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Inequalities

Robert Mařı́k

January 29, 2011

Look at three or four or twenty my quizzes
and then fill in my please!

To create your own test from based on this one
you will need free AcroTEXeDucation bundle,

the TEX source attached here and to fol-
low instruction on home site.


% Copyright 2005-2009 Robert Marik
%
% The licence allows to use this file for exactly one of the following purposes.
%
% 1. To prepare your own texts after substantial modification of TeX
% macros (such as different mathematical problems)
%
% 2. or to prepare your own texts simply by slight modifications
% (design, introduction) and by using different input data for
% problems. In this latter case you are required to put the resulting
% tests on a suitable public server (your personal webpage, webpage of
% your department, webpage in e-learning course which is open for
% guests etc.).
%
%

\documentclass[12pt]{article}

\input kvizy.tex


\overfullrule = 0 cm

%\backgroundcolor{white}

\def\righttitle{Inequalities}

\usepackage{picins}

\usepackage[noxcolor,pdftex]{exerquiz}
\usepackage[procrespgrp,setSupport,intervals]{dljslib}
 
\begin{insDLJS}[dljslibRMb]{dljsliRMb}{RMb}


function ProcRespSetFormulaEmpty(flag,CorrAns,n,epsilon,a,indepVar,oComp)
{
    ok2Continue = true;
    if (!ProcessIt) return null;
    var fieldname = event.target.name;
    var UserAns = event.value;
    this.getField(fieldname).strokeColor = \eqDefaultColor;
    UserAns = stripWhiteSpace(UserAns);
    if (!ok2Continue) return null;
//    app.alert("User:"+UserAns+"Correct is:"+CorrAns);
    if (UserAns == "empty") {
      success = (CorrAns == UserAns);
//      app.alert("User types empty, sucess:"+success);
      return notifyField(success, flag, fieldname);
    }
    if (CorrAns == "empty") {
      success = ((CorrAns == UserAns) || (UserAns == "none"));
//      app.alert("Correct is empty, sucess:"+success)
      return notifyField(success, flag, fieldname);
    }
    var aUserAns = UserAns.split(",");
    var aCorrAns = CorrAns.split(",");
    var numCorrect = 0;
    var match = 0;
    if ( aUserAns.length != aCorrAns.length ) return notifyField(false, flag, fieldname);
    for ( var i=0; i< aCorrAns.length; i++) {
        match = 0;
        for ( var j=i; j< aUserAns.length; j++) {
            var retn = _ProcResp(flag,aCorrAns[i],aUserAns[j],n,epsilon,a,indepVar,oComp);
            if ( retn == null ) return syntaxError(), null;
            if (retn==1) {
               var temp=aUserAns[j];
               aUserAns[j]=aUserAns[i];
               aUserAns[i]=temp;
               match = match + 1;
            }
        }
        numCorrect += (match) ? 1 : 0;
    }
    var success = (numCorrect == aCorrAns.length) ? true : false;
    if ( success == null ) return syntaxError(), null;
    return notifyField(success, flag, fieldname);
}


function ProcRespIntervalsNew(flag,CorrAns,n,epsilon,a,indepVar,oComp)
{
    ok2Continue = true;
    if (!ProcessIt) return null;
    var fieldname = event.target.name;
    var UserAns = event.value;
    UserAns = stripWhiteSpace(UserAns);
    CorrAns = stripWhiteSpace(CorrAns);
    if (!ok2Continue) return null;
    UserAns = UserAns.replace(/inf/g, "x");
    CorrAns = CorrAns.replace(/inf/g, "x");
    indepVar = "x";
    a="[0,1]";
    var aUserAns = UserAns.split("U");
    var aCorrAns = CorrAns.split("U");
    var numCorrect = 0;
    var match = 0;
    var matchparts = 0;
    if ( aUserAns.length != aCorrAns.length ) return notifyField(false, flag, fieldname);
    for ( var i=0; i< aCorrAns.length; i++) {
        match = 0;
        for ( var j=i; j< aUserAns.length; j++) {
            CorrInt=aCorrAns[i];
            UserInt=aUserAns[j];
            var levaUser = UserInt.charAt(0);
            var pravaUser = UserInt.charAt(UserInt.length-1);
            var stredUser = UserInt.substring(1,UserInt.length-1);
            UserInt = levaUser+","+stredUser+","+pravaUser;
            var levaCorr = CorrInt.charAt(0);
            var pravaCorr = CorrInt.charAt(CorrInt.length-1);
            var stredCorr = CorrInt.substring(1,CorrInt.length-1);
            CorrInt = levaCorr+","+stredCorr+","+pravaCorr;
            var aCorrInt = CorrInt.split(",");
            var aUserInt = UserInt.split(",");
            if ( aUserInt.length != 4 ) return notifyField(false, flag, fieldname);
            matchparts = 0;
            if (aCorrInt[0] == aUserInt[0]) matchparts+=1;
            if (aCorrInt[3] == aUserInt[3]) matchparts+=1;
            var retn1 = _ProcResp(flag,aCorrInt[1],aUserInt[1],n,epsilon,a,indepVar,oComp);
            if (retn1 == null) return syntaxError(), null;
            if (retn1 == 1) matchparts+=1;
            var retn2 = _ProcResp(flag,aCorrInt[2],aUserInt[2],n,epsilon,a,indepVar,oComp);
            if (retn2 == null) return syntaxError(), null;
            if (retn2 == 1) matchparts+=1;
            if (matchparts == 4) {
                var temp=aUserAns[j];
                aUserAns[j]=aUserAns[i];
                aUserAns[i]=temp;
                match = match + 1;
            }
        }
        numCorrect += (match) ? 1 : 0;
    }
    var success = (numCorrect == aCorrAns.length) ? true : false;
    if (success == null) return syntaxError(), null;
    return notifyField(success, flag, fieldname);
}



\end{insDLJS}
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\section{Theory}


\begin{veta}[continuity of elementary functions]
   Every elementary function is continuous on its domain.
 \end{veta}


\begin{veta}[Bolzano]
  Let $f$ be a function defined and continuous on $[a,b]$.  If $f(a).f(b)<0$
  holds (i.e. the values $f(a)$ and $f(b)$ have different signs), then there
  exists a zero of the function $f$ on the interval $(a,b)$, i.e. there exists
  $c\in(a,b)$ such that $f(c)=0$.
\end{veta}



\textbf{General nonlinear inequality}
%   According to Bolzano's first theorem, a function cannot change
%   its sign on the interval which contains neither a point of
%   discontinuity nor a root of the function. Hence w
  When solving one of the inequalities
  \begin{align*}
    f(x)>0,\quad f(x)\geq 0,\quad f(x)\leq0,\quad \text{and} \quad f(x)<0,
  \end{align*}
  we can proceed in the following steps.
  \begin{enumerate}
  \item We find all points of discontinuity of the function $f(x)$. 
  \item We find all of the solutions of the equation $f(x)=0$. 
  \item We use the points from the last two steps and divide the real axis
    subintervals. The function 
    $f$ preserves its sign on each subinterval. We choose arbitrary
    (convenient) number $\xi$ form each subinterval, evaluate $f(\xi)$ and
    mark the sign of this value to the subinterval. We do this step for all
    subintervals.
  \item Performing the preceding step for all subintervals, we assign the sign
    of the function $f(x)$ to each subinterval. Now it is clear where $f(x)>0$
    holds and where the inequality is opposite.
  \end{enumerate}



\newpage

\section{Test}

\newtoks\obrtoks
\def\priklad#1#2#3#4{
\item {\large Solve $#1#20$}

  \begin{questions}
%     \obrtoks={#3}    
%     \message{----------\the\obrtoks}
  \item  Find point(-s) of discontinuity
    \def\strednik{;}
    {\def\|##1{}\def\o##1{##1,}\def\+{}\def\-{}\def\nic{}%
      \xdef\pomocne{#3;}%
      \ifx\pomocne\strednik\xdef\pomocne{,;}\fi
    }
    \expandafter\otazka\pomocne
  \item Solve $#1=0$
    {\def\|##1{##1,}\def\o##1{}\def\+{}\def\-{}\def\nic{}%
      \xdef\pomocne{#3;}%
      \ifx\pomocne\strednik\xdef\pomocne{,;}\fi
}
    \expandafter\otazka\pomocne

    \def\+{\osetri{\item
        \begin{answers}2
          \Ans1 \pos.\\\Ans0 \neg.\\\Ans0 \undef.
        \end{answers}}\hfil
    }%
    \def\-{\osetri{\item
        \begin{answers}2
          \Ans0 \pos.\\\Ans1 \neg.\\\Ans0 \undef.
        \end{answers}}\hfil
    }    
    \def\nic{\osetri{\item
        \begin{answers}2
          \Ans0 \pos.\\\Ans0 \neg.\\\Ans1 \undef.
        \end{answers}}\hfil
    }    
    \def\|##1{\dotaz{##1}\osetrib{\item
        \begin{answers}2
          \Ans1 \xint.\\\Ans0 \disc.
        \end{answers}}\hfil
    }    
    \def\o##1{\dotaz{##1}\osetrib{\item
        \begin{answers}2
          \Ans0 \xint.\\\Ans1 \disc.
        \end{answers}}\hfil
    }


  \item Complete the sign chart
    \begin{questions}
\vbox{\hsize=\orihsize
      \vskip 2 cm {\matikacolor \hrule height 2pt width \hsize} \leavevmode
      \kern 1.5cm
      \footnotesize #3 \kern-1.5cm\vskip 2 cm}
    \end{questions}
  \item Solution: 
\RespBoxMath[\TU{Write the solution of the inequality as union of intervals, as descibed in the intructions to the quiz.}]{#4}(infU){10}{1.0E-4}{[0,1]x[0,1]x[0,1]x[0,1]}*{ProcRespIntervalsNew}
\CorrAnsButton{#4}
  \end{questions}


\newpage}


\def\prazdna{}

\def\otazka#1,;{
\def\pomtoks{#1}
\ifx\pomtoks\prazdna
\RespBoxMath[\TU{Write your answer as unordered comma separated list of numbers, or write the word empty.}]{empty}{10}{1.0E-2}{0}{1}*{ProcRespSetFormulaEmpty}
\CorrAnsButton{empty}
\else 
\RespBoxMath[\TU{Write your answer as unordered comma separated list of numbers, or write the word empty.}]{#1}{10}{1.0E-2}{0}{1}*{ProcRespSetFormulaEmpty}
\CorrAnsButton{#1}
\fi
}


\def\xint.{\hbox to 0 pt{$x$-intercept\hss}}
\def\disc.{\hbox to 0 pt{discontinuity\hss}}
\def\pos.{\hbox to 0 pt{positive\hss}}
\def\neg.{\hbox to 0 pt{negative\hss}}
\def\undef.{\hbox to 0 pt{undefined\hss}}


%%% this removes overfull boxes
\def\osetri#1{\leavevmode\hskip -1cm\vbox to
  0 pt{\vss\hsize=1.5cm \rightskip -5 cm plus 1 fill #1\vskip 1.2cm}}
\def\osetrib#1{\leavevmode\hskip -1cm\vbox to 0 pt{\hsize=1.5cm \rightskip
-5cm plus 1 fill \vskip 0.1 cm#1\vss}}

\def\dotaz#1{\leavevmode
\vbox{
\vskip -6pt
\hbox to 0 pt{\hss\vrule width 2 pt height 12 pt\hss}
\vskip 0.2cm
\hbox to 0 pt
{\hss
\RespBoxMath[\rectW{2cm}\Q{1}\BG{1 1 1}]{#1}{3}{0.01}{[0,1]}
\hbox to 0 pt{\ \CorrAnsButton[\CA{?}]{#1}\hss}
\hss}
}
}


\parpic[r]{
  \vbox{\hbox{\color{red}Example how to fill-in the quiz}
  \hbox{\includegraphics[width=9cm]{obrazovka.jpg}}}}
    \definecolor{darkgreen}{rgb}{0,0.6,0}
    \def\kod#1{\texttt{\color{darkgreen}#1}} 
    \def\odrazka{{\color{red}$\bullet$}}
    \odrazka Given an inequality, find the domain and $x$-intercepts of the
    function. Write your answer as comma separated list of numbers or write
    the word \kod{none} or \kod{empty}. The order of the
    numbers in your answer does not matter.

    \odrazka  Write the sign chart for the function. You have to order the
    $x$-intercepts and poins of discontinuity and place them on the real
    axis. Then find intervals with positive and negative signs and the
    intervals which do not belong to the domain of the function.
 
    \odrazka Finally, write the solution of
    the inequality. Use \kod{[a,b]} for closed interval, \kod{(a,b)} for open
    interval, \kod{U} for union, \kod{inf} for $\infty$ and \kod{-inf} for
    $-\infty$. The set $\R\setminus(1,2]$ can be written as
    \kod{(-inf,1]U(2,inf)}. 

%     \odrazka \textbf{\color{red}Important! }Use braces to denote the
%     scope of the functions. For $\ln(2)$ write \kod{ln\{2\}}. Do
%     {\color{red}not} write \kod{ln(2)}.


\newpage

\begin{shortquiz}*[aaa]
\everyRespBoxMath{\BG{1 1 1}
  \rectH{16bp}\rectW{6cm}\textSize{0}
\TU{Click inside and write your answer.}}

\begin{questions}

\priklad{\frac{x^2+1}{x^2-1}}\leq
{\+\o{-1}\-\o{1}\+}
{(-1,1)}

\priklad{\frac{x-1}{x+2}}\leq{\+\o{-2}\-\|{1}\+}{\eqbs(-2,1]}

\priklad{x^2-3x+2}>{\+\|{1}\-\|{2}\+}{(-inf,1)U(2,inf)}

\priklad{x^2-4}\geq{\+\|{-2}\-\|{2}\+}{\eqbs(-inf,-2]U[2,inf\eqbs)}

\priklad{\frac{x^2-7x}{x^2+4}}\geq
{\+\|{0}\-\|{7}\+}{\eqbs(-inf,0]U[7,inf\eqbs)}

\priklad{\frac{xe^x}{(x+1)^3}}\geq
{\+\o{-1}\-\|{0}\+}
{(-inf,-1)U[0,inf\eqbs)}

\priklad{\frac{(x-2)\ln(x)}{x}}\leq
{\nic\o{0}\+\|{1}\-\|{2}\+}
{[1,2]}


\priklad{\frac{\ln^2 x-\ln x}{x-6}}\geq
{\nic\o{0}\-\|{1}\+\|{e}\-\o{6}\+}
{[1,e]U(6,inf)}

\priklad{\frac{1-\ln^2x}{1-x}}\geq{\nic\o{0}\-\|{exp(-1)}\+\o{1}\-\|{exp(1)}\+}
{[exp(-1),1\eqbs)U[e,inf\eqbs)}

\priklad{\frac{\ln^2 x+3\ln x+2}{x-1}}{\geq}
{\nic\o{0}\-\|{e^(-2)}\+\|{e^(-1)}\-\o{1}\+}
{[e^(-2), e^(-1)]U(1,inf)}

\priklad {\frac {e^x-2}{x-2}}{\leq}
{\+\|{ln(2)}\-\o{2}\+}
{[ln(2),2\eqbs)}

\priklad {\frac {e^x-2}{(x+1)^2}}{\geq}
{\-\o{-1}\-\|{ln(2)}\+}
{[ln(2),inf\eqbs)}

\priklad{\frac{x(3-e^x)}{x-1}}\geq{\+\|{0}\-\o1\+\|{ln(3)}\-}
{\eqbs(-inf,0]U\eqbs(1,ln{3}]}

\priklad {\frac{2e^x-3}{x^2-x}}\geq
{\-\o{0}\+\|{ln(3/2)}\-\o{1}\+}
{\eqbs(0,ln(3/2)]U(1,inf)}



\end{questions}
\end{shortquiz}
\end{document}
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1. Theory

Věta 1 (continuity of elementary functions) Every elementary function is continu-
ous on its domain.

Věta 2 (Bolzano) Let f be a function defined and continuous on [a, b]. If
f (a).f (b) < 0 holds (i.e. the values f (a) and f (b) have different signs), then there
exists a zero of the function f on the interval (a, b), i.e. there exists c ∈ (a, b) such
that f (c) = 0.

General nonlinear inequality When solving one of the inequalities

f (x) > 0, f (x) ≥ 0, f (x) ≤ 0, and f (x) < 0,

we can proceed in the following steps.

1. We find all points of discontinuity of the function f (x).

2. We find all of the solutions of the equation f (x) = 0.

3. We use the points from the last two steps and divide the real axis subintervals.
The function f preserves its sign on each subinterval. We choose arbitrary
(convenient) number ξ form each subinterval, evaluate f (ξ) and mark the sign
of this value to the subinterval. We do this step for all subintervals.

4. Performing the preceding step for all subintervals, we assign the sign of the
function f (x) to each subinterval. Now it is clear where f (x) > 0 holds and
where the inequality is opposite.

http://user.mendelu.cz/marik
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2. Test

Example how to fill-in the quiz•Given an inequality, find the
domain and x-intercepts of
the function. Write your an-
swer as comma separated
list of numbers or write the
word none or empty. The
order of the numbers in your
answer does not matter.
•Write the sign chart for the
function. You have to order
the x-intercepts and poins
of discontinuity and place them
on the real axis. Then find
intervals with positive and neg-
ative signs and the intervals
which do not belong to the domain of the function.
•Finally, write the solution of the inequality. Use [a,b] for closed interval, (a,b)
for open interval, U for union, inf for∞ and -inf for −∞. The set R \ (1,2] can
be written as (-inf,1]U(2,inf).

http://user.mendelu.cz/marik
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Quiz

1. Solve
x2 + 1

x2 − 1
≤ 0

(a) Find point(-s) of discontinuity

(b) Solve
x2 + 1

x2 − 1
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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2. Solve
x − 1
x + 2

≤ 0

(a) Find point(-s) of discontinuity

(b) Solve
x − 1
x + 2

= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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3. Solve x2 − 3x + 2 > 0
(a) Find point(-s) of discontinuity

(b) Solve x2 − 3x + 2 = 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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4. Solve x2 − 4 ≥ 0
(a) Find point(-s) of discontinuity

(b) Solve x2 − 4 = 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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5. Solve
x2 − 7x
x2 + 4

≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
x2 − 7x
x2 + 4

= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik


R
O

B
E

R
T

M
A

Ř
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6. Solve
xex

(x + 1)3
≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
xex

(x + 1)3
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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Ř
ÍK
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7. Solve
(x − 2) ln(x)

x
≤ 0

(a) Find point(-s) of discontinuity

(b) Solve
(x − 2) ln(x)

x
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(vi)
x-intercept
discontinuity

(vii)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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8. Solve
ln2 x − lnx
x − 6

≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
ln2 x − lnx
x − 6

= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(vi)
x-intercept
discontinuity

(vii)
positive
negative
undefined

(viii)
x-intercept
discontinuity

(ix)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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9. Solve
1 − ln2 x

1 − x
≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
1 − ln2 x

1 − x
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(vi)
x-intercept
discontinuity

(vii)
positive
negative
undefined

(viii)
x-intercept
discontinuity

(ix)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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10. Solve
ln2 x + 3 lnx + 2

x − 1
≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
ln2 x + 3 lnx + 2

x − 1
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(vi)
x-intercept
discontinuity

(vii)
positive
negative
undefined

(viii)
x-intercept
discontinuity

(ix)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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11. Solve
ex − 2
x − 2

≤ 0

(a) Find point(-s) of discontinuity

(b) Solve
ex − 2
x − 2

= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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12. Solve
ex − 2

(x + 1)2
≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
ex − 2

(x + 1)2
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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13. Solve
x(3 − ex)
x − 1

≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
x(3 − ex)
x − 1

= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(vi)
x-intercept
discontinuity

(vii)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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14. Solve
2ex − 3

x2 − x
≥ 0

(a) Find point(-s) of discontinuity

(b) Solve
2ex − 3

x2 − x
= 0

(c) Complete the sign chart

(i)
positive
negative
undefined

(ii)
x-intercept
discontinuity

(iii)
positive
negative
undefined

(iv)
x-intercept
discontinuity

(v)
positive
negative
undefined

(vi)
x-intercept
discontinuity

(vii)
positive
negative
undefined

(d) Solution:

http://user.mendelu.cz/marik
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