X—00

a

lim arctgx = i
gx = 5

X——00

\Hotovo! 4
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Vypoctéte lim e~ arctg x]‘
X—+00

lim e~ arctgx = e"* arctgoo = 0Z-o
X—00 2

lim e™™arctgx = e* arctg(-co) = oo(—z) = —00
X——00 2

Soucin je roven —oo.
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Vypo&téte lim (x3 +2x2 - 4)]

X—+00
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Vypo&téte lim (x3 +2x2 - 4)]

X—+00

lim (x® + 2x2 — 4) = c0® + 200% - 4
X—00

e Zacneme s limitou v +oo. Dosadime. ]
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X—+00

Vypo&téte lim (x3 +2x2 - 4)]

Xlim(x3+2x2—4)=w3+2002—4=oo+oo—4
—00
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X—+00

Vypo&téte lim (x3 +2x2 - 4)]

Xlim(X3+2X2—4)=003+2002—4=oo+oo—4=oo
—00

0+ 00 —-4=00
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X—+00

Vypoctéte lim (x3 +2x2 - 4)]

Xlim(X3+2X2—4)=003+2002—4=oo+oo—4=oo
—00

lim (x3 +2x2 - 4)
X——00

PokraCujeme s limitou v —oo.
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X—+00

Vypo&téte lim (x3 +2x2 - 4)]

Xlim(X3+2X2—4)=003+2002—4=oo+oo—4=oo
—00

im (x® +2x%2 - 4) = (-00)® + 2(-0)? - 4

Dosadime. m
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X—+00

Vypoctéte lim (x3 +2x2 - 4)]

Xlim(X3+2X2—4)=003+2002—4=oo+oo—4=oo
—00

lim (x3 +2x2% - 4)
X——00

(-00)® +2(-c0)® - 4

—-00 +00 -4

(—00) x (—00) x (—00) = —co 2(—00)(—00) = co

Problém! Mame neurcity vyraz —oco + co.
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X—+00

Vypoctéte lim (x3 +2x2 - 4)]

Xlim(X3+2X2—4)=003+2002—4=oo+oo—4=oo
—00

lim (x3 +2x2% - 4)
X——00

I
T
8

4 )
e Z teorie vime, jak tento problém vyfesit.

e Lze ukazat, Ze na vysledek mé vliv jenom vedouci koeficient.
Ostatni koeficienty tedy vynechame.

e Limita vedouciho ¢lene je —oo.

.

[ < I <1 > I > | (© Robert Mafik, 2008 B




X—+00

Vypo&téte lim (x3 +2x2 - 4)]

Xlim (x®+2x2-4)=c0® +200° -4 =00 +00 -4 =00
—00

lim (x® +2x2% - 4) = (—o0)®
X——00

= —-00

= —-00

Hotovo! m
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3 2
Vypodtéte lim m]
X—+00 2X2 _ 3
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Vypoctéte Iim
X—+00

X3 +3x% +1
2x2 -3

. X3 +3x% +1
im ———
X—00 2X2 -3

ZaCneme s limitou v +oo. m
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VypOCtete XETOO W

X2 +3x2 +1 _
X—00 2)(2—3 -

¢ Limita Citatele i jmenovatele je +oo.

e A hrome! Dostavame neurcity vyraz.
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VypOCtete XETOO W

i X2 +3x% +1 oo
x—o0  2x2 3 ©
. X3
= lim —
Xx—o0 D x2

e Zteorie vime, Ze limita se da urcit snadno — jenom z vedoucich
¢lend Citatele a jmenovatele.

¢ Vynechame tedy vSechno ostatni.
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V stete i X2 +3x% + 1
yostte I, o3

X2 +3x2 +1 oo
X—00 2X2_3 - [o'0)
8 X
= lim — = lim =
X—00 2x2 x>0 2

Upravime
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VypOCtete XETOO W

X2 +3x2 +1 oo
m —«—w—=| —
x—o  2x2 _ 3 (e'e)
3 oo
= lim — = lim = = —

|

Dosadime x = oo.
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Vypoctéte XlToo oz 3

I
5
I
5
I
I
|
1l
8

PouZijeme znama pravidla pro pocitani s nekonecnem.
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VypOCtete XETOO W

| X2 +3x2 +1 oo
x—o  2x2 -3 ©
X3 . oo
=|lm —=1Ilm ==—=00
X—00 2)(2 x—oo 2 2
i X2 +3x% + 1 —-00
X——00 2)(2 -3 o0

e Pokracujeme s limitou v —co.

e Dosazenim x = —oo dostavame opét neurcity vyraz.
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VypOCtete XETOO W

| X2 +3x2 +1 oo
Xm0 2x2-3 |00
. X3
= lim — =
X—00 2)(2
i X2 +3x% + 1 —-00
X——00 2)(2 -3 (o]
. x3
= li —
X—-0c0 2x2

Opét uvazujeme pouze vedouci ¢leny.
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Vypoctéte XlToo oz 3

| X2 +3x2 +1 oo
Xm0 2x2-3 |00
X 0
=|lm —=1Ilm ==—=00
Xx— 2x2  x—o00 2 2
i X2 +3x% + 1 —-00
X——00 2)(2_3 (o]
8 . X
= lim — = i —
X—-00 D x2 X——-00 2

Upravime.
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Vypoctéte XlToo oz 3

| X2 +3x2 +1 oo
x—o  2x2 -3 ©
X 0
=|lm —=1Ilm ==—=00
Xx— 2x2  x—o00 2 2
i X2 +3x% + 1 —-00
X——00 2)(2 -3 (o]
8 . X
= Iim —= lm - =—
X—-00 D x2 x—-00 2

Dosadime. m
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VypOCtete XETOO W

| X2 +3x% +1 oo
x—o  2x2 -3 ©
X3 . oo
=|lm —=1Ilm ==—=00
X—00 2)(2 x—oo 2 2
i X2 +3x% + 1 —-00
X——00 2)(2 -3 (o]
8 . X
= lm —=1Im - =—=-00
X—>-00 2x2  x—>-00 2

PouZijeme znama pravidla pro pocitani s nekonecnem.
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Vypoctéte XlToo oz 3

| X2 +3x2 +1 oo
x—o  2x2 -3 ©
X 0
=|lm —=1Ilm ==—=00
x>0 Dx2 x> 2 2
i X2 +3x% + 1 —-00
X——00 2)(2 -3 (o]
8 X
= lim — = i — = —— =-00
X—>-00 2x2  x—>-00 2

Hotovo! m
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. . 2x* +4x +5
Vypoctéte Iim
x—k00 x4 — x3 + 4x + 1
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im 2x* +4x +5
x—00 3x4 — x3 + 4x + 1
. 2x* +4x +5
lim
x—-00 3x4 — x3 + 4x + 1

Zacneme s limitou v +oco. |
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im o2x* +4x +5 _
x—o0 3x4 — x3 4 4x +1
. o2x* +4x +5

lim

x—-00 3x4 — x3 + 4x + 1

818

Dosadime x = oo. ]}
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im 2x* +4x +5 _
x—o0 3x4 — x3 4 4x +1

o) .
— |= lim —
o)

. 2x* +4x +5
lim
x—-00 3x4 — x3 + 4x + 1

¢ Neurcity vyraz.
e PouZijeme jenom vedouci ¢leny.
e VSechno ostatni Ize zanedbat.
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

. o2x* +4x +5 fo'e} i .2
lim =|—|= lim — = |lim =
x—00 3x4 — x3 + 4x + 1 0o 3

. 2x* +4x +5
lim
x—-00 3x4 — x3 + 4x + 1

Upravime
2x* .
3x4

e
3
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

. 2x* +4x +5 | . 2 2
lim =|l—|=lim =— = |im = = =
x—o00 3x4 — x3+4x+1 | 3 3
. o2x* +4x +5

lim

x—-00 3x4 — x3 + 4x + 1

Limita konstantni funkce je ta konstanta.

[ << I < > I > | (© Robert Mafik, 2008 B



. . 2x* +4x +5
Vypoctéte Iim
x—k00 x4 — x3 + 4x + 1

im 2x* +4x +5 || i L4= i gzg
x—00 3x4 — x3 + 4x + 1 | x—w3x4 x—03 3
lim 2x* +4x +5 _|®
x—-00 3x4 — x3 + 4x + 1 0

PokraCujeme s limitou v —oco. Dosadime x = —oo.
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im 2x* +4x+5 [oo i 2X4—|| 2 2
x>0 3x4 — x3+4x+1 |00| x—03x4 x—»o3 3
. ox* +4x +5 oo . ox*
lim =|—|= lim —

x—-00 3x4 — x3 + 4x + 1 00 | x—-o0 x4

e Mame neurcity vyraz.
e PouZijeme jenom vedouci ¢leny.

e V/Sechno ostatni zanedbame.
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im 2x* +4x +5 _| o i x4_“ 2 2
x>0 3x4 — x3+4x+1 |00| x—03x4 x—»o3 3

. 2x* +4x +5 fo's) 2x* . 2
lim =|—|= lim —= i =
x—-00 3x4 — x3 + 4x + 1 00 | x—-00 3x4 x—-03

Upravime
2x* .
3x4

e
3
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im o2x* +4x +5 _| o i x4_“ 2_2
x—03x4 — x344x+1 |00| x-w3x4 x-03 3
. 2x* +4x +5 o 2x* 2 2
lim =l —|= Im — = i - = =
x—-00 3x4 — x3 + 4x + 1 | x—-03x4 x—-03 3

Limita konstantni funkce je ta konstanta.
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Vypottete lim —2X t4X+5
P x—k00 x4 — x3 + 4x + 1

im o2x* +4x +5 _| o i x4_“ 2_2
x—03x4 — x3+4x+1 |00| x—oo3x4 x—>03 3
. 2x* +4x +5 o 2x* 2 2
lim =l —|= Im — = i - = —
x—-00 3x4 — x3 + 4x + 1 | x—-03x4 x—-03 3
Hotovo! m
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00
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Vypottéte  lim [2Inx — In(x® + x + 1)]]‘
X—00

lim [2Inx = In(x® + x + 1)]

X—00

PfepiSeme limitu.
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x? + x + 1)] =[c0 — o0
X—00

Protoze lim Inx = co, dostavame neurgity vyraz oo — o ]}

X—00
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0

X—00

= lim [Inx% = In(x? + x + 1)]

X—00

4 )
e Limity z neurgitych vyrazl ve tvaru zlomku jsou oby¢ejné jed-
nodussi. NapiSeme funkci jako zlomek. .

¢ Nejdfive oba ¢leny napiSeme v logaritmickém tvaru.

e Pouzijeme pravidlo|rlna =1Ina" |

- v
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0
X—00

lim [Inx? = In(x® + x + 1)]

X—00
2

lim In ——
x—00 X2 4 x + 1

Odecteme logaritmy podle pravidla|lina —Inb = In % . ]
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0

X—00

= lim [Inx% = In(x? + x + 1)]

X—00

. X : x?
= lmnN———=In{ Im ——
x>0 x2 4 x + 1 x>0 x2 4 x + 1

e Urcéime limitu sloZzené funkce.

¢ Nejprve prozkoumame limitu vnitfni slozky.
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0

X—00

lim [Inx? = In(x® + x + 1)]

X—00

. X : x°
imIn——— =In{ lim ——— ) =|In
x>0 x2 4 x + 1 x>0 x2 4 x + 1

818

Uvnitf mame neurcity vyraz.
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0

X—00

= lim [Inx% = In(x? + x + 1)]

X—00

818

. x° : x°
= limnN———=In{ lim ——— ) =|In
x>0 x2 4 x + 1 x>0 x2 4 x + 1
_X?
=In{ lim —
X—boox2

e Tohle jsme jiz pocitali.

e Uvazujeme jenom vedouci Cleny.
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0

X—00

lim [Inx? = In(x® + x + 1)]

X—00
. X : x° oo
= limnN———=In{ Im —— ] =|In—
x>0 x2 4 x + 1 x>0 x2 4 x + 1 o)
2
X
=1In I|m—2 =In1

X—00 X

2
.. . X ... L
Provedeme kraceni ve vjrazu — a pouZijeme zfejmy vztah
5%

lim 1 =1.

X—00
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Vypottste  lim [2Inx = In(x® + x + 1)] ]‘
X—00

lim [2Inx = In(x® + x + 1)] =[c0 - o0

X—00

lim [Inx? = In(x® + x + 1)]

X—00

. X : x°
imIn——— =In{ lim ——— ) =|In
x>0 x2 4 x + 1 x>0 x2 4 x + 1

2
=In<|im X—):In1=0
X—oo x2

818

{ In1 =0/ Vyfedeno! ]‘
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2 Limity na I’'Hospitalovo pravidlo
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arcsinx |
Vypodététe lim ————
yp x—0 1 — eX ]

. arcsinx
im ———
x—0 1 -eX

[ < I <1 > I > | (© Robert Mafik, 2008 B



arcsin x |
Vypodététe lim ————
yp x—0 1 — eX

arcsin x 0

x—0 1—-ex |0

Dosadime. ProtoZe arcsin0 = 0 a e° = 1, dostavame neurgity
vyraz.
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... . arcsinx |
Vypoctéte lim ———
x—0 1 — eX

arcsin x 0|y

x—0 1—-ex |0

T

PouZijeme I'Hospitalovo pravidlo.
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arcsin x |
Vypoctéte lim ———
yp x—0 1 —geX
;
arcsin x OrH. . 1-x2
lim ——— =|=| = lim
x—-0 1 —eX 0 x—0 —eX
Podle tohoto pravidla plati
arcsinx _ . (arcsinx)’

lim = ,
x—0 1 —eX x—0 (1 - eX)

pokud druhé limita existuje (at kone€na nebo nekone¢na).
(©Robert Mafik, 2008




arcsin x |
Vypodététe lim ————
yp x—0 1 — eX

. arcsinx 0 |rH. .. —x2
im ——— =|=| =" |lim
x—0 1 —geX 0 x—0 —eX

Dosadime. Dostavame
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... . arcsinx |
Vypoctéte lim ———
x—0 1 —geX
:
., arcsinx 0|rn. | 1-x2
im ——— =|=| = lim = -1
x—0 1 —geX 0 x—0 —&¥

Hotovo!

|
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e xIn
Vypoctéte lim _xnx
x—00 x2 4 x + 1
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e xInx
Vypoctéte lm ———
x—00 x2 4 x + 1

. xInx
lim ————
x>0 x2 4 x + 1

ZaCneme. m
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e xInx
Vypoctéte lm ———
x—00 x2 4 x + 1

xInx oo

im ——— =| —
x>0 x2 4 x + 1 o)

Dosadime. Dostavame

ooln oo

818

Jedné se o neurcity vyraz.
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e xInx
Vypoctéte lm ———
x—00 x2 4 x + 1

. xInx o |IH . Inx+1
im ———— = = lim ———
x>0 x2 4 x + 1 o) x—o0 2X + 1

PouZijeme I'Hospitalovo pravidlo. PFi derivovani dostavame

]
(xInx) . Inx+xy

x=00 (x2 + x + 1) x—o0 2x + 1
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e xInx
Vypoctéte lm ———
x—00 x2 4 x + 1

. xInx o |IH. . Inx+1
lim = |lm ——— =

x>0 x2 4 x +1 |00 x—00 2X + 1

818

Dosadime. Dostavame

Inco + 1 (o)

8
g
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e xInx
Vypoctéte lm ———
x—00 x2 4 x + 1

. xInx © |IH . Inx+1
lim ——— = = |lim —— =
x>0 x2 4 x + 1 o) x>0 2x + 1

818
Il
5

Pouzijeme jesté jednou I'Hospitalovo pravidlo.
[ << I < > I > |
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e xInx
Vypoctéte lm ———
x—00 x2 4 x + 1

'
. xInx o |IH. . Inx+1 00 |[I'H. X
im ———=|— | = Im ———=|— | = Iim ==0
x—00 x2 4 x + 1 0 x—o0 2x + 1 o) x—0o0 2
Dosadime. Dostavame ]
5_9_,
2 2
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v, . X—SinXx
Vypoctéte lim —
x=0 sin” x
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el . X=s8inXx
Vypoctéte lim —
x=0 sin” x

. X-—sinx
=0 sin® x

Zacneme danou limitou.

)
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Vypoctéte lim 3
x=0 sin” x

. X-—sinx
=0 sin® x

X —sinx

Dosadime. Dostavame

0-sin0 0
sinfo O
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cexe . X —8iNX
Vypoctéte lim —
x=0 sin” x

. X-—sinx I'H. 1-cosx
x=0  gin°® x x—0 3 sin” x cos x

e UZijeme I'Hospitalovo pravidlo.

e Podle pravidla pro derivaci sloZzené funkce plati

(sin®(x))’ = 3sin? x(sin x)' = 3sin® x cos x.
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Vypoctéte lim 3
x=0 sin” x

. X-—sinx I'H. 1-cosx
x=0  gin°® x x—0 3sin” x cos x

X —sinx

Dosadime. ProtoZe |cos 0 = 1 |a\ sin0 = 0, dostavame stale . ]
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v, . X—SinXx
Vypoctéte lim ———

x=0 gind x
. X-—sinx I'H. 1-cosx
x=0  gin°® x X—'°33|n X COS X
I'H. sin x

=" lim
x=0 6 sin x cos? x — 3sin® x

UZijeme I'Hospitalovo pravidlo jesté jednou. Ve jmenovatel
dostavame

(3sin® x x cos x)' = 3.2sin x cos x cos x + 3sin? x(- sin x)

(derivace soucinu a derivace slozené funkce).
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Vypoctéte lim 3
x=0 sin” x

. X-—sinx I'H. 1-cosx
||m —3 = = I|m 2— =
x=0  gin°® x x—0 3sin” x cos x
I'H. sin x
= ||m = =
x=0 G sin x cos? x — 3sin° x

X —sinx

Dosadime. Stale neurcity vyraz .

[ << I <1 > I > | (© Robert Mafik, 2008 B




Vypoctéte lim 3
x=0 sin” x

. X-—sinx I'H. 1-cosx

x=0  gin°® x X—'°33|n X COS X
sin x

“lim 3 :IEI

x=0 G sin x cos? x — 3sin° x

COosS X

X —sinx

T

||I

" lim
x=0 6cos3 x — 6.2. sin® x cos x — 9sin® x cos x

UZijeme I'Hospitalovo pravidlo jesté jednou.
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Vypoctéte lim 3
x=0 sin” x

. X-—sinx I'H. 1-cosx

x=0  gin°® x X—'°33|n X COS X
sin x

“lim 3 =

x=0 G sin x cos? x — 3sin° x

COS X 1
" lim ==

x=0 6cos3 x — 6.2.sin® xcosx —9sin>xcosx 6

X —sinx

T

||I

Dostavame funkci, ktera je spojitd v x = 0. Skutecné, dosazenim
dostavame dobfe definovany vyraz a mame vysledek. ‘
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Vypoctéte  lim
x—0

Xx —arctgx |
XS
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X —arctgx |
[Vypoététe lim —g]
x—0 X3

Dosadime. Pfitom plati | arctg O = 0 | Dostavame neurc€ity vyraz a

budeme pouZivat I'Hospitalovo pravidlo.
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XS

1-
. X -—arctgx 'H. .. 2

lim X2 219X lim — X2
x—0 X3 x—0 3x2

ey . X —arctgx |
Vypoctéte I|mO _—
X—

T

Dosadime a vidime Ze se jedné& stale o neurcity vyraz.
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X — arctgx]

[Vypoététe lim
x—0 x3

1

1-
. X —arctgx ‘H. . 2
lim —g = =" lim # =
x—0 x3 x—0 3)(2

pr. .. 1
= lim ———
x=0 3(1 + x2)
(Je sice mozno jesté jednou aplikovat I'Hospitalovo pravidlo, tato )
moznost vSak vede ke slozZitym vypod&tlim. Proto radéji upravime
slozeny zlomek

2

1 X
_1+x2=1+x2= X _ 1
3x2 3x2 (1+x2)3x2  3(1+x?)
o y

[ < I <1 > I > | (© Robert Mafik, 2008 B



. . X —arctgx |
Vypoctéte  lim —————
x—0 X3
1 1
X — arctg x ' B 2
| g ='§'Iim 1+ X _
x—0 X3 x—0 3x2
pr. 1 1
x=03(1+x2) 3
Dosadime. Funkce je spojita v bodé x = 0 a limitu tedy urcime
pfimo dosazenim. ‘

<< ] ©Robert Mafik, 2008 B



Find  lim xIn x.]\
x—0+

[ < I <1 > I > | (© Robert Mafik, 2008 B



Find  lim xIn x.]‘
x—0+

lim xInx
x—0*

We start with the limit and substitute. m
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[Find lim xIn x.]\
x—0+

. r.o. In x
lim xInx ={0x (~o0)|ZE lim —=
x—0* x—0+ 1

X

The substitution gives and indeterminate form. We have to write the }

function in the limit as a fraction. To do this we write x = — and

><|_.|_L

multiply with logarithm.
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[Find lim xIn x.]\
x—0+

r. In x -0
I|m xlnx—p= im — =| —
x—0 x—0t 1 [0 0]

X

Now we have indeterminate form for which I' Hospital rule can be
used.
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[Find lim xIn x.]\
x—0+

r. In x
I|m xInx —p= lim — =
x—0 x—0t 1

%
1
B im X
XxX—0* 1
=

We use I Hospital rule.
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[Find lim xIn x.]\
x—0+

r. In x -0
lim xlnx—p: lim — =| =
x—0 x—0t 1 [0 0]

X

T

lim —x
X—0* 1 X—0+

]
5
1l

[We simplify. The function in the limit is continuous at x = 0.
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[Find lim xIn x.]\
x—0+

r. In x -0
lim xlnx—p: lim — =| =
x—0 x—0t 1 [0 0]

X
1
"Toim 2% fim —x=0
x—0+ 1 x—0*
X2
The limit of continuous function can be evaluated by direct
substitution.
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[Find lim xIn x.]\
x—0+

r. In x
I|m xInx —p= lim — =
x—0 x—0t 1

X

T

lim —x=0
X—0+ 1 X—0+

]
5
1l

The problem is solved.
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X—00

Find lim x2e™* ]
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X—00

Find lim x2e™* ]

. _ 2
lim x%e~*

X—00

We start with the limit. m
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X—00

[Find lim x2e~" ]

. _2

X—00

(Dosadime. More precisely, we evaluate separately the following h

limits
. . _ 2
lim x? and lim e™* .

X—00 X—00

\We obtain an indeterminate form.
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[Find lim x2e~" ]

X—00

2
. _x2 pr. .. X
lim x%e~* =M: lim —
Jim |00 x 0]

X—00 gx?

We have to convert the function inside the limit into fraction. We use)
the identity
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X—00

[Find lim x2e~" ]

2
. 2 roo.. X
lim x%e~* =p= lim =— =

X—00 xX—00 gx?

818

The limit has the form required by the I' Hospital rule.
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X—00

[Find lim x2e~" ]

'H. . 2x
=" lim
X—00 2X€X2

2
. 2 roo.. X
lim x%e~* =p= lim =— =

X—00 xX—00 gx?

818

We use I Hospital rule.
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X—00

[Find lim x2e~" ]

2
. —x2 ro. X O |IH. .. 2x
lim x%e~* =p: im — =|—1| = lim
X—00 xX—00 gx? [e's) x—00 2y ax?
o 1
= lim —
x—00 gx?
[We simplify.
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X—00

[Find lim x2e~" ]

2
. —x2 ro. X O |IH. .. 2x
iim x26* =[cox 0]% fim 2 =| 2| jim
X—00 X—00 ex2 [o'0) X—00 2X€X2
. 1 1
T lim — = —
x—00 gx? [o'e)

Dosadime (in the sense of limits). Hence we evaluate separately
the limit of the numerator and the denominator.
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X—00

[Find lim x2e~" ]

2
. —x2 ro. X O |IH. .. 2x
iim x26* =[cox 0]% fim 2 =| 2| jim
X—00 X—00 ex2 [o'0) X—00 2X€X2
. 1 1
p: ||m —_— — = O
x—00 gx? [o'e)

We obtain well-defined expression which equals zero. The problem ]

is solved.
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. . T, |
Find )(Imox(arctgx - 5)]
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[Find Xlim x(arctgx — g)]

. T
lim x (arctgx - —)
2

X—00
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[Find Xlim x(arctgx — g)]

arctg x n
9%~ 3

. m _ pr. .
XIer;ox (arctgx - E) = = lim

X—00

X
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[Find Xlim X(arctgx — g)]

o or arctg x —g
Jlim x (arctgx - E) = & X|mo+ _

X

I'H. . 1+x

=" |lim
X—00 1
X2
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[Find Xlim x(arctgx — g)]

- or arctg x —g
XIer;ox (arctgx - E) = = lIm —— =

X—00

x| =
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[Find Xlim x(arctgx — g)]

. or arctg x —g
lim x (arctgx - E) = = XILn;o— =

X—00

x| =

Nz
><:
§3

+
><l\>

I

ne
><:
£3
+ I
> ><|\>

N
I
[
8|3

Il
5
|
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[Find Xlim x(arctgx — g)]

. or arctg x —g
lim x (arctgx - E) = = XILn;o— =

X—00

x| =

Nz
><:
§3

+
><l\>

I

ne
><:
£3
+ I
> ><l\>

N
I
[
8|3

]
5
|
Il
AN
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Dékuji za pozornost, to je vSe.
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