
On p –Degree Functionals

With One Free End Point

Robert Mař́ık
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Abstract. We study the scalar functionals corresponding to the second order half-linear
differential equation as an extension of the quadratic functionals. We follow the work
[7] concerning the functionals with zero boundary conditions and give an analogy of the
Reid’s Roundabout theorem for the functional with one free end point. For brevity we
focus ourselves only on the regular functionals.
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1 Introduction

Let us consider the second order half-linear differential equation

(E)
(

r(t)Φ(y′)
)

′

+ q(t)Φ(y) = 0,

where Φ(y) = y|y|p−2, p > 1 is a constant and r(t), q(t) are real-valued continuous
functions defined on a given non-degenerate compact interval I, r(t) > 0 on I.
The domain of the operator on the left hand side is defined to be the set of
all continuous real-valued functions y defined on I such that y and rΦ(y′) are
continuously differentiable on I.

In [7] was studied the functional corresponding to the equation (E) and was in-
troduced the necessary and sufficient condition for nonnegativity of this functional,
as a natural generalization of quadratic functionals.
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The aim of this paper is to continue this study and give a necessary and sufficient
condition for positivity (nonnegativity) of the functional with one free end point

L(η; a, b) = α|η(a)|p +

∫ b

a

[

r(t)|η′(t)|p − q(t)|η(t)|p
]

dt

on the class of functions η ∈ U∗0 such that η ∈ AC[a, b], η′(t) ∈ Lp[a, b] with
boundary condition η(b) = 0. Any function of class U∗0 is said to be an admissible

function.
We will show that method used for quadratic functional case in [2] can be

applied to the p – degree functional L(η; a, b).
We use the concept of Riccati equation and focal points. If y(t) is solution of

(E) which has no zero on I, then the function w(t) = r(t)Φ(y′(t)/y(t)) is defined
on I and satisfies the Riccati-type equation

(1) w′(t) + q(t) + (p− 1)r(t)1−k|w(t)|k = 0

where k > 0 is such that 1/p + 1/k = 1 holds. This fact can be verified by
direct computation. The function w(t) is said to be solution of (1) associated
with solution y(t) of equation (E). Conversely, if w(t) is defined on I, then the
associated solution y(t) of equation (E) is given up to constant multiple and has
no zero on I.

A point c ∈ (a, b] is said to be focal point to a (relative to functional L(η; a, b))
if the nontrivial solution y(t) of (E) satisfying

(2) αΦ(y(a)) − r(a)Φ(y′(a)) = 0

has zero c. This solution is given uniquely up to the constant multiple.

As in [7], our main tool is modified Picone identity from Jaroš–Kusano [6]:

Lemma A. Let η be AC function on I, y(t) be solution of (E) which has no zero

on I and w(t) be corresponding solution of (1). It holds

(3) r(t)|η′(t)|p − q|η(t)|p =
(

w(t)|η(t)|p
)

′

+ Pp(η, w, r, t)

for all t ∈ I for which η′(t) exists, where

Pp(η, w, r, t) = r(t)|η′(t)|p + (p− 1)r1−k(t)|w(t)|k |η(t)|p − pw(t)Φ(η(t))η′(t).

The function Pp(η, w, r, t) satisfies Pp(η, w, r, t) ≥ 0 and Pp(η, w, r, t) = 0 if and

only if η is constant multiple of y.

If we integrate the Picone identity (3) from a to b and the term w(a+)|η(a+)|p,
resp. w(b−)|η(b−)|p is of the type “∞ · 0” we use the following lemma, which is
due to Elbert [5].
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Lemma B [5]. Let η ∈ AC[a, b], η′ ∈ Lp[a, b] and let w be solution of (1) defined
on (a, b). If η(a) = 0, resp. η(b) = 0, then it holds limt→a+ w(t)|η(t)|p = 0 resp.

limt→b− w(t)|η(t)|p = 0.

2 The functional with one free end point

First we give a condition for nonnegativity of L(η; a, b) in terms of Riccati–
equation solutions. Denote yb(t) the solution of (E) which satisfies initial condi-
tions yb(b) = 0, y′b(b) = 1 and wb(t) the corresponding solution of Riccati equation.

Lemma 1. Functional L(η; a, b) is nonnegative on the class of functions U∗0 if

and only if wb(t) is defined on [a, b) and satisfies α− wb(a) ≥ 0.

Proof. “ ⇒ ”: Suppose that wb(t) is not defined in a point c ∈ [a, b) and it is
defined on (c, b), this means that yb(c) = 0 and y(t) 6= 0 for every t ∈ (c, b). Let
λ ∈ (c, b) be a real number and define the admissible function

ηλ(t) =

{

yb(λ) t ∈ [a, λ]

yb(t) t ∈ [λ, b],

From definition of the function ηλ(t) it follows

L(ηλ; a, b) = α|ηλ(a)|
p +

∫ λ

a

[

r(t)|η′λ(t)|
p − q(t)|ηλ(t)|

p
]

dt+

+

∫ b

λ

[

r(t)|y′b(t)|
p−q(t)|yb(t)|

p
]

dt = |yb(λ)|
p
(

α−

∫ λ

a

q(t) dt
)

+r(t)Φ
(

y′b(t)
)

yb(t)
∣

∣

b

λ
−

−

∫ b

λ

yb(t)
[(

r(t)Φ
(

y′b(t)
)

)

′

+ q(t)Φ
(

yb(t)
)

]

dt =

= |yb(λ)|
p
(

α− r(λ)Φ(y′b(λ)/yb(λ)) −

∫ λ

a

q(t) dt
)

,

where the second integral was computed using integration by parts. If λ → c+

then the expression in parenthesis tends to −∞ and clearly there exists λ0 ∈ (c, b)
such that L(ηλ0

; a, b) < 0, a contradiction. This means that wb(t) is defined on
[a, b). The function yb is admissible and a similar computation as above gives

0 ≤ L(yb; a, b) = |yb(a)|
p
(

α− wb(a)
)

. It holds yb(a) 6= 0, hence α− wb(a) ≥ 0.

“ ⇐ ”: Let wb(t) be defined on [a, b), α − wb(a) ≥ 0 and η be an admissible
function. Integrating Picone’s identity from a to b − ε, letting ε → 0+ and using

Lemma B we get L(η; a, b) = |η(a)|p
(

α − wb(a)
)

+
∫ b

a
Pp(η, wb, r, t) dt ≥ 0 and

hence the functional is nonnegative. �

Next theorem is an analogue of the well known Reid’s Roundabout theorem.
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Theorem 1. The following statements are equivalent.

(i) L(η; a, b) is nonnegative on U∗0.

(ii) There exists no focal point to a on (a, b).
(iii) The solution of the Riccati equation satisfying w(a) = α is defined on [a, b).
(iv) The solution of the Riccati equation wb(t) is defined on [a, b) and satisfies

α− wb(a) ≥ 0.

Proof. “(i) ⇒ (ii)” Let c ∈ (a, b) be the first focal point to a. Then there exists
a nontrivial solution of (E) such that αΦ(y(a)) − r(a)Φ(y′(a)) = 0, y(c) = 0, and
y(t) 6= 0 for t ∈ (a, c). Let λ ∈ (a, c) be a real number and ηλ(t) be an admissible
function defined by

ηλ(t) =

{

y(t) t ∈ [a, λ]
y(λ)
b−λ

(b− t) t ∈ [λ, b].

Then

L(ηλ; a, b) = α|ηλ(a)|
p +

∫ λ

a

(

r(t)|y′(t)|p − q(t)|y(t)|p
)

dt+

+
∣

∣

∣

y(λ)

b− λ

∣

∣

∣

p
∫ b

λ

(

r(t) − q(t)|b − t|p
)

dt =

= |y(λ)|p
[

r(λ)Φ
(

y′(λ)/y(λ)
)

+
1

|b− λ|p

∫ b

λ

(

r(t)− q(t)|b − t|p
)

dt
]

.

The first term in the parenthesis tends to −∞ if λ tends to c from left and the
second one is bounded. Hence there exists λ0 such that L(ηλ0

; a, b) < 0, a contra-
diction.

“(ii) ⇒ (iii)” Follows immediately from the definition of focal point.
“(iii) ⇒ (i)” If a solution of (1) satisfying w(a) = α is defined on [a, b), then

integrating Picone’s identity from a to b − ε, letting ε → 0 and using Lemma B

we have L(η; a, b) =
∫ b

a
Pp(η, w, r, t) dt ≥ 0 and the functional is nonnegative.

“(i) ⇔ (iv)” See Lemma 1. �

Theorem 1’. The following statements are equivalent.

(i) L(η; a, b) is positive definite on U∗0.

(ii) There exists no focal point to a on (a, b].
(iii) The solution of the Riccati equation satisfying w(a) = α is defined on [a, b].
(iv) The solution of the Riccati equation wb(t) is defined on [a, b) and satisfies

α− wb(a) > 0.

Sketch of the proof. “(i) ⇒ (ii)” Let c ∈ (a, b] be a focal point to a, and y(t) be
the solution of (E) which realizes this focal point. Let η be an admissible function,
which is equal to y(t) on [a, c] and zero on [c, b]. Then integrating by parts we
have L(η; a, b) = 0, but η 6≡ 0, a contradiction.

“(ii) ⇒ (iii)” Follows immediately from the definition of focal point.
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“(iii) ⇒ (i)” Follows from the Picone identity and from properties of the function
Pp.

“(i) ⇔ (iv)” Analogously to Lemma 1. �

3 Comparison theorem

As an application of the previous results we derive a comparison theorem for
the half-linear differential equation. Let us consider two differential equations

(

r(t)Φ(x′)
)

′

+ q(t)Φ(x) = 0(A)
(

R(t)Φ(y′)
)

′

+Q(t)Φ(y) = 0,(B)

where r(t), q(t), R(t) and Q(t) are continuous on [a, b], R(t) and r(t) are positive
and the inequalities

R(t) ≤ r(t) and q(t) ≤ Q(t) for t ∈ [a, b]

are satisfied. Jaroš and Kusano proved in [6] the following comparison theorem.

Theorem C [6]. If there exists solution x(t) of (A) such that x(a) = 0 = x(b)
and x(t) 6= 0 for all t ∈ (a, b), then any solution y(t) of equation (B) either has a

zero on (a, b), or it is a constant multiple of x.

This theorem describes behavior of the solution of the equation (B) in the
interval between two zeros of the solution of the equation (A). For the case x(a) 6=
0 this statement can be extend using Theorems 1 and 1’ and we get the following
comparison theorem.

Theorem 2. Let x(t), y(t) be solutions of (A), (B), x(b) = 0, x(t) 6= 0 for

t ∈ [a, b). If

(4) R(a)Φ
(y′(a)

y(a)

)

≤ r(a)Φ
(x′(a)

x(a)

)

,

then the function y(t) has a zero for some t ∈ (a, b]. Moreover, y(t) has a zero on

(a, b) in the case when any of the following conditions is satisfied:

(i) the sharp inequality in (4) is satisfied, or

(ii) q(·) 6≡ Q(·) on (a, b), or
(iii) R(t0) < r(t0) and q(t0) 6= 0 in some t0 ∈ (a, b).

Proof. From (4) it follows y(a) 6= 0. Denote

α = r(a)Φ
(x′(a)

x(a)

)

, Lα(η; a, b) = α|η(a)|p +

∫ b

a

(r|η′|p − q|η|p) dt

β = R(a)Φ
(y′(a)

y(a)

)

, Lβ(η; a, b) = β|η(a)|p +

∫ b

a

(R|η′|p −Q|η|p) dt.
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Integration by parts shows Lα(x; a, b) = 0. Hence

Lβ(x; a, b) = Lβ(x; a, b)− Lα(x; a, b) =

= (β − α)|x(a)|p +

∫ b

a

(

q(t)−Q(t)
)

|x(t)|p dt+

∫ b

a

(

R(t)− r(t)
)

|x′(t)|p dt ≤ 0.

Each of the last three terms is nonnpositive, hence the functional Lβ(η; a, b) is not
positive definite and by Theorem 1’ there exists a focal point to a relative to the
functional Lβ(η; a, b) on (a, b], or equivalently, y(t) has a zero on (a, b]. Under the
conditions (i), (ii) or (iii), the first, second or third term is negative, respectively.
Hence the functional is not nonnegative and by Theorem 1 there exists a focal
point to a on (a, b), i.e. y(t) has a zero on (a, b). �

Remark. In the literature there are several results devoted to the comparison
theorems for nonlinear differential equations, which include half-linear differential
equation (E). We refer to the paper Agarwal et al. [1] and references therein.

Remark that under certain special assumptions on functions r and q the first
part of the conclusion of Theorem 2 can be obtained from [1, Theorem 2.1].
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References

1. R. P. Agarwal, W.-C. Lian and C.-C. Yeh, Levin’s comparison theorem for nonlinear second

order differential equations, Appl. Math. Lett. 9 (1996), 29-35.
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