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Rational functions

Robert Mařı́k

July 23, 2006

Look at three or four or twenty my quizzes
and then fill in my please!

To integrate rational functions, we have to be able to recognize the type of this
function first and then we use the proper method.

http://www.mendelu.cz/user/marik
http://www.mendelu.cz/user/marik/kvizy/anketa.html


R
O

B
E

R
T

M
A

Ř
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1. Theory

In this test we divide all rational functions into three groups.

• The function which is a partial fraction can be integrated using basic formulas.

• The proper rational function which is not a partial fraction can be written as a
sum of partial fractions. Then we integrate partial fractions using basic formu-
las.

• The improper rational function can be written as sum of a polynomial and a
proper rational function. Then we integrate both polynomial and proper rational
fraction separately.

Definition 1 Let Pn(x) be an n-degree polynomial,Qm(x) be an m-degree polyno-

mial and R(x) =
Pn(x)
Qm(x)

be a rational function. The function R(x) is said be proper

if n ≥ m and improper if n < m.

Definition 2 Partial fractions are functions which an be written in one of the follow-
ing forms

A1

x− a
,

An

(x− a)n ,
Ax + B

x2 + Mx + N

where n ≥ 2 is a positive integer, x a variable, a, Ai, M, N real constants and the
polynomial x2 + Mx + N has no real zeros.

http://www.mendelu.cz/user/marik
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2. Test1

Quiz Distinguish the correct type of the function

1.
x

x2 + 4

P
ar

tia
lf

ra
ct

io
n

P
ro

pe
rr

at
io

na
lf

un
ct

io
n,

bu
tn

ot
a

pa
rt

ia
lf

ra
ct

io
n

Im
pr

op
er

ra
tio

na
lf

un
ct

io
n

N
ot

ra
tio

na
lf

un
ct

io
n

2.
x

x2 − 4

3.
x + 1

(x− 1)2

4.
x

(x− 1)2

5.
3

(x− 1)2

6.
√

x
x2 + x + 1

7.
x3 − 1
x + 2

8.
6x− 1

x2 + 8x + 100

9.
1

x3 + 1

10.
3

x + 5

http://www.mendelu.cz/user/marik
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11.
x + 2

x2 + 4x + 6

P
ar

tia
lf

ra
ct

io
n

P
ro

pe
rr

at
io

na
lf

un
ct

io
n,

bu
tn

ot
a

pa
rt

ia
lf

ra
ct

io
n

Im
pr

op
er

ra
tio

na
lf

un
ct

io
n

N
ot

ra
tio

na
lf

un
ct

io
n

12.
x

x2 + 4x + 6

13.
x

x3 + 4x

14.
x− 1

(x + 2)3

15.
6

(x−
√

3)4

16.
x2

x + 1

17.
x− 1

x(x− 2)(x− 3)

18.
x3 − 1

x(x− 2)(x− 3)

19.
x2 − 1

x(x− 2)2

20.
x

x + 1

21.
(x + 1)(x− 1)(x + 2)2

x− 1

22.
sin(x)
cos(x)

http://www.mendelu.cz/user/marik
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23.
√

x2 − 1
x(x− 2)2

P
ar

tia
lf

ra
ct

io
n

P
ro

pe
rr

at
io

na
lf

un
ct

io
n,

bu
tn

ot
a

pa
rt

ia
lf

ra
ct

io
n

Im
pr

op
er

ra
tio

na
lf

un
ct

io
n

N
ot

ra
tio

na
lf

un
ct

io
n

24.
x2/3

(x + 1)(x + 2)2

25.
6− x

x2 + 3x + 9

26.
1

x2 + 1

27.
2x + 1

(x + 1)2

http://www.mendelu.cz/user/marik
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3. Test2

Quiz

• Divide polynomials and write the improper rational function as sum of a poly-
nomial and a proper rational function.

• Write the quotient (a polynomial) into the white field and the remainder (the
numerator of the proper function) into the yellow field.

1.
x2 + 2x + 1

x + 1
= +

x + 1

2.
x2

x + 2
= +

x + 2

3.
x3 + x + 1

x2 + 2
= +

x2 + 2

4.
x2 + 4x + 1

x− 2
= +

x− 2

5.
x4 + 3x2 + 4x + 5

x2 + 1
= +

x2 + 1
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