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Integrace substitucı́

Robert Mařı́k

29. ledna 2011

Vyzkoušejte dva, tři nebo dvacet dalšı́ch
mých kvı́zů a potom mi prosı́m vyplňte

na webu. Děkuji!

Pro vytvořenı́ vlastı́ho testu podle tohoto
vzoru budete potřebovat volně šiřitelný
AcroTEXeDucation bundle, zdrojový soubor

pro TEX a přečı́st si návod na domov-
ské stránce.


% Copyright 2005-2009 Robert Marik
%
% The licence allows to use this file for exactly one of the following purposes.
%
% 1. To prepare your own texts after substantial modification of TeX
% macros (such as different mathematical problems)
%
% 2. or to prepare your own texts simply by slight modifications
% (design, introduction) and by using different input data for
% problems. In this latter case you are required to put the resulting
% tests on a suitable public server (your personal webpage, webpage of
% your department, webpage in e-learning course which is open for
% guests etc.).
%
%

\pdfoutput=1
\def\subst#1{\null\ 
\fbox{\hbox{% \def\dx{\,\mathbox{d}x}\def\dt{\,\mathbox{d}t}
  $%\vrule\,
  \vcenter
{% \everymath{\scriptstyle}%
\ialign{\hfil\ $##$\ \hfil\cr#1\crcr}%<- centrovane pod sebe
%%%%  \def\rovnice##1={${##1}={}$&}
%%%% \ialign{\ \hfil $##$&$##$\hfil\ \cr#1\crcr}%<- zarovna rovnitka
}
%\,\vrule
$}}\ }


\documentclass[11pt]{article}

\usepackage[czech]{babel}
\usepackage[IL2]{fontenc}
\input kvizycz

\def\righttitle{Integrace substitucí}

\usepackage[czech,pdftex,noxcolor]{exerquiz}
\usepackage[ImplMulti,indefIntegral,equations]{dljslib}

\linepenalty=10000

\begin{insDLJS}[dljslibRMb]{dljsliRMb}{RMb}

function ProcRespSDEq(flag,CorrAns,n,epsilon,a,indepVar,oComp)
{
//
// From the procedure ProcRespEq. We expect ODE with
// separated variables ( y'=f(x)/g(y) ) in the form "f(x)dx=g(y)dy",
// "f(x)dx-g(y)dy=0", or a constant multiple of these equations.
// (The functions f(x) g(y) are unique up to a common constant multiple.)
// We introduce new variable instead of dx and dy and handle
// the equation as an equation in four variables.
// 
// the variables in the "RespBoxMath" command are supposed to be 
// specified as (xy), but you can use your own variables. Simply
// use two variables and their differentials.
//
// It is sufficient to add four or six lines to the original
// code of ProcRespEq.
// 
// The function can be used also to handle relations between differentials
// which are used in the substition in indefinite integral.
//
    if (!ProcessIt) return null;
    ok2Continue = true;
    var success;
    var fieldname = event.target.name;
    var UserAns = event.value;
    this.getField(fieldname).strokeColor = \eqDefaultColor;
    if (UserAns == "undefined") {
        success = (CorrAns == UserAns);
        return notifyField(success, flag, fieldname);
    }
    var _V = UserAns.split("=");  
    if (_V.length !== 2) {
      app.alert("V rovnici musi byt prave jedno rovnitko.");
      return null;   // notifyField(false, flag, fieldname);
    }
    indepVar = TypeParameters(indepVar); // convert vars to new format, if needed
    // introduce new variables 
    // and change differentials into these varaibles
    indepVar = indepVar+",r:M,r:N";
    a=a+"x[1,3]x[1,3]"
    var _dx=new RegExp("d"+indepVar.charAt(2),"g");
    var _dy=new RegExp("d"+indepVar.charAt(6),"g");
    UserAns = UserAns.replace(_dx, "M");
    CorrAns = CorrAns.replace(_dx, "M");
    UserAns = UserAns.replace(_dy, "N");
    CorrAns = CorrAns.replace(_dy, "N");
    var _V = UserAns.split("M"); 
    if (_V.length !== 2) {
      app.alert("Kazdy diferencial musi byt v rovnici prave jednou. ");
      return null; // notifyField(false, flag, fieldname);
    }
    _V = UserAns.split("N");  
    if (_V.length !== 2) {
      app.alert("Kazdy diferencial musi byt v rovnici prave jednou. ");
      return null; // notifyField(false, flag, fieldname);
    }
    var CorrExpressions = CorrAns.split("=");
    var zCorrAns = "("+CorrExpressions[0]+")-("+CorrExpressions[1] +")";
    UserAns = stripWhiteSpace (UserAns);
    if(!ok2Continue ) return null;
    if (!/[=]/.test(UserAns)) {
            app.alert("Ocekavam rovnici.", 3);
            return null;
    }
    var UserExpressions = UserAns.split("=");
    var zUserAns = "("+UserExpressions[0]+")-("+UserExpressions[1] +")";

    var comp = ( typeof oComp == "object" ) ?
       (typeof oComp.comp == "undefined" ) ? diffCompare : oComp.comp : oComp;
    if ( typeof oComp == "object" && typeof oComp.priorParse != "undefined" )
    {
        if ( typeof oComp.priorParse == "object" )
        {
            for ( var i=0; i < oComp.priorParse.length; i++)
            {
                var retn = oComp.priorParse[i](zUserAns);
                if ( retn == null ) return null;
            }
        } else {
            var retn = oComp.priorParse(zUserAns);
            if ( retn == null ) return null;
        }
    }
    zCorrAns = ParseInput(zCorrAns);
    if (!ok2Continue) {
        app.alert("Syntax error in author's answer! Check console.", 3);
        console.println("Syntax Error: " + CorrAns);
        return null;
    }
    zUserAns = ParseInput(zUserAns);
    if (!ok2Continue) return null;
    var lambda = getNonZeroRatio (a, indepVar, zCorrAns, zUserAns);
    if ( lambda == null ) { app.alert(\eqSyntaxErrorUndefVar,3); return null; };
    if ( !ok2Continue ) return notifyField(false, flag, fieldname);
    zCorrAns  = lambda + "*(" + zCorrAns + ")";
\db console.println("zCorrAns = " + zCorrAns);\db%
    success=randomPointCompare (n,a,indepVar,epsilon,zCorrAns,zUserAns,comp)
\db console.println("success = " + success );\db%
    if ( success == null ) { app.alert(\eqSyntaxErrorUndefVar,3); return null; }
    return notifyField(success, flag, fieldname);
}



\end{insDLJS}


\def\1#1{{\color{red}#1}}
\def\2#1{{\color{webgreen}#1}}


\useBeginQuizButton
\useEndQuizButton


\everyRespBoxMath{\rectW{5cm}\textSize{0}}
\everyCorrAnsButton{\S{B}}



\DeclareMathOperator{\sgn}{sgn}
\DeclareMathOperator{\tg}{tan}
\DeclareMathOperator{\asin}{asin}
\DeclareMathOperator{\cotg}{cotg}
\DeclareMathOperator{\arctg}{atan}
\DeclareMathOperator{\atan}{atan}
\DeclareMathOperator{\arccotg}{arccotg}

\def\dx{\,\,\mathrm{d}x}
\def\dy{\,\mathrm{d}y}
\def\dt{\,\mathrm{d}t}

\def\R{\mathbb{R}}
\def\N{\mathbb{N}}


\everyeqTextField{\rectH{14bp}\textSize{0}}



\def\dx{\text{d}x}
\def\dy{\text{d}y}
\def\dt{\text{d}t}

%\def\CorrAnsButtonDefaultsGrp{\CA[?]}

\begin{document}

\rightskip 0 pt plus 1 fil
% \parskip 12pt
\author{Robert Ma\v r\'\i k}
\title{Integrace substitucí}
\maketitle

\newpage
\section{Teorie}

\begin{veta}[první substituèní metoda]  Buï $f(t)$ spojitá funkce
  na $I$, $\phi(x)$ diferencovatelná na $J$ a 
  $\phi(J)=I$.  Potom pro $x\in J$ platí 
  \begin{equation}
    \label{eq:1-sub-met}
    \int f(\phi(x))\phi'(x)\dx=\subst{\phi(x)=t\cr \phi'(x)\dx=\dt}\Rightarrow
    \int f(t)\dt,
  \end{equation}
  kde dosadíme  $t=\phi(x)$ napravo.
\end{veta}


\begin{veta}[druhá substituèní metoda]
  Buï $f(x)$ spojitá funkce na otevøeném intervalu $I$, $\phi(t)$
  diferencovatelná funkce která nemá stacionární bod na intervalu $J$
  a $\phi(J)=I$. Potom na intervalu $I$ platí
  \begin{equation}
    \label{eq:2-sub-met}
    \int f(x)\dx=\subst{x=\phi(t)\cr\dx=\phi'(t)\dt}\Rightarrow\int
    f(\phi(t))\phi'(t)\dt, 
  \end{equation}
  kde napravo dosadíme $t=\phi^{-1}(x)$.
\end{veta}


\newpage
\section{Test}
\begin{itemize*}
\item Integrujte substitucí. Pro zadanou substituci najdìte vztah mezi
  diferenciály, pøeveïte integrál do nové promìnné, zintegrujte a
  pou¾ijte zpìtnou substituci pro návrat k promìnné $x$.
\begin{itemize}
\item Do èervené pole vepi¹te rovnici obsahující diferenciály $\dx$ a $\dt$.
\item Do zeleného pole vepi¹te funkci v promìnné $t$.
\item Do ¹edého pole vepi¹te funkci v promìnné  $x$.
\end{itemize}
\item Správné odpovìdi do prvního integrálu jsou  $2x\dx=\dt$,
  $\frac 12 e^t$, $\frac12 e^t$ a $\frac 12 e^{x^2}$.
\item Jako obvykle, správnou odpovìï mù¾ete zobrazit kliknutím na tlaèítko
  \pushButton[\CA{?}\A{\JS{app.alert("Ano, tak nejak ...!",3)}}]{test}{}{12bp}. %"{\color{red}?}" 
\item Jako obvykle: Jakékoliv návrhy a podnìty èi upozornìní na chyby a
  pøeklepy jsou vítány!
\end{itemize*}

\lineskip 10 pt
\def\interval{1,3}


\def\priklad#1#2#3#4#5#6{\item
\begin{mathGrp}
$\fboxsep=3pt
\int#1\dx=
\subst{#2\cr
\RespBoxMath[\Q{1}\rectW{3cm}\BG{1 0.7 0.7}]{#3}(xt){10}{0.000001}{[\interval]x[\interval]}*{ProcRespSDEq}}
\Rightarrow\int \RespBoxMath[\BG{0.7 1 0.7}]{#4}(t){10}{0.000001}{[\interval]}\ \dt\\
=\RespBoxMath[\rectW{5cm}\BG{0.7 1 0.7}]{#5}(t){10}{0.000001}{[\interval]}[indefCompare]
=\RespBoxMath[\rectW{5cm}\BG{0.8 0.8 0.8}]{#6}(x){10}{0.000001}{[\interval]}[indefCompare]+C
$\end{mathGrp}\hfill \CorrAnsButtonGrp[\CA{?}]{#3,#4,#5,#6}
\vfill

\gdef\interval{1,2}
}

\vfill
\begin{shortquiz}*[B]{\color{red}1. }
\begin{questions}
\setlength{\itemsep}{10pt}
\priklad{xe^{x^2}}{x^2=t}{2xdx=dt}{1/2 e^t}{1/2 e^t}{1/2 e^(x^2)}

\priklad{x e^{-x^2}}{-x^2=t}{-2xdx=dt}{-1/2 e^t}{-1/2 e^t}{-1/2 e^(-x^2)}

\priklad{x e^{4-x^2}}{4-x^2=t}{-2xdx=dt}{-1/2 e^t}{-1/2 e^t}{-1/2 e^(4-x^2)}

\priklad{xe^{-x^2}}{x^2=t}{2xdx=dt}{1/2 e^(-t)}{-1/2 e^(-t)}{-1/2 e^(-x^2)}

\priklad{x^2e^{1-x^3}}{1-x^3=t}{-3x^2dx=dt}{-1/3 e^(t)}{-1/3 e^(t)}{-1/3 e^(1-x^3)}

\priklad{\sin x \cos x}{\cos x=t}{-sin(x)dx=dt}{-t}{-t^2/2}{-cos^2(x)/2}

\priklad{\sin x \cos x}{\sin x=t}{cos(x)dx=dt}{t}{t^2/2}{sin^2(x)/2}

\priklad{\frac 1x \ln x}{\ln x=t}{dx/x=dt}{t^3}{1/4 * t^4}{1/4 * ln^4(x)}

\priklad{\frac{x}{x^4+1}}{x^2=t}{2xdx=dt}{1/2 * 1/(t^2+1)}{1/2 atan(t)}{1/2
  atan(x^2)}

\priklad{\frac{e^{\sqrt{x+1}}}{x+1}}{\sqrt{x+1}=t}{1/(2*sqrt(x+1)) dx=dt}
{2 exp(t)}{2 exp(t)}{2 exp(sqrt(x+1))}


\priklad{\sin^2 x \cos x}{\sin x=t}{cos(x)dx=dt}{t^2}{t^3/3}{sin^3(x)/3}

\priklad{\sin^2 x\cos^3 x}{\sin x=t}{cos(x)dx=dt}{t^2(1-t^2)}{1/3 * t^3  -
  1/5 * t^5}{1/3 * sin^3(x) - 1/5 * sin^5(x)}

\priklad{3 x\sin(x^2+1)}{x^2+1=t}{2xdx=dt}{3/2 * sin(t)}{-3/2 * cos(t)}{-3/2
  * cos(x^2+1)}

\priklad{x\sqrt{x^2+1}}{x^2+1=t}{2xdx=dt}{sqrt(t)/2}{1/3 * t^(3/2)}{1/3 * (x^2+1)^(3/2)}

\priklad{x\sqrt{x^2+1}}{x^2+1=t^2}{xdx=tdt}{t^2}{1/3 * t^3}{1/3 * (x^2+1)^(3/2)}

\priklad{\frac{x}{\sqrt{x+1}}}{x+1=t^2}{dx=2tdt}{2 (t^2-1)}{2/3 t^3 - 2t}
{2/3 * (x+1)^(3/2) - 2sqrt(x+1)}

\priklad{\frac{x}{\sqrt{x+1}+1}}{x+1=t^2}{dx=2tdt}{2*(t^3-t)/(t+1)}
{2/3 t^3 - t^2}{2/3 (x+1)^(3/2)-x}

\priklad{\frac{x}{1+\sqrt{x^2+1}}}{x^2+1=t^2}{x dx=t dt}{t/(t+1)}
{t-ln(|t+1|)}{sqrt(x^2+1) - ln(1+sqrt(x^2+1))}

\def\interval{2,3}
\priklad{\frac{\sqrt{x+2}+1}{\sqrt{x+2}-1}}{x+2=t^2}{dx = 2t dt}
{2t(t+1)/(t-1)}{t^2 + 4t + 4ln(|t-1|)}
{x+2+4sqrt(x+2)+4ln(|sqrt(x+2)|-1)}



\priklad{\frac{\sin^2 x\cos x}{1+\sin x}}{\sin
  x=t}{cos(x)dx=dt}{t^2/(t+1)}{t^2/2 - t + ln(t+1)}{sin^2(x)/2 - sin(x) +
  ln(1+sin(x))}

\priklad{\frac{\sin x\cos x}{1+\cos x}}{\cos
  x=t}{-sin(x)dx=dt}{-t/(t+1)}{-t+ln(t+1)}{-cos(x)+ln(1+cos(x))}

\priklad{\frac{e^x}{1+e^{2x}}}{e^x=t}{e^x
  dx=dt}{1/(1+t^2)}{atan(t)}{atan(e^x)}

\priklad{\frac{\sqrt{x+1}}{x+2}}{x+1=t^2}{dx=2tdt}{2t^2/(t^2+1)}{2t -
  2atan(t)}{2*sqrt(x+1) - 2*atan(sqrt(x+1))}

\priklad{\frac{1}{1+e^x}}{e^x=t}{e^x dx=dt}{1 / [ t*(t+1) ]}{ln(t) -
  ln(t+1)}{x-ln(exp(x)+1)} 

\end{questions}
\end{shortquiz}


\end{document}

int(x/(sqrt(x+1)+1),x);
int(x/(sqrt(x+1)),x);
%%% Local Variables: 
%%% mode: latex
%%% TeX-master: t
%%% End: 


Robert Marik
Zdrojovy text pro pdfLaTeX si muzete otevrit kliknutim na tuto ikonu.

http://user.mendelu.cz/marik
http://user.mendelu.cz/marik/kvizy/anketa.html
http://www.acrotex.net
http://user.mendelu.cz/marik/index.php?item=42
http://user.mendelu.cz/marik/index.php?item=42
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1. Teorie

Věta 1 (prvnı́ substitučnı́ metoda) Bud’ f (t) spojitá funkce na I , φ(x) diferencova-
telná na J a φ(J) = I . Potom pro x ∈ J platı́∫

f (φ(x))φ′(x)dx =
φ(x) = t

φ′(x)dx = dt
⇒

∫
f (t)dt, (1)

kde dosadı́me t = φ(x) napravo.

Věta 2 (druhá substitučnı́ metoda) Bud’f (x) spojitá funkce na otevřeném intervalu
I ,φ(t) diferencovatelná funkce která nemá stacionárnı́ bod na intervalu J aφ(J) = I .
Potom na intervalu I platı́∫

f (x)dx =
x = φ(t)

dx = φ′(t)dt
⇒

∫
f (φ(t))φ′(t)dt, (2)

kde napravo dosadı́me t = φ−1(x).

http://user.mendelu.cz/marik
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2. Test

• Integrujte substitucı́. Pro zadanou substituci najděte vztah mezi diferenciály,
převed’te integrál do nové proměnné, zintegrujte a použijte zpětnou substituci
pro návrat k proměnné x.

– Do červené pole vepište rovnici obsahujı́cı́ diferenciály dx a dt.

– Do zeleného pole vepište funkci v proměnné t.

– Do šedého pole vepište funkci v proměnné x.

• Správné odpovědi do prvnı́ho integrálu jsou 2xdx = dt,
1
2
et,

1
2
et a

1
2
ex

2
.

• Jako obvykle, správnou odpověd’ můžete zobrazit kliknutı́m na tlačı́tko .
• Jako obvykle: Jakékoliv návrhy a podněty či upozorněnı́ na chyby a překlepy

jsou vı́tány!

http://user.mendelu.cz/marik
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Kvı́z. 1.

1.
∫
xex

2
dx =

x2 = t ⇒
∫

dt

= = + C

2.
∫
xe−x

2
dx =

−x2 = t ⇒
∫

dt

= = + C

3.
∫
xe4−x2

dx =
4 − x2 = t ⇒

∫
dt

= = + C

4.
∫
xe−x

2
dx =

x2 = t ⇒
∫

dt

= = + C

http://user.mendelu.cz/marik
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5.
∫
x2e1−x3

dx =
1 − x3 = t ⇒

∫
dt

= = + C

6.
∫

sinx cosxdx =
cosx = t

⇒
∫

dt

= = + C

7.
∫

sinx cosxdx =
sinx = t

⇒
∫

dt

= = + C

8.
∫

1
x

lnxdx =
lnx = t

⇒
∫

dt

= = + C

http://user.mendelu.cz/marik
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Zpět

Full Screen

Zavřı́t

Konec

9.
∫

x
x4 + 1

dx =
x2 = t ⇒

∫
dt

= = + C

10.
∫
e
√
x+1

x + 1
dx =

√
x + 1 = t ⇒

∫
dt

= = + C

11.
∫

sin2 x cosxdx =
sinx = t

⇒
∫

dt

= = + C

12.
∫

sin2 x cos3 xdx =
sinx = t

⇒
∫

dt

= = + C

http://user.mendelu.cz/marik
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13.
∫

3x sin(x2 +1)dx =
x2 + 1 = t ⇒

∫
dt

= = + C

14.
∫
x
√
x2 + 1dx =

x2 + 1 = t ⇒
∫

dt

= = + C

15.
∫
x
√
x2 + 1dx =

x2 + 1 = t2 ⇒
∫

dt

= = + C

16.
∫

x
√
x + 1

dx =
x + 1 = t2 ⇒

∫
dt

= = + C

http://user.mendelu.cz/marik
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ÍK

In
te

gr
ac

e
su

bs
tit

uc
ı́

fil
e

in
t-s

ub
-C

Z.
te

x

Teorie

Test
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17.
∫

x
√
x + 1 + 1

dx =
x + 1 = t2 ⇒

∫
dt

= = + C

18.
∫

x

1 +
√
x2 + 1

dx =
x2 + 1 = t2 ⇒

∫
dt

= = + C

19.
∫ √

x + 2 + 1
√
x + 2 − 1

dx =
x + 2 = t2 ⇒

∫
dt

= = + C

20.
∫

sin2 x cosx
1 + sinx

dx =
sinx = t

⇒
∫

dt

= = + C

http://user.mendelu.cz/marik
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21.
∫

sinx cosx
1 + cosx

dx =
cosx = t

⇒
∫

dt

= = + C

22.
∫

ex

1 + e2x
dx =

ex = t
⇒

∫
dt

= = + C

23.
∫ √

x + 1
x + 2

dx =
x + 1 = t2 ⇒

∫
dt

= = + C

24.
∫

1
1 + ex

dx =
ex = t

⇒
∫

dt

= = + C
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