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Our main object is not to transfer a complete tabulation of functional values
to graph paper but to gain a good qualitative (and maybe also quantitative)
understanding of the function shape with as little effort as possible. To gain
a rapid impression of a function and to explore its main properties we
employ various methods of the differential calculus.

When constructing the graph of given function we are interested less in
drawings of high accuracy than in drawings which “show trends”. From the
graph of the function it must be clear where the function is increasing and
where decreasing, where there are breaks in the graph, where there are zeros
and local extrema of the function,where it is concave up and down and
what is its shape generally. An idea to locate a few points of the graph and
connect them blindly is usually not helpful.
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. We find the domain of f, decide whether f is odd, even or periodical.

We find intercepts of the graph with axes and intervals where the value
of the function is positive and/or negative.

We find one-sided limits at the points of discontinuity and at co.

We find and simplify the derivative f’. Then we find intervals where f
is increasing and/or decreasing and local extrema of the function f.

. We find and simplify the second derivative f”. Then we find the intervals

where f is concave up and/or down and inflection points of the function
f.

If the limits in 400 and/or —oo are not finite, we find inclined asymp-
totes in these points.

. We sketch the graph of the function f.
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Dom(f) = R;

e The restriction on domain follows from the denominator of the frac-

tion.

e Hence x2 + 1 must be nonzero. However, this is always true in R.
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X

e The numerator, x, is an odd function, the denominator, (1 +x2), is
an even function.

e The fraction is an odd function.
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X
y=0
We establish the x-intercepts and the sign of the function. ]
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X
Dom(f) = R; odd;

We establish the x-intercepts and the sign of the function. ]
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X
Dom(f) = R; odd;

X —
14+ x2

The fraction equals zero only if the numerator equals zero. ]
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X
Dom(f) = R; odd;

g=0=>—1:X2=0=>x=0

e We sketch the x-axis with the intercept.

e There is no point of discontinuity.
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X
Dom(f) = R; odd;

g=0=>—1:X2=0=>x=0

e The denominator (1 4 x?) is always positive.
e Hence the fraction and the numerator have common sign.

e The function is positive if x is positive and vice versa.
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X
Dom(f) = R; odd;

X
J 14+ x2 X
— | +
0
lim ——
x—}imoo 14+x2
We establish limits at infinity. ]
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X
Dom(f) = R; odd;
0

. X 1
lim —— = lim -
x—koo 14X x—00 X

Vs

-

~
e We know that in limit of this type the leading terms in numerator and
denominator are the only important quantities.

e The green part can be omitted.

X
o We cancel: — =-.
X X

y
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X
Dom(f) = R; odd;

X
y 14+ x2 X
_ | +
0
. X . 1 1
lim —— = lim - = —
x—too 14x2  xotoo X 00
We substitute. ]
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X
Dom(f) = R; odd;
0

. X .
lim = = lim - =
x—koo 14X Xx—=00 X +00

1 1
e Both — and —— equal zero.
o —Q

e The function possesses the horizontal asymptote y = 0 at both *+oc0.
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_ X . . - +
Dom(f) = R; odd; :

;1427 — x(0+2)
B (14 x2)?

e We evaluate the derivative.

e We differentiate the quotient by the quotient rule.
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__ X . . - +
Dom(f) = R; odd; :

o (1 +x3) — x(0+ 2x)

J = (T+x2)2
1+ x> — 2x?
T+ x2)2

We simplify.

|

B OB B
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_ X R odd: +
Dom(f) = R; odd; :

. 114+ x%) — x(0 + 2x)
J = (T+x2)2
14 x% — 2x?
N ET
1—x?

(1+x2)?2

We simplify. ]
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_ X _ . . - +
Dom(f) = R; odd; :

g 1—x° ]
YT A
y' =0
We solve y' = 0. I
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__ X . . - +
Dom(f) = R; odd; :

, 1 — x? ]
NI
y'=0
1— 2
=X _9
(T4 x2)2
We solve ¢’ = 0. We substitute for y'. I
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_ X . . - +
Dom(f) = R; odd; :

, 1 —x? ]
NI
y =0
1—x° _
(1+x2)2
1—x*=0
The fraction equals zero iff the numerator equals zero. ]
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_ X R odd: +
Dom(f) = R; odd; :

g 1—x? ]
NI

y'=0

1—x? _

(1+x2)2_

1—x*=0

X2 =1

We isolate x°. ]
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__ X . . - +
Dom(f) = R; odd; :

, 1 —x? ]
y = m ;
y=0
1— x? _
(1+ x2)2

1—x*=0

x? =1

x1 =1

x, = —1
We find x. There are two stationary points. ]
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_ X . . - +
Dom(f) = R; odd; :

2
, 1T—x

y:m§ x12 = =1

e We draw the x-axis with stationary points.

e There are no points of discontinuity.
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_ X . . - +
Dom(f) = R; odd; :

2
’

S

Ayt 2= *

1

We test x = —2. We have

1—4
’ _2 —
y(=2) positive
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_ X . . - +
Dom(f) = R; odd; :

2
y =
(

Qg M=

We test x = 0. We have
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_ X . . - +
Dom(f) = R; odd; :

g = x? ] _ 4
y - (1 +X2)2 1 X1,2 - =
D A .
1 1
The function possesses a local minimum at x = —1. The value of the
function is . .
N=
Y =15 T 2
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_ X . . - +
Dom(f) = R; odd; :

2
y =
(

Ayt 2= *

1

N min e N

We test x = 2. We have

1—4

'(2) = 0.
¥y positive <
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_ X . . - +
Dom(f) = R; odd; :

2
, 1T—x

y:m§ x12 = =1

The function possesses a local maximum at x = 1. The value of the
function is

y(1) = —y(~1) = 3.

since the function is known to be odd and y(—1) was already established.
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__ X . . - +
Dom(f) = R; odd; :

2
, 1T—x

T2

7 1—x2 1\
A N

x12 = =£1

We continue with the second derivative. ]
o] (©Robert Mafik, 2006 K&




_ X . . - +
Dom(f) = R; odd; :

2
, 1T—x

RSN

” 1—x2 1\’

. ((1 +x2)2)
(1 22— (1 — x2)2(1 + x3)(0 + 2¥)
N (14 x2)4

x12 = =£1

e We differentiate the quotient by the quotient rule.

e The denominator is differentiated as a composite function. This allows
to factor and cancel in the next step.
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__ X . . - +
Dom(f) = R; odd; :

2
, 1T—x

T2

o 1—x2 1\
T ( ( +x2)2)
“2x(1 4 X22—(1 — x2)2(1 + x2)(0 + 2x)
(1+ x2)*
21+ ) + (1 =232
B (1+x2)*

x12 = =£1

We take out the red repeating factor ]
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_ X . . - +
Dom(f) = R; odd; :

2
, 1T—x

T2

x12 = =£1

o 1—x2 1\
A N

—2x(1 4+ x2)2—(1 — x2)2(1 + x2)(0 + 2x)

(1+x?)*
—2x(1+ X[ 14+ x> + (1 —x%)2]
(14 x2)*4
—2x[3 — x?]
(T+x2)

Green parts cancel. We simplify inside the brackets.

]
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_ X _ . . - +
Dom(f) = R; odd; :

2
, 1T—x

RGO

x12 = =£1

D 1—x2 1\
ST

—2x(1 4+ x2)2—(1 — x2)2(1 + x2)(0 + 2x)

(1+x2)
—2x(1+ X[ 14+ x> + (1 —x%)2]
(1+x2)*
=23 —x
(14+x%)3
x(x? —3)
(1+x2)3
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_ X R odd: +
Dom(f) = R; odd; :

g 1= x? e = 41
y - (1 +X2)2 1 12 — %=
" X(X2 —3) X(X2 —3)

A+x2p  “0+xp

We solve y” = 0. I
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_ X . . - +
Dom(f) = R; odd; :

g 1= x? s = 41
y - (1 + X2)2 ’ 1,2 — —-
” X(X2_3) X(X2_3) 2
=2———s = 2-——==0 = —-3)=0
STy (T+x2)3 XXt =3)
The fraction equals zero iff the numerator equals zero. ]
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_ X . . - +
Dom(f) = R; odd; :

g 1—x? s = 41

y = (1+X2)2v 12 — %=

” X(X2_3) X(X2_3) 2

y (1 +x2) = 1+ x2)3 = x(x*=3)
x3=0, x4=V3, xs=—V3

We have two possibilities: either x = 0 or x> —3 = 0. The latter possibility\
gives

X =

3
V3.

H+

X =
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_ X . . - +
Dom(f) = R; odd; :

, 1 —x? s = 41
y_(1+X2)2v 12 — %=

” X(X2_3) X(X2_3) 2

=2———s = 2-——==0 = —-3)=0
(R (1423 X =3)
X3=0,X4=\/§,X5=— 3
—V3 0 V3
We mark the point on the x-axis. There is no point of discontinuity. ]
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__X R odd: +
Dom(f) = R; odd; :

A ; MA
y' = 71 X ’ X122 = +1 \‘ rrlun/l 1 X\'
(1422 B
” X(X2_3) X(X2_3) 2
A+x2 "0+ = -3

X3=0,X4=\/§,X5=— 3

m | | |

—-V3 0 V3

We test x = —2. We get

—2(4-3)
"—2)=2——"<0.
y(=2) positive <
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_ X . . - +
Dom(f) = R; odd; 4(’)7

1—x? in S MA
’ X1 = +1 \‘mlln/l I X\,

y= 22
(T+x?) 1 1
” ( ) X(XZ - 3) 2
=2— 2——— = = —3)=0
(142 (L el
X3=0, X4—\/—, X5=—\/§
m | U | |
—V3 0 V3

We test x = —1. The function is concave up, since there is a local
minimum at —1.
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_ X _ R . - +
Dom(f) = R; odd; :

2 ] MA
O el SER e min S MAX
(1+x2)2 o
" X(X2_3) X(X2_3) 2
=20 =0 —3)=0
A+x2 "0+ = Ae=3)
X3=0,X4=\/§,X5=— 3
N in. U . .
—V3 0 V3

Inflection at x = —V/3. The value of the function is

y(—\/§) = % ~ —0.43.
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_ X . . - +
Dom(f) = R; odd; :

— 2 . MAX
y = = Poxp=+1 N min/TIN
(17 B
” X(X2_3) X(X2_3) 2
e O (R = Ae=3)
X3=0,X4=\/§,X5=— 3
N in U in. N .
—V3 0 V3
We test x = 1. The function is concave down, since there is a local
maximum at 1. There is an inflection at x = 0.
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__X R odd: +
Dom(f) = R; odd; :

I N min, MMAR
(1472 AT
2 2
X3=0,X4=\/§,X5=—3
N in U in. N . U
3 0 V3

We test x = 2. We get

2(4—-3) -0

" 2 — 2
y(2) positive
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_ X _ R . - +
Dom(f) = R; odd; :

y’ = i . x12 = =+1 \( Hllln/lMlAX\,
Arxp  M27= B
” X(X2_3) X(X2_3) 2
X3=0,X4=\/§,X5=— 3
N in U irll. N 1n U
3 0 V3

Inflection at x = V/3. The value of the function is

y(\@) = % ~ 0.43.
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= + \‘mlin/'MllAX\. N iII‘l, U iI|1. N iIll. U

0 —1 1 -3 0 V3
f(0)=0 _ ] f(=V3) ~ +0.433
f(z00) = 0 FE) =5
We summarize all important computations. ]
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- \mlin/'M‘lAX\ N in Uin N in U
0 —1 1 -3 0 V3
f0)=0 _ ] f(+V3) =~ £0.433
f(2o0) = 0 f(i1)_i§
Yy
-3
1 V3 X
We draw the coordinate system. ]
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— + \mlin/'M:AX\ N ir|1. U iIIL N iIll. U

0 —1 V3 0 3

f(£V3) ~ £0.433

—V3 —1

There is the x-intercept x = 0. The sign of the function changes from
negative to positive.
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|
L

\mlin/'M:AX\ N iII‘l, U iI|1. N iIll. ]

0 —1 V3 0 3

f(0)=0 _ 1 f(V3) ~ +0.433
f(o0) = 0 FE) =5 £5Ve
y
—V3 —1
— T "

We record the information about asymptote at =co. We are aware of the
signs of the function.
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- + \mlin/‘MlAX\ N ir|1. U iIIL N iIIL U
0 -1 1 V3 0 A3
f0)=0 _ ] f(+V3) =~ £0.433
f(doo) = 0 FE) = +5
y -~
|
|
—V3 -1 : —
—_— : ’ \/§ X
|
|
~
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- + \mlin/'M:AX\ N ir|1. U iIIL N iIll. U
0 —1 1 3 0 3
f0)=0 _ ] f(+V3) =~ £0.433
f(2o0) = 0 fET) = +5
y I
:
:
-3 —1 !
I
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33X +1

3 Dom(f) =R\ {0} ;

[We establish the domain. The denominator must be nonzero. ]
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3x+1
y= 3

Dom(f) =R\ {0} ;

y=0

We establish the x-intercepts as a solution of the relation y = 0.
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33X +1

= Dom(f) =R\ {0} ;
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33X +1

3 Dom(f) =R\ {0} ;
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= 3TN Domif) =R\ {0} ;

%]
A
X-3|— —0
X
3x+1 =1 0
X = —§
. . . 1
The function possesses a unique x-intercept x = -3
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3x+1
y= 3

Dom(f) =R\ {0} ;

1 0
3
~
e We establish the sign of the function.
1
e We divide the x-axis by the x-intercept x = —3 and the point of

discontinuity x = 0 into three subintervals.
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_ 3XXJ§1 Dom(f) = R\ {0} ;

+ |
1 0
3
We consider the leftmost interval and choose x = —1 from this interval.
An evaluation shows
—3+1
y(—1) = _T —2>0.
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= 21 Dom(r) = R\ {0}

3
+ . =
1 0
3

4 1 )
We consider the middle interval and choose x = ~3 from this interval. An

evaluation shows

1. —32+1 3
g(—Z)z ii =ﬁ=—16<0.
64 64
N 4
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3x+1

Dom(f) =R\ {0} ;

[eX¢

We consider the last interval and choose x = 1 from this interval. An

evaluation shows 341
y(1) = = 4> 0.
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=3 pomif) =R\ {0} ;

%]
+ . - +
1 0
3

o 3x+1
li — =

x—0t X
o 3x+1

lim — =

x—0~ X

We evaluate one-sided limits at the point of discontinuity ]
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_ X +1

Dom(f) = R\ {0} ;

x3
. - +
1 0
3
lim 1 _ 1
=0t x3 0
lim HH1_ ]
x=0- x3 0
The substitution x = 0 reveals that both limits are like =~

]
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y =21 Domif) =R\ {0} ;

X3
+ | - +
1 0
3

lim x+1 l B

x—0t )(3 o +0 -

lim 3x+1 _ 1 _

x—0~ X3 o —0 -

~

e By a theorem from lecture we know, that the one-sided limits are
infinite.

e The diagram of the signs enables to decide which limit is equal to plus
infinity and which to minus infinity.
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=3 pomif) =R\ {0} ;

%]
+ . - +
1 0
3
lim x+1 1
x—0t )(3 o +0 -
lim x+1 1
x=0- X3 N —0 -
o 3x+1
lim >
X—=+00 X
We evaluate limits at infinity ]
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=3 pomif) =R\ {0} ;

3
+ . = +
1 0
3
lim 3x+1 . l .
x—0t )(3 o +0 -
lim x+1 1
x—0~ X3 o —0 -
o 3x+1
lim

It is known that only the leading terms have influence to the limit and the
other terms can be omitted.
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+ . — +
1 0
3
li 3x +1 _ l _
x—0t )(3 o +0 -
lim 3x+1 _ 1 _
x—0~ X3 o —0 *
o 3x+1 ) 3
lim — = lim —
X—=+00 X X—+00 X'
We cancel x. ]
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+ . — +
1 0
3

li 3x +1 _ l _
x—0t )(3 o +0 -

lim 3x+1 _ 1 _
x—0~ X3 o —0 *
o 3x+1 . 3 3
lim = lim — = —
X—=+00 X3 X—=+00 X2 o

We substitute ]
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als . - als
1 0
3
li x+1 l .
x—0t )(3 o +0 -
lim x+1 1
x—0~ X3 o -0 *°
3x + 1
i 2Py £ oS
X—=+00 X3 X—=+00 X2 o
The limit is evaluated.
The function possesses the horizontal asymptote y = 0 at +o0.
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3x+1

Dom(f) =R\ {0} ; :

Od
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33X +1

S | Don(f) =R\ {0} :

[@>X¢

- 3x3 — Bx +1)3x°
- ()2

We differentiate the quotient.
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3x+1 +
=2 Domin =R\ f0}; T,
10
3
30— Bx1pe | 3 (x—Bx+1)
T T <
[We factor. ]
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3x+1

Dom(f) =R\ {0} ;

+

+

0

W=

30— x| 3 (x—Bx+1)

(x3)?
x—3x—1
e
A

X0

We cancel the fraction.

J

<]
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3x+1 . + _ +
= 27| Dom(f) =R\ {0} —
-1 0
3
30— x| 3 (x—Bx+1)
- (X3)2 - X6
x—3x—1 —2x —1
=3 A =3 A
We simplify the numerator. ]
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3x+1 + _ +
= 27| Dom(f) =R\ {0} i
_1 0
3
30— x| 3 (x—Bx+1)
- (X3)2 - X6
x—3x —1 —2x—1 2x+1
=3 A =3 A —3 A
The derivative is found. ]
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3x+1

Dom(f) = R\ {0} ; :

[@>X¢

2x +1

yix) =323

'

[The derivative is found. ]
o] (©Robert Mafik, 2006 K&




=3 W Doy =m\f0}; _F = F
X ; 0
2x+1 1 >
, X
y'(x) =—-3 " ,x1:—§
The solution of ¢y’ = 0 is the solution of 2x +1 = 0. I
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33X +1

"N Domn=mr\{0y; _*  — _+
X 1 0
2x+1 1 3
, X
y (X) = _3 X4 ] X1 = _E
" 0
2

We mark the stationary point and the point of discontinuity on the x-axis. ]
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33X +1

"N Domry=mr\(0}; _* [~ *
X 1 0
2+ 1 1 3
’ X
y(X)_—3 X4 X1:—§
/( |
1 0
2
y(-1) =321 =350 ]
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33X +1

— | Dom(f) =R\ {0} ; SR
X _1 0

3
’ 2x 41 1
y(X)__3 X4 1 X1:_§

/ . N
1 0
2

y'(—g) < 0 since the function changes the sign from positive to negative. ]
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33X +1

+ — +
S | Don(f) =R\ {0} i
1 0
3
, 2x+1 1
y'(x) =—-3 a X1 =5
/( MAX \‘
1 0
2
: . 1
The function possesses a local maximum at x = —5- The value of the
—3 41 1
function is g(—i) = % = _—i =4
8 8
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33X +1

+ - 4+
1 Dom(n) =\ {0} .
_1 0
3
’ 2X+1 1
y(X)_—3 X4 X1 = E
- 0
2
y(1)=-32=-9<0 ]
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N I AN ) F R .
X _1 0
3
, 2%+ 1 MAX
Y =—32F1 TN N
% _1 0
2
" 2x+1Y\
v =3 (*5)
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N I AN ) F R .
X _1 0
3
, 2x +1 MAX
Y =—321 TN N

x4
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N I AN ) F R .
X _1 0
3
, 2x +1 MAX
Y =—321 TN N

x4
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3x+1 + _ +
=05 Dom(f) =R\ {0} ; I o
_1 0
3
, 2x +1 MAXS
g =—32F1 TN N
X B 5
2
” 2x +1 ' 2X4 —(2x+1 4X3
y :_3( 7 ) =-3 (42 !
X (x*)
4_ a4 _ 2,3 _Avd a3
=_32X 8):3 4x _ 3 bx - 4x
X X
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3x+1 + _ +
=2~ | Dom(f) =R\ {0} T
_1 0
3
, 2x +1 MAXS
yo=—3272; ™ N
X B 5
2
” 2x +1 ' 2X4—2X+14X3
92_3( 7 ):_3 (42 !
X (x*)
4 _ a4 _ 4,3 AV a3
=_32X 8):3 4x _ 3 bx - 4x
X X
3x4 4+ 2x3
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=2 pomin =r\f0}; _*, =+
X ; 2
3
, 2x +1 MAXS
g =—32F1 TN N
X 0
2
” 2x +1 ' 2X4— 2X+14X3
y :_3( 7 ) =-3 (42 !
X (x*)
4_ a4 _ 2,3 AV a3
=_32X 8):3 4x _ 3 6x - 4x
X X
3xt 4+ 2x° (Bx +2)x°
= 3 _6 g
X X
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3x+1 + — +
=05 Dom(f) =R\ {0} ; I o
_1 0
3
, 2x +1 MAXS
y=—3—; L~ N
X B 5
2
" 2x+1Y\ 2 — (2x + 1)4x°
92_3( 7 ):_3 (42 !
X (x*)
4_ a4 _ 2,3 AV a3
=_32X 8):3 4x _ 3 bx - 4x
X X
3xt 4+ 2x° (Bx +2)x°
= 3 _6 3
X X
:63)(—51—2
X
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3x +1 —
y==""F—|Dom)=®\{0}; _*, ~  *
_1 0
3
, 2x +1 MAX
Y =—32F1, TN N
X _1 0

2

,,:63)(—:2;

X

©Robert Mafik, 2006 K&



3x+1
y=2""fDomf)=R\{0}; _* = _*F
X _1 0
3
/ 2x+1 MAX
Y =—3"—— AN N
10
2
,,_63x+2 _ 2
=62 =3
" . 2
Y =0for 3x+2=0, i x=—5. ]

B (©Robert Mafik, 2006 K&



33X +1

y="—— | Dom(f) =R\ {0} ; t, - _*
10
3
, 2x +1 MAXS
yo=—3272; ™ N
X 1 0
2
@ 3x+2 2
:6 X5 'XZ:_§
_2 0
3
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33X +1

y="5—| Dom(f) =R\ {0} ; t, - _*
_1 0
3
/ 2x+1 MAX:
Y =—3202, AN N
X 1 0
2
” 3x+2 2
:6 X5 'XZ:_§
U |
2 0
3
” _1
y'(-1)=6—=6>0 ]
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33X +1

y="5—| Dom(f) =R\ {0} ; .,
10
3
/ 2x+1 MAX:
g =—3ZF1, TN N
X 1 0
2
" 3x+2 2
:6 X5 'XZ:_§
U . N
_2 0
3
1. 142
//(__)_6 <0
3™
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33X +1

y=""—Domn=r\{0}; _* =  *
10
3

, 2x +1 MAXS

Y=—32F1, N N

X _1 0
2
” 3x+2_ 2
:6 X5 ,X2:—§

_2 0
3
2 2. 241
Inflection at x = —=. y(—3) = _—j_é ~ 3375 ]
3
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33X +1

y="—— | Dom(f) =R\ {0} ; t, - _*
100
3
/ 2x+1 MAX:
Y=—3200 L N
X 1 0
2
,,_63x+2_ __g
=622 =1
U in N U
_2 0
3
" 5
y'(1)=67 =30>0 ]
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1 O |1 A 2 A
-1 0 -1 0 —2 0
1. 2. f(0+) = oo,
f(—$)_0 f(~3) =34 F0) = o0
fl=3) =14 f(oo) —
We summarize our computations. ]
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-1 -1 0 -2 0
1, _ 2 f(0+) = oo,
f(—?_o f(—3) =34 F0—) = —oo
fl—5) =4 f(o0) =
y
_2‘ _i _‘1 X
3 2 3

©Robert Mafik, 2006 K&



—1 0 -1 0 -2 0
1, _ 2 f(0+) = oo,
f(?) =0 f(=5) ~ 34 F0—) = —co
f(_i):4 f(2o0) =

y
‘ ‘ !

~2 _1 X
3 2 3

©Robert Mafik, 2006 K&



1 0 —1 0 —Z 0
1, _ 2 f(0+) = oo,
f(—?_o f(—§)~34 F0—) = —oco
f(—z) =4 f(£o00) = 0,

y

—_— ‘ ‘ \ _

2 _1 _1 X
3 2 3

©Robert Mafik, 2006 K&



in. N @)
1 1 I2 0
—1 0 -1 0 —2 0
1 _ 20 f(0+) = o0
f(—$)_0 f( 3)N3‘4 f(0—) = —co
f(—§)=4 f(2o0) =
M
—_— ‘ ‘ \,\ -
_2 _1 _1 X
3 2 3
|

©Robert Mafik, 2006 K&



+ il VRN U in. N U
_% 0 % _§ 0
1, _ 2 f(0+) = oo,
f(—$) =0 f(~3) =34 F0) = o0
f(_i):4 f(200)
i
- . .
2 1 _1 X
3 72 3
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U in. N U
1 1 2
-1 0 -3 0 —2 0
1. 2. £(0+) = o0,
f(—$)_o f(=3) ~ 3.4 F04) = 50
fl=5) =4 f(Zo00) =
y
|
|
|
! I
! |
o
2 i _'1 X
-3 72 3
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[g: 202 — x + 1)

1 ] Dom(f) =R\ {1},

We establish the domain. The denominator cannot equal to zero. Hence )
x—1£0
and
x#+=1.
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[g — M] Dom(f) = R\ {1},

(x—1)
_2(00-0+1)
U(W—W—Z

o \We establish the y-intercept.

o We substitute x = 0 and find y(0).
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[g: 202 — x + 1)

(x—1)2 ] Dom(f) = R\ {1}, y(0) = 2,

2062 —x +1)

TR

e We look for x-intercepts.

e We put y = 0 and solve the equation

©Robert Mafik, 2006 K3



[g: M] Dom(f) =R\ {1}, y(0) =2,

(x —1)?
2> —x +1) _0
=12
X —x+1=0
The fraction equals zero iff the numerator equals zero. ]
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[g _ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

(x—1)
2(x2—x+1)_0
=12
X —x+1=0

(The quadratic equation possesses no solution, since the discriminant from )
the quadratic formula

bt/ —dac

2a

X12 =

is negative and the roots are complex numbers.

D=b>"—4ac=1—411=-3<0
\ Yy

(©Robert Mafik, 2006 K3




2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

—(

We draw the x-axis with the point of discontinuity x = 1. ]
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[g — %] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

_+_

—(

We know that y(0) =2 > 0. The function is positive on (—oo, 1).

B (©Robert Mafik, 2006 K&



2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

+ +

—(

We evaluate
24—2+1)

oo O

y(2) =

The function is positive on (1, 00).
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[g _ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

(x—1)
+ +
1

lim 2(x* —x + 1)
x—1t (X — 1)2

2 —=x+1)
Jm =y

We evaluate one-sided limits at the point of discontinuity ]

(©Robert Mafik, 2006 K&



2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

+ +

—(

262 —x+1) 2

dm =T T o
. 2(x2 —x+1) 2
lim —— = —
x—1- (X — 1)2 0
We substitute x = 1. ]
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2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

+ +

—(

22 —xH1) 2
R i AT

262 —x+1) 2

I_. _— = —— =
AT x= T 0 %

We conclude the result. ]
(©Robert Mafik, 2006 K&




2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

+ +

—(

i ypamy TP
2 _
lim 2(x—x+1)

We evaluate limits at +o0. ]
(©Robert Matik, 2006 E§




2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

—(

i ypamy TP
2 _ 2
i 20Xy 2
X—=%00 (X — 1)2 x—*00 X2
We consider the leading coefficients only. ]
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2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

+ +

—(

i ypamy TP
20> —x+1) 22
XLL—TOO (X — 1)2 XLLimoo X2 o XE-TOQ T =2
The function possesses a finite limit at +00. Hence the line y =2 is a
horizontal asymptote to the graph at both +co.
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[g — %] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

_p x2—x+1)\
O P}

[We evaluate the derivative ]
o] (©Robert Mafik, 2006 K&




[g: 202 — x + 1)

(x—1)2 ] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

- X2—x+1)\

”‘2( =112 )

(2x — N)(x — 1)2 — (2 — x +1)2(x — 1)(1 — 0)
((x —1)%)?

=7

4 )

e We use the quotient rule

e We use the chain rule to differentiate the factor (x — 1)°.

o v
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2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

_p X2—x+1)\
S WP

2x — ) (x = 1)2 = (2 — x + 1)2(x — 1)(1 — 0)

=2 (=177
B (2% —1)x—1) — (& —x +1)2
—2x—1) =i

We take out the repeating factor (x —1).

|

(©Robert Mafik, 2006 K&



2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

, X2—x+1)\

/=2 (25 )

2x —1)(x = 1) — (x> —x + 1)2(x — 1)(1 = 0)
(x=1)%)?

2x —N(x—1)— (x> —x+1)2
(x—1)"

2% —2x—x+1—(2x* =2x + 2
(x—1)°

=2

=2(x—1)

=7

We multiply the parentheses and cancel the factor (x —1). ]
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2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

_p X2—x+1)\
S WP

2x — ) (x = 1)2 = (2 — x + 1)2(x — 1)(1 — 0)

- (1P
Y 2x —N(x—1)— (x> —x+1)2
=2(x—1) =)
_22x2—2x—x+1—(2x2—2x+2)
B (x—1)
_o—x—1
IR
We simplify the numerator. ]

(©Robert Mafik, 2006 K&



2 _
[g — w] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

, X2—x+1)\

/=2 (25 )

2x — N (x —1)? — (x* = x +1)2(x — 1)(1 —0)
(x=1)%)?

2x —N(x—1)— (x> —x+1)2
(x—1)"

2% —2x—x4+1—(2x* =2x+2)
(x—1)°

—x—1 x+1

=13 T(x—1)

=2

=2(x—1)

=2

The derivative is found.

J
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

ST =y
x+1
’ _2 ;
PR TE
x+1
—2——==0
(x—=1)°
We solve the equation ¢y’ = 0. This gives stationary points. I
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[g _ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

(x—1)
x+1
/=_2

x=1p 7

x+1
=y

x+1=0
x=—1

The fraction equals zero iff the numerator is zero. Hence, there is a unique
stationary point x = —1.
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[g _ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

(x—1)2
, x+1
=_2(X—1)3 , X1 =—1

|
—_
—d

We draw the scheme with the stationary point and the point of
discontinuity.

]
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[g = M] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

(x —1)?
x+1
=2 X = —1
PESIE
\‘ |
—1 1
We evaluate y'(—2).
, —2+1 negative
= —2 -
y(=2) (—2—1)3 negative

(©Robert Mafik, 2006




[g = M] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

(x—=1)2
x+1

f=_2 = —1

—1p M

\ | e
—1 1
We evaluate ¢'(0).
P 0+1 _ positive
y(0) = 2(0— 13 2negative =0

(©Robert Mafik, 2006




[g = M] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

(x —1)?
= —2% ; xp = —1.. . local minimum, y(—1) = 5
pN min /
—1 1
Local minimum at x = —1. The value is
Ly A=)+ 23 3
T OOy T a7

(©Robert Mafik, 2006




[g: 202 —x +1)

] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

(x—=1)2
&= —2(:1_11)3 ; x = —1...local minimum, y(—1) = ;
N mlin e N\
—1 1
2+1 3
'(2) = =2 =-2-<0
Y@ =—295 =27 < ]
(©Robert Mafik, 2006




M] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

R

, x+1 . 3

y _—ZW i x1 = —1...local minimum, g(—1)—§
- x+1 Y\
TR

J

We evaluate the second derivative.
o] (©Robert Mafik, 2006 K&




[g = M] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

(x —1)?
r_ —2% ; x1 = —1...local minimum, y(—1) = ;
i x+1 Y\
ST ((x—1>3)
_ 21(x—1)3—(x+1)3(x—1)2(1—0)
T (x—1)3)2

e We differentiate the quotient by the quotient rule.

e The denominator is differentiated as a composite function.
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[g = M] Dom(f) =R\ {1}, y(0) = 2, no x-intercept

(x —1)?
r_ —2% ; x1 = —1...local minimum, y(—1) = ;
T x+1 Y\
ST ((x—1>3)
_ 21(x—1)3—(x+1)3(x—1)2(1—0)
T (x—1)3)2
x—1)—(x+1)3

_ o
= —2(x—1)? P

We take out the common factor (x — 1)? from the numerator.
(©Robert Ma¥ik, 2006 E4




y= %] Dom(f) =R\ {1}, y(0) = 2, no x-intercept
y = —2% ; x1 = —1...local minimum, y(—1) = ;
T x+1 Y\
=
. _21(x— 1) — (x + 1)3(x — 1)?(1—0)
B (x =10
o =) =+ 1)3
= —2(x—1)? PR
—2x—4
N
We cancel and simplify. ]
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y= %] Dom(f) =R\ {1}, y(0) = 2, no x-intercept
y = —2% ; x1 = —1...local minimum, y(—1) = ;
T x+1 Y\
=
_ _21(x— 13 — (x +1)3(x — 1)?(1 = 0)
B ((x—1)%)7?
o x—1)—(x+1)3
=—2(x—1)? PR
_ 2—2)(—4 o x+2
=1 =)
The second derivative is known. ]
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

R
y = —2% ; xp = —1.. . local minimum, y(—1) = ;
X+2
g//:47 ,
(x—=1)*
X+2
4 X1
(x—=1)*

We solve the equation y” = 0.
(©Robert Maiik, 2006 K3
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

ek
1 3
y = —Zﬁ ; xp = —1.. . local minimum, y(—1) = >
x+2
"=4 =2
I ==
X+ 2
4——=0
(x—=1)*
x+2=0
x=-=2
The equation possesses a unique solution x = —2. ]
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

e

1 3
g':—Zﬁ ; xp = —1.. . local minimum, y(—1) = >

X+2
=4 =2
I ==y
—2 1

We draw the diagram with intervals of concavity. ]
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

R
y = —2% ; xp = —1.. . local minimum, y(—1) = ;
X+2
g”=4m P X = —2
m |

—2 1
" o2 ‘
Yl 3)_4positive S\ ]
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

R
y = —2% ; xp = —1.. . local minimum, y(—1) = ;
X+2
g”=4m P X = —2
N , U

—2 1
R R ‘
y'(0) = 4positive ! ]

©Robert Mafik, 2006 K&



[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

G
1 3
y = —Zﬁ ; xp = —1.. . local minimum, y(—1) = >
x+2
g”=4m P X = —2
N in. U
-2 1
Inflection at x = —2. The value of the function at this point is
14
—2)=—.
y(=2) =3

(Try yourself.)
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[ M] Dom(f) = R\ {1}, y(0) = 2, no x-intercept

R
1 3
y = —Zﬁ ; xp = —1.. . local minimum, y(—1) = >
X+2
g”=4m P X = —2
N in. U U
—2 1
2+1
"2) =4
y'(2) positive

|
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f(0) =2 f(14+) = 400 14
0 (1) = + o=
f(£o0) =2 f(=1)=5
We summarize the computations. ]
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f(0) =2 f(14) = +o0 14
0 (1) = + o=
f(£o0) =2 f(=1)=5
y
2
2 : %
We draw the coordinate system. ]
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+ + Nomin 7N\ N in. U U
— ; © ; ©
1 —2 1
f(0)=2 f(1 f(_z):g
f(£oo) =2 f(—
D : X
We mark the y-intercept. The function is increasing in this point. ]
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f0)=2 f(1£) = +o0 14
(0) (1) = + =12
f(£o0) =2 f(=1)=5
/ |
2 |
777777777777777777777 e
o 1 %
We draw the asymptotes. ]
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f = +) =400
(0) =2 f(1) J3r f2) = g
f(do0) = 2 f(=1)=5

2
-2 1 1 X
We draw the function close to the vertical asymptote. ]
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+ + Nomin 7N\, N in. U U
————— ; © ; ©
1 —1 1 —2 1
f0)=2 f(1£) = +o0 14
) (1) = + oa=1
f(Eoo) =2 =) =5
y /;\
2 | —
777777777777777777777 R IR
D : X
We draw the function close to the horizontal asymptote. ]
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f = f(14+) = +o0
0)=2 (1) J3r f(—2) = g
f(£o0) =2 F(=1) =5

2 -
SoTTTT T 7
‘T
_; _: 1 X
We draw the local minimum of the function. ]
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Finished. ]
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X Vo =r\ (V3

The restriction 3 — x? #= 0 reveals two points of discontinuity: +V/3. I

B (©Robert Ma¥ik, 2006 B



x| D(fy =R\ {£V3}; y(0)=0

The y-intercept is at

B (©Robert Mafik, 2006 K&



X Non=r\ (=3 wo)=0

x-intercept: x =0

3
X
Solving 32" 0 we get the unique x-intercept at x = 0. ]
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y(0) =0

x-intercept: x =0 |

We mark the x-intercept and points of discontinuity on real axis. ]

B (©Robert Mafik, 2006 K&



y(0) =0

x-intercept: x =0 |

Inequality
—8

holds and the function is positive on (—oo0, —V/3).
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x-intercept: x =0 |

Inequality
—1 1
Yy =373 =73 <0

holds and the function is negative on (—V/3,0).
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x-intercept: x =0 + — I +
—v3 0 V3
Inequality
(M= L >0
M=32772

holds and the function is positive on (0, V3).
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x-intercept: x =0 |

Inequality

holds and the function is negative on (V/3, o).
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. X3 . x>
X—>lim3 3—x2 x—l>L\r}1§7 3—x?

. X3 . x3
s 3 S TR

We investigate one-sided limits at the points of discontinuity.

|

B OB B
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iy nonzero iy )
All limits are of the type and the limits are =co. The correct sngn]

can be established from the sign chart without any additional computation.
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We find limits at infinity. ]
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lim X —_—\/ﬁ—oo lim X —@ 00
x——V3 SI=E 0 B X—?\/§73_XZ_ 0 B
3 —\/27 3
lim X =— =— lim X—=@=—oo
X>—/31 3—x2 0 X_,\/§+3—X2 0
. x3 X .
e T30~ aifha 52 ke TH T F0

The function is a quotient of two polynomials and the value of the limit
can be established from leading terms in numerator and denominator.
©Robert Mafik, 2006




+ -+ -

~v3 0 V3
, 3 (B3—x)—x3-(0—2x)
J = (3—x2)2

3

We differentiate the quotient 3 X

5 using the quotient rule

(U)’ u-v—u-v

v v2

(©Robert Mafik, 2006 K3



We factorize, the common factor is x°. I
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We simplify. ]
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The solution of x*(9—x?) = 0is x = 0 and x = +3. We mark these points
and points of discontinuity on the real axis.
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The red marked expressions in the derivative are positive and have no
influence to the sign of this derivative. It is sufficient to focus ourselves to
the sign of the expression (9 — x%). For x = —4 we have

9—x>=9—(—4)?<0.
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For x = —2 we have
9—x>=9—(—=2?°>0.
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The local minimum appears at x = —3. The value of the function at this
point is
—27 =27 9

Y(—)=3"9= "% =2
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For x = —1 we have
9—x>=9—(—1)?>>0.
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For x =1 we have
9—x>=9—-12>0.

(©Robert Mafik, 2006 K3



For x = 2 we have
9—x*=9—-22>0.
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For x = 4 we have
9—x>=9—4’<0.
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V3
e /!MAX\
V3 3

A local minimum appears at x = 3. The value of the function at this point

IS
27 27 9

YO =3"9= 6= "2

(©Robert Mafik, 2006 K3



| D(f)=R\{£V3}  y(0)=0

g = (1B =) 3= = (92 = ) 23— ¥*)(=2x)
(6 —x2)2)2

(We differentiate the function \

x(9—x%)  9xF—x*

B=x2Z ~ (3—x)

using the quotient rule

\and find y". Y.
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| D(fy =R\ {£V3}; y(0)=0

, (18x—4x%) - (3—x%)% — (9x% — x*) - 2(3 — x?)(—2x)

2
(3—xr)
2%(3 — x2) - [(9 —2)(3—x2) + (9x — x3)(2x)]
- 3=
We factorize the repeating terms in numerator. ]
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| Dy =Rr\ (V3 y0)=0

g = (18— 43) - 3= x2)2 — (92 — x*) - 2(3 — x2)(—=2x)
(- x2)2)2
23— x?) - [(9 23— x3) + (9% — x3)(2x)]
(3—x2)*
2% - [27—9X2 — 6X2+2X4+18X2—2X4]
B—x2)

We cancel and simplify. ]
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| D(f)=R\{£V3}  y(0)=0

. (18— 4x%) - (3= x2) — (92 — x*) - 23 — x3) (—2)
(- x2)2)2
2x(3 — x2) - [(9 —2)(3— %) + (9x — X3)(zx)]
B—x)!
2x - [27—9)(2 — 6X2+2X4+18X2—2X4]
3—x2)3
2x - [27+3X2]

-

Another simplification. ]
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y=3——> | D(h=R\{£V3};  y(0)=0

: 2 [27 + 3x2]

a

=P =

We solve the equation y” = 0. The unique solution of this equation is k
x =0, since the expression (27 + 3x?) is positive for all x.
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" '
y=3——> | D(h=R\{£V3};  y(0)=0
2x-|27+3¢]
= = :x=0 |
(3—x2)3 ~ :
-3 0 V3
We mark the point x = 0 and points of discontinuity on real axis. ]
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y=3—> | D(H=R\{£V3};  y(0)=0

2 [27 + 3x2]

= oy 0 — ’

Substituting x = —2 we get

” _ 2-(—2) -[positive]  negative
y(=2)= (3—(=2)2)3  negative >0

and the function is concave up on the interval involving —2.
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| D(f)=R\{£V3}  y(0)=0

V=3
2x-[27+3x2]
[ SR R U n_,
B_xp ° ;
-3 0 V3

Substituting x = —1 we get

” _2-(—1) - [positive] _ negative
YED==3297F = positive

and the function is concave down on the interval involving —1.
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| D(f)=R\{£V3}  y(0)=0

V=3
2x-[27+3x2]
r—_ L J.y_0 U N | U
B_xp ° ;
-3 0 V3

Substituting x = 1 we get

" 2 -1 [positive]  positive
y (1) = 3 = o
(3—=19) positive

and the function is concave up on the interval involving 1.
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y=3—> | D(H=R\{£V3};  y(0)=0

2 [27 + 3x2]

_w;xzo U N @] N

Substituting x = 2 we get

2.2 it ti
J'(2) = [positive]  negative

(3—223  negative

and the function is concave down on the interval involving 1.
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1 D(fy =R\ {£V3}; y(0)=0
Long division shows

x3 _ I 3x
3—x2 X 3—x2

The first part is a linear function, the second part approaches zero a x
approaches plus or minus infinity.

The asymptote at o0 is y = —x.
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t ot - SeS S S AN U nun
30 3 -3 3 0 3 3 -v30 3
(0) =0 f(+3) = =2
f(£00) = Foo f(—V3=%) = Foo; f(V3%) = Foo
We repeat all important informations. ]
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+ - + - SNain S /M%& Uun.un
30 3 -3 3 0 3 3 -v30 3
f(0)=0 f(i3):¢g
f(Eo0) = Foo f(—V3%) = Foo; f(V3+) = Foo
,: yn ,:
= VI X
| {
We draw vertical asymptotes and the graph near these asymptotes. ]
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+ -+ - NS SN Uy nun
30 3 -3 3 0 3 3 -v30 3
f(0) =0; f(+3) = =2
f(Z00) = Foo; f(—\/§i) = Fo0; f(\/gi) = Foo
S it |
-3 _$\/§ \.\‘/? 3 X
| ( S

We draw the inclined asymptote and the graph for large |x|. We are aware
of the type of concavity.
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+ - + - SNain S /M/IU% Uun.un

30 3 -3 3 0 3 3 -v30 3
f(0)=0 f(i3):$g
f(F00) = Foo f(—V3) = Foo; f(V3£) = Foo

\\\\\ I} ys ,:
-3 _'\/5 - \/§ 3 X
, { Q‘\

We draw the function near the stationary point. ]
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+ -+ - NS S ANy nun

30 3 -3 3 0 3 3 -v30 3
(0) =0 f(+3) = =2
f(£00) = Foo f(—V3%) = Foo; f(V3%) = Foo

\\\\\ ,: y 4 ,:
-3 _'\/5 \/§ ‘3 X
r ( -

We draw the function at local extrema. ]
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We complete our drawing. ]
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R;

y=(x+1)e I Domf)

[There is no restriction on the domain. Hence the domain is R. ]
o] (©Robert Mafik, 2006 K&




y=(x+1)e I Dom(f) = R; y-int. is [0, 1],

Substituting x = 0 into f(x) we get the y-intercept.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1],

(x+Me*=0

Solving y = 0 we get the x-intercept.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1],

(x+1)e*=0
x+1=0

e Product equals zero iff one of the factors is zero.

e The factor e* never equals zero.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

x+M1e*=0
x+1=0
x=—1
The x-intercept is x = —1. ]
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

(x+Me*=0
x+1=0
x=—1
1

e We mark the x-intercept on the real axis.

e There is no point of discontinuity.
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y=(x+1)e" I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

(x+Me*=0
x+1=0
x=—1
1

Evaluating f(—2) we see that the function is negative at —2. The same is
true for all x in interval (—oo, —1).
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

x+Me*=0
x+1=0
x=-—1
J— I +
A

f(2)=(—2+1)-e?=—-2<0
f(0) =1 > 0 as we have seen above

The function is positive at x = 0 and also on (—1, 00).
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

lim (x +1)e* =00 00 =00
X—0Q

o We evaluate limits at #=co. We start with the limit at +oc0.

e We use 0o +1 =00 and lim e* = 0.

X—0Q
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y = (x+1)eXI Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

lim (x +1)e* =00 00 =00
X—0Q

lim (x +1)e* = (—o0) - e > = (—o0) - 0

X——0Q

4 )

We evaluate limit at —oo.

We substitute (in the sense of limits) x = —oo and use
—o00+1=—o0and lim e*=0.

X—>—0Q

The expression 0 X oo is an indeterminate form.

We have to look for an alternative method, than the algebra of limits.

- .
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lim (x +1)e* =00 00 =00

y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

X—0Q
lim (x 4+ 1)e*
X—>—0Q
.o x+1  —o0
= lim —
x——00 @ X o0
. . . M 1 .
e We convert into fraction by using = — | The limit becomes to
=

be expression which is convenient for I'Hospital's rule.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

lim (x +1)e* =00 00 =00

X—00
lim (x +1)e*
oo x+1 —00
= lim — =
x——00 @ X o0
= lim

We use the |I'Hospital’s rule (we differentiate separately both the

numerator and hte denominator). The function e is differentiated by the
chain rule as follows.

(€7) =e(—x) =e"-(=1)
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

lim (x + 1)e* = 00 - 00 = 00

X—0Q
lim (x +1)e*
oo x+1 —00
= lim —=—
x——00 @ X [’}
1 .
= lim = lim —e*
X——00 —@ X——00
We simplify. ]
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y=(x+1)e" I Dom(f) = R; y-int. is [0, 1],

lim (x +1)e* =00 00 =00

x-int. is [—1, 0],

X—00
lim (x 4+ 1)e*
1 x+1 —oo
- x——00 @ X - o0
1 . _
= lim = lim —e*=—e*=0
X——00 —@ X——00

We substitute. An examination of the graph shows that

lim e =e* =0.

X—>—0Q

|
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

f{t 00) = 00, f{—00) = 0: -+t

—1
This has been established. Now we will continue by exploring the
derivative.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

f(+00) = o0, f(—o0) =0;
—1

y=(x+1)"-e"+(x+1)- ()

The function y = (x + 1) - e* is differentiated by the produt rule

(u-v)y=u -v+u-V
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1],

x-int. is [—1, 0],

[We evaluate the derivatives.

J

<]
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

f(+00) = o0, f(—o0) =0;
—1

y=Kx+1) e+ (x+1)- (e
=1-e+(x+1)-€
=e(1T+x+1)

We take out the common factor e*. ]
o] (©Robert Mafik, 2006 K&




y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1,0],

f(+00) = o0, f(—o0) =0;
—1

Y=+ +x+1)- ()
=1-&4+x+1) €
=e(1+x+1)
=e"(x+2)

We simplify. ]
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y=(x+1)e I Dom(f) = R;

f(+00) = o0, f(—o0) =0;

y =e(x+2);

y-int. is [0, 1],
- +
4|7
—1

x-int. is [—1, 0],

The derivative has been evaluated.

J

<]
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f{t-00) = 00, f{—00) = O0: -t

—1
y =e"(x+2); stac. point is x = —2; f(—=2)=—e2x—-014
4 )

e The derivative is zero iff | (x +2) = 0|, since e* is never equal zero.
This yields stationary point x = —2.

e A qiuick evaluateion shows f(—2) = (=2 + 1)e > = —e 2 and using
the calculator we get f(—2) ~ —0.14.
- v
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f{t-00) = 00, f{—00) = O0: -t
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014
)
We draw the real axis with the stationary point. There is no point of
discontinuity.

(©Robert Mafik, 2006 K&



y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f{t-00) = 00, f{—00) = O0: -t
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014
\‘ |
=
We choose x = —3 and evaluate f'(—3):

y(=3)=e(-3+2)=—e"><0.

The function is decreasing at x = —3 and the same is true on the whole
interval (—oo, —2).
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(4-00) = 00, f(—00) = O; - *
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014
\ | /
—2

We choose x = 0 and evaluate '(0):
y'(0)=e’042)=2>0.

The function is increasing at x = 0 and the same is true on the whole
interval (—2, c0).
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y=(x+1)e" I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(+00) = o0, f(—o0) =0;
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014
N mlin e
—2
The local minimum appears at x = —2. ]
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y=(x+1)e" I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(+00) = o0, f(—o0) =0; 1

y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014

We find y”. We differentate the product ¢’ = e* - (x + 2) by the product

rule
(u-v)=d-v+u-v
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y=(x+1)e" I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(+00) = o0, f(—o0) =0;
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014

y'=e" - (x+2)+e* -1
=e(x+2+1)
=e¥(x 4+ 3)

We simplify. ]
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y=(x+1)e" I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(4-00) = 00, f(—00) = O; - 1 +

y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014

y'=e'(x+3);

The second derivative is known.

J
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y = (x+1)eXI Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(+00) = 00, f(—00) = 0; —
y = e*(x +2); stac. point is x = —2;_1 f(—2)=—e?2x—-014
N min e
=
y' = e*(x +3); y" =0 for x = =3, f(—=3) = —2e—3 =~ —0.01
4 )

e We look for the points where y” = 0. Since e* never equals zero, the
only possibility is (x + 3) = 0 and hence x = —3.

e Evaluating the function at x = —3 we get
f(=3)= (=3 +1)e 3= —2e3x —0.01
- v
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y = (x+1)eXI Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(4-00) = 00, f(—00) = O; - *
e

y = e*(x +2); stac. point is x = —2; f(—2)=—e?2x—-014

y’ = e*(x + 3); y" =0 for x = -3, f(—3) = —2e3 ~ —0.01

-3

We draw the real axis with the point where the second derivative equals
zero. There is no point of discontinuity and the second derivative may

change its sign only by passing through zero.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f(4-00) = 00, f(—00) = O; - *
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014
N rnlin e
2
y’ = e*(x + 3); y" =0 for x = -3, f(—3) = —2e3 ~ —0.01
ﬂ |
-3

The function is concave down on (—oo, —3), since —4 € (—o0, 3) and

y'(—4) =e*—4+3)=—e*<0.
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y = (x+1)eXI Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f{t-00) = 00, f{—00) = O0: -t
—1
y = e*(x +2); stac. point is x = —2; f(—2)=—e?2x—-014
N rnlin e
2
y’ = e*(x + 3); y" =0 for x = -3, f(—3) = —2e3 ~ —0.01
N , U
-3

The function is concave up on (—3, 00), since —2 € (—3, 00) and a local
minimum appears at x = —2. Among others,

y'(—2)=e3(—2+3)=e2<0.
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y=(x+1)e I Dom(f) = R; y-int. is [0, 1], x-int. is [—1, 0],

f{t-00) = 00, f{—00) = O0: -t
—1
y = e"(x+2); stac. point is x = —2; f(—2)=—e?2x—-014
N mlin e
—2
y" =e"(x+ 3); y" =0 for x = -3, f(—3) = —2e3 ~ —0.01
N in. U
-3
The inflection appears at x = —3. ]
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—|—
—1 —2 —3
f(0) =1 f(—2) ~ —0.14 f(+o0) = 00
f(=1)=0 f(—3) ~ —0.01 f(—o0) =0
We summarize all important computations. ]
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N in. Y
—3
f(400) = o0
f(—o0) =0
yaA

<y

We draw the coordinate system.

|
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1 2 3
f(0) =1 f(—2) ~ —0.14 f(+o0) = 0
f=1=0 f(—3) ~ —0.01 f(—o0) =0
yaA
1 4
~ 2 'y .
T T /I ;
We mark the x-intercept x = —1. The function is increasing at this point. ]
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- N in. Y
—1 —2 —3
£(0) =1 f(—2) ~ —0.14 f(+00) = 00
f=1)=0 f(—3) ~ —0.01 f(—o0) =0
ya
1 7L
-3 | -2 -1 Y :
T /I X

We mark the y-intercept y = 1. The function is increasing at this point. ]
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—|—
—1 —2 —3
£(0) = 1 f(—2) ~ —0.14 f(+00) = 00
f(=1)=0 f(—3) ~ —0.01 f(—o0) = 0
yA
1 7L
- 2 1y _
— T T /I ;

We draw a short mark near the asymptote at —oo. We are aware of the
fact that the function is decreasing and negative near —oco and hence the

graph is below the asymptote.
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= 4= \\ min N in. U
—|— —|—

—|—
—1 —2 —3
f(0) :1 f(—2) ~ —0.14 f(400) = 00
f(—1) = f(—3) ~ —0.01 f(—o0) =0
y 4
We draw the local minimum at x = —2. In order to indicate clearly the |
shape of the function, we will not preserve a uniform scale along the y-axis.
V.
' 7
- -2 1y _
—_— T /I XV

©Robert Mafik, 2006 K&



—|—
—1 -2 -3
£(0) =1 f(—2) ~ —0.14 f(+o00) = 00
f(—1)=0 f(—3) ~ —0.01 f(—o0) =0
yaA

<y

We join the pieces of the graph. Finished. ]
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That's all.
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