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variables
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Find local extrema of the function z = 2%y? — 22 — ¢/?
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Find local extrema of the function z = 2%y? — 22 — ¢/?

We look for partial derivatives of the function. ‘
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Find local extrema of the function z = 2%y? — 22 — ¢/?

We differentiate with respect to x. We use the sum rule and the I
constant multiple rule.
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Find local extrema of the function z = 2%y? — 22 — ¢/?

5=y (@), — (@*), =y°22 - 22

We evaluate the derivatives.
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Find local extrema of the function z = 2%y* — 22 — % |

7 =y (2%), — (2%), =y’20 - 2
=22(y* - 1)

We simplify. J‘
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Find local extrema of the function z = 2%y? — 22 — ¢/?

7 =y (2%), — (2%), =y’20 - 2
2

In the same way we differentiate with respect to y. ‘
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Find local extrema of the function z = 2%y? — 2

.

7 =y (2%), — (2%), =y’20 - 2
2

zy =2 (Y, — (), = 772y — 2y

We evaluate the derivatives.
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Find local extrema of the function z = 2%y* — 22 — % |

.

7 =y (2%), — (2%), =y’20 - 2
2

= 2x(y* - 1)
7y =22 (y%), — (), = 22y — 2y
=2y(2* - 1)
We simplify. J‘
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[Find local extrema of the function z = 2%y? — 22 — ¢/?

2 =2x(y? — 1) 2 z; =2y(z* — 1)

We have the first derivatives. We look for stationary points. ‘
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[Find local extrema of the function z = 2%y? — 22 — ¢/?

2 =2x(y? —1) =0; Z, =2y(z> —1) =0

We put the derivatives equal to zero. ‘

(©Robert Matik, 2008 [Eq



[Find local extrema of the function z = 2%y? — 22 — ¢/?

20(y* — 1) =0; 2y(z* —1) =0

e We solve the system of two nonlinear equations.
e We start with one of the equations.

e |t is in the form “product equals zero".
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2¢(y* — 1) =0; 2y(z* —1) =0

Case 1: Case 2: Case 3:

[Find local extrema of the function z = 2%y* —

e One of the factors in the product must be zero.

e We deal independently with the cases when z =0 and
(y* —1)=0, ie., y==£l.
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[Find local extrema of the function z = 22y? — 22 — y? |
2z(y? — 1) = 0; 2y(z* —1) =0
Case 1: Case 2: Case 3:

2y(0—-1)=0

e We start with the Case 1.

e We substitute x = 0 into the second equation.
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[Find local extrema of the function z = 22y? — 22 — y? |
20(y> — 1) =0; 2y(z® — 1) =0
Case 1: Case 2: Case 3:
2y(0—-1)=0
y=0
S1 = [0,0],
We find y. We have the stationary point 5. J‘
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[Find local extrema of the function z = 22y? — 22 — y? |
20(y> — 1) =0; 2y(z® — 1) =0
Case 1: Case 2: Case 3:
2y(0-1) =0 222 —1) =0
y=0
Sl = [0,0],

e Similarly, we work with the Case 2.

e We substitute y = 1 into the second equation.
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[Find local extrema of the function z = 22y? — 22 — y? |
2z(y? — 1) = 0; 2y(z* —1) =0
Case 1: Case 2: Case 3:
2y(0-1)=0 2(z? —1) =0
y=0 2 = +1

S1=1[0,0]; S2 = [1,1]; S5 = [-1,1];

e We solve the quadratic equation for z.

e We have two solutions and two new stationary points.

. 4
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[Find local extrema of the function z = 22y? — 22 — y? |
2z(y? — 1) = 0; 2y(z* —1) =0
Case 1: Case 2: Case 3:
2y(0-1)=0 222 —1) =0 —2(22—1)=0
y=0 2% = +1
S1 = [0,0], Sy = [17 1]; Sz = [71, 1];
e Similarly, we work with the Case 3.
e We substitute y = —1 into the second equation.
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[Find local extrema of the function z = 22y? — 22 — y? |
2z(y? — 1) = 0; 2y(z* —1) =0
Case 1: Case 2: Case 3:
2y(0—1) =0 2(22 —1) =0 —2(z2-1)=0
y=0 22 = +1 2 = +1

S1=10,0]; S2 = [1,1]; S5 =[-1,1]; Sa =[1,-1]; S5 = [-1,-1]

e We solve the quadratic equation for z.

e We have two solutions and two new stationary points.

- 4
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[Find local extrema of the function z = 2%y? — 2

2 =2x(y? — 1) 2 z; =2y(z% — 1)

S1 =10,0]; S2 = [1,1]; S5 = [-1,1]; Sa =[1,—-1]; S5 = [-1, —1]

"
rx
"
Ty
"
vy

There are five stationary points. Now we look for the second ‘

derivatives.
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[Find local extrema of the function z = 2%y? — 2

2 =2x(y? -1) ; 2y =2y(a® — 1)
S1=10,0]; S2 = [1,1]; S5 =[-1,1]; Sa =[1,-1]; S5 = [-1,-1]

Zy, =27 — (), =23 —1)-1

"
ny

"
Zy Y

We differentiate 2/, with respect to x and simplify. ‘
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[Find local extrema of the function z = 2%y* —

2 =2x(y? -1) ; 2y =2y(a® — 1)
S1 = [070]v Sp = [171]; S3 = [71,1]; Sy = [17*1]; S5 = [71,71]

2 =2y — V(@) = 24> - 1) - 1
2, = 2x(y® — 1), = 2z - 2y + 0) = day

"

Zyy

|

We differentiate 2/, with respect to y and simplify.
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[Find local extrema of the function z = 22y? — 22 — y? |

2 =2x(y? -1) ; 2y =2y(a® — 1)
S1=10,0]; Se = [1,1]; S5 =[-1,1]; Sa =[1,—-1]; S5 = [-1, 1]

2w = 2" — (@), =2(y* — 1) - 1
a2, =2x(y? — 1), = 2z - (2y + 0) = 4wy
zy, =2(2® = 1)(y), =2(z> - 1) - 1

|

We differentiate zg’/ with respect to y and simplify.
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[Find local extrema of the function z = 2%y? — 22 — ¢/?

2 =2x(y? -1) ; 2y =2y(a® — 1)

§1=[0,0]; 5> =[1,1]; S3 = [-1,1]; 54—[1 *1],5 [-1,-1]
Zyy = 2(y* = 1); Zyy = dzy; 2(z* - 1)

(We employ the second derivative test for each stationary point
separately. We start with S; and evaluate Hessian at this point.

" "

J,J, Z;cy

"
Yy l[z,y]=[0,0]

H(S;) = ':4>0

-2 0
0 -2

;cy

\A local maximum appears at S;.
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[Find local extrema of the function z = 2%y? — 22 — ¢/?
2 =2x(y? -1) ; 2y =2y(a® — 1)
51 =10,0]; S2 = [1,1]; Ss =[-1,1]; 547[1 *1],5; [-1,-1]
2 =2(y* = 1); Zy = dzy; 2(¢® — 1)
" " 4
H(S2)=|7" 7 = '2 0' =-16<0
zv Al =i

There is no local extremum at Ss.
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[Find local extrema of the function z = 2%y? — 22 — ¢/?
2 =2x(y? -1) ; 2y =2y(a® — 1)
Sli[0,0]Q 52:[1,1]§ 53:[ ] 54—[1 71],»52' [ 1,71]
2 =2(y* = 1); Zy = day; 2(z® — 1)
" "
H(Ss) = 7" W = ' 04 04‘ =_16<0
T [ R

There is no local extremum at Ss.
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[Find local extrema of the function z = 2%y? — 22 — ¢/?
2 =2x(y? -1) ; 2y =2y(a® — 1)
51=1[0,0; §2 =[1,1]; S5 = [-1,1]; 54%1 *1],6; [-1,-1]
lem — 2(y2 _ 1), Z,{vly =] 4$yy ( )
" " 4
H(Ss) =" 7 '2 0' ~16 <0
v 2l gi=n,

There is no local extremum at Sy.
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[Find local extrema of the function z = 22y? — 22 — y? |
2, =2z(y” — 1) : Z, =2y(z% — 1)
S1 =[0,0]; S =[1,1]; S3 =[-1,1]; Sy = [1,-1]; S5 = [-1,—1]
2 = 2(y" — 1); 2y = 4Ty; 2 =2(z? - 1)
" " 4
H(Ss) =" i '_04 0‘16<0
2y Pyyl[ey)=(-1,-1]

There is no local extremum at Ss.

©Robert Mafik, 2008 B



[Find local extrema of the function z = 2%y? — 22 — ¢/?

2 =2x(y? -1) ; 2y =2y(a® — 1)

51=1[0,0; §2 =[1,1]; S5 = [-1,1]; S4f[1 *1]»2 [-1,-1]
2 =2(y* = 1); Zyy = dzy; 2(z® — 1)

e The only local extremum is at S; = [0,0]. It is a local maximum.

e The other stationary points are saddle points.
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Find local extrema of the function z = z* + y* — 4zy + 30 I
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Find local extrema of the function z = z* + y* — 4zy + 30 I

2 =43 — 4y 2 =My — 4z

e We evaluate the partial derivatives.

o Differentiating with respect to = we consider y to be constant and
vice versa.
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Find local extrema of the function z = z* + y* — 4zy + 30 I
43 — 4y =0, 4 — 4z =0,

We look for the stationary points. We put derivatives equal to zero and |
solve the system of two equations.
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Find local extrema of the function z = z* + y* — 4zy + 30 I

43 — 4y =0, 4% — 4z =0,
423 — 4y =0,
4y — 4z = 0.

This is the system to be solved. ‘
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Find local extrema of the function z = z* + y* — 4zy + 30 I

43 — 4y =0, 4% — 4z =0,
43 — 4y =0, .

3 y=2z
4y° —4x = 0.

We isolate y from the first equation. ‘
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Find local extrema of the function z = z* + y* — 4zy + 30 I
43 — 4y =0, 4% — 4z =0,

4a3 — 4y =0,
4y — 4z = 0.

We substitute for y into the second equation. ‘
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Find local extrema of the function z = z* + y* — 4zy + 30 I

43 — 4y =0, 4% — 4z =0,
4(z%)3 — 4z =0,
423 — 4y =0, 5 ( )9
. Y= 4z” — 4x =0,
4y° —4x = 0.
We simplify. J‘
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Find local extrema of the function z = z* + y* — 4zy + 30 I

4a3 — 4y =0, 49 — 4z =0,
4(z3)3 — 4z =0,
423 — 4y =0, 5 ( )9
g Y= " — x =0,
4y° —4x = 0. 8
z(z®—-1) =

We factor. J
(©Robert Mafik, 2008




Find local extrema of the function z = z* + y* — 4zy + 30 I

43 — 4y =0, 4% — 4z =0,
p 4(2%)® — 4z =0,
423 — 4y =0, . ( )9
y==x 7 — =0,
4y — 42 = 0. .
xz(z® —1)=0.
CASE 1: CASE 2: CASE 3:
73 = (0, 7 = il 7 = =ll,

-
e Either z =0 or (2® — 1) = 0.

e The latter case yields 2° =1 and = = +1.

e We consider three different cases. In each case the second equation
is satisfied, provided y = x> remains true.

_ J
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Find local extrema of the function z = z* + y* — 4zy + 30 I

43 — 4y =0, 4% — 4z =0,
4(2%) — 4z =0,
423 — 4y =0, 5 ( )9
. y==z 7 — =0,
4y° —4x = 0. .
xz(z® —1)=0.
CASE 1: CASE 2: CASE 3:
z=0,y=0 =i, p=ll 7= =l = =il
S =10,0], S =[1,1], Sz =[-1,-1].

We find the corresponding y to each . We get three stationary points;m
©Robert Mafik, 2008




[Find local extrema of the function z = z* + y* — 4zy + 30 I

2 =43 — 4y 2 =4y — 4z
1 = [0,0], Sy = [1,1], Sy = [~1,-1].
Zg, =122%, 2, =-4,  z =127

e We have three stationary points.

e To employ the second derivative test we have to find the second
derivatives.

e
.
©Robert Mafik, 2008 |4



[Find local extrema of the function z = z* + y* — 4zy + 30 I

2 =43 — 4y 2 =4y — 4z
S1 = [0,0], Sy = [1,1], Sy = [~1,-1].
" 2 "o "o 2
2y, = 122°, Zgy = —4, Zyy = 12y°.
0

— = —16 < 0, saddle point at [0, 0]

HS) =14

e We evaluate the hessian at 5.

e The hessian is negative and no local extremum occurs at 5.

4
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[Find local extrema of the function z = z* + y* — 4zy + 30 I

2l =4x3 — 4y , 2 =4y° — 4z ,
Sy = [0,0], Se = [1,1], Sy =[~1,-1].
1 2 1 1" 2
Zgp = 1227, Zgy = —4, Zyy = 12y°.
H(S) = _04 _04 = —16 < 0, saddle point at [0, 0]
12 -4 ) -
H(S3) = 4 127 12 — 16 > 0, local minimum at [1, 1]

e The hessian is positive at S5 and the function possesses a local
extremum at Ss.

e Since 2!/, = 16 > 0, the point S3 is a local minimum.
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[Find local extrema of the function z = z* + y* — 4zy + 30 I

2 =43 — 4y 2 =4y — 4z
S, = 1[0,0], Ss = [1,1], Sy =[-1,-1].
"o 2 "o "o 2
Zgp = 1227, Zyy = —4, Zyy = 12y°.
H(S)) = _04 _04 = —16 < 0, saddle point at [0, 0]
12 —4 ) i
H(S3) = 4 1217 12 — 16 > 0, local minimum at [1, 1]
12 —4 ) -
H(S5) = 4 | =127-16>0, local minimum at [—1, —1]

e The hessian is positive at S3 and the function possesses a local
extremum at S3.

e Since 2!/, =16 > 0, the point S5 is a local minimum.
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[Find local extrema

of the function z = z* + y* — 4zy + 30 I

2l =4x3 — 4y
S1=[0,0],
20 =1222,
0
H(S1)=|_,
12
H(Sy) = 4
12
H(S3) = 4

1

"

zg’/ =4y° — 4z ,
Sy = [1,1], S3 = [-1,-1].

_ no_ 2
=—4 Zyy = 12y~

1

= —16 < 0, saddle point at [0, 0]
=122 — 16 > 0, local minimum at [1, 1]

=122 — 16 > 0, local minimum at [—1, —1]

The problem is solved.
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Find local extrema of the function z = yIn(z? + y).
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[ Find local extrema of the function z = yIn(z? + y).

Dom(f) = {(z,y) € R* : 2* + y > 0}

The In(+) function yields restrictions to the domain of the function. EIJ

(©Robert Matik, 2008




[ Find local extrema of the function z = yIn(z* + y). I
Dom(f) = {(z,y) € R* : 2* + y > 0}
/ 2zy
=
ety

(We find the partial derivatives. Differentiating with respect to = we use)
the constant multiple rule, since in the product yIn(z? + y) the factor
1y is treated as a constant. The chain rule follows, since the function
In(z? + y) is a composite function with inside function (2% + ).

in(e? + )L = ylin(e® + )L =y (20 +0)

=
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[ Find local extrema of the function z = yIn(z? + y).
Dom(f) = {(z,y) € R* : 2* + y > 0}

2y
de=m o A =hE o)+

Yy
2 +y

Differentiating with respect to y we use the product rule, since both
factors y and In(2? 4 y) are functions (z is treated as a constant and ¥
as a variable).
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[ Find local extrema of the function z = yIn(z? + y).

Dom(f) = {(z,y) € R* : 2* + y > 0}

2zy Y
! _ I 2 _

To find stationary points we put the derivatives equal to zero. ‘
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[ Find local extrema of the function z = yIn(z? + y).

Dom(f) = {(z,y) € R* : 2* + y > 0}

2xy 2 Y
—=0, 1 =0
oy n(z +y)+x2+y

20y =0

e We start with the first (simpler) equation.

e The fraction equals zero iff the numerator is zero.

4
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[ Find local extrema of the function z = yIn(z? + y).

Dom(f) = {(z,y) € R* : 2* + y > 0}

2xy 9
_ = 1 =
Zty 0, n(z +y)+x2+y
2xy =0
CASE1l: z=0 CASE2: y =0

e To ensure that a product is zero, (at least) one of the factors has
to be zero.

e We distinguish two possible cases.
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[ Find local extrema of the function z = yIn(z? + y).

Dom(];) = {(z,y) eR? : 2% +y > 0} /

Ty 2 Y
—=0 In(x =0
Rl n(x +y)+:172+y

22y =0
CASE1l: z=0 CASE2: y=0
lny+g:0,
Y
Iny =—1,

We substitute z = 0 into the second equation and simplify. ‘

(©Robert Matik, 2008 [Eq



[ Find local extrema of the function z = yIn(z? + y).

Dom(];) = {(z,y) eR? : 2% +y > 0} /

Y 2 Y
— =0 In(z =0
Rl n(x +y)+:172+y
22y =0
CASE1l: z=0 CASE2: y=0
ny+ <=0,
Y
Iny =—1,
y=e

The inverse function to In function is an exponential function. ‘

(©Robert Matik, 2008 [Eq



[ Find local extrema of the function z = yIn(z? + y).

Dom(];) = {(z,y) eR? : 2% +y > 0} /

Ty 2 Y
Rl n(x +y)+:172+y
2zy =
CASE1l: z=0 CASE2: y=0
ny+ <=0,
Y
Iny =—1,
y=e '
51:[0,671]

e We have the stationary point S; = [0,e"']. We check that S; €
Dom(f).
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[ Find local extrema of the function z = yIn(z? + y).

Dom(];) = {(z,y) eR? : 2% +y > 0} /

Ty 2 Y
P 0, n(x +y)+172+y
22y =0
CASE1l: z=0 CASE2: y=0
lnerg =0, In(z?) =0
Y
Iny =—1,
y=e
Sl - [anill

e We return to the Case 2.

e We put y = 0 into the red equation.

4
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[ Find local extrema of the function z = yIn(z? + y).

Dom(];) = {(z,y) eR? : 2% +y > 0} /

Ty 2 )
=0 In(z =
Rl n(x +y)+w2+y
2zy =
CASE1l: z=0 CASE2: y=0
Iny + g 0, In(z?) =0
Yy 2 _ 0 _
Iny =—1, 7= =1
1 r==+1
y=e
517[0,671]

We isolate 22 and solve for .

J
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[ Find local extrema of the function z = yIn(z? + y).

Dom(f) = {(z,y) € R* : 2* + y > 0} /

2xy 2 y
22y =0
CASE1l: z=0 CASE2: y=0
Iny + i 0, In(z?) =0
Y 2 0 _
ny = —1, zr=e =1
1 r==+1
y=e
So =1[1,0]|and | S3 = [—1,0] |
S =[0,e Y] |52 =[1,0]|and | S = [-1,0]]

We have two stationary points. We check that both belong to
Dom({).
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[ Find local extrema of the function z = yIn(z? + y).

2xy 2 Y
2z, :—SUQ‘HJ , 2y =In(z +y)+—x2+y
S; =[0,e7], Sy = [1,0], Sz = [-1,0]

Up to now we have this.

(©Robert Matik, 2008
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[ Find local extrema of the function z = yIn(z? + y).

2xy 2 Y
2z, :—IQ‘HJ , 2y =In(z +y)+—x2+y
S; =[0,e7], Sy = [1,0], Sz = [-1,0]

We will use the second derivative test to recognize, whether a local I
extremum appears at the stationary points.
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[ Find local extrema of the function z = yIn(z? + y).

2xy Y
I , /=1 2
2 P z, =In(z +y)+x2+y
S1= [076_1]v 52:[]-;0]' S3 = [71,0]
S = 2y(:C2 + y) — 2xy2x
N TR
Zy
"
Zyy

We differentiate 2/, with respect to x. This gives 2 . ‘
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[ Find local extrema of the function z = yIn(z? + y).

, 2xy y
Ty 2% +y
S1 = [076_1]v Sp = [LO]r S3 = [71,0]

/

2y =In(2®+9) +

"no_ 2y(:ﬂ2 + y) — 2xy2w
N
"no_ 2$(x2 +y) — 2xy
Yy (xQ + y)2 ?

z

"
Zy Y

Y

We differentiate 2/, with respect to y. This gives 2./, . ‘
(©Robert Mafik, 2008'




[ Find local extrema of the function z = yIn(z? + y).

2xy Y
5" , / =1 2 g

2 P z, =In(z +y)+x2+y

S1= [076_1]v 52:[]-;0]' S3 = [71,0]
S = 2y(:ﬂ2 + y) — 2xy2w
=T @
S = 2$($2 + y) — 2xy
S T
S = 1 z? + y—y
vy 1‘2 + Y (3}'2 + y)Q :

vy

We differentiate z,, with respect to y. This gives z,,. ‘
(©Robert Mafik, 2008'




[ Find local extrema of the function z = yIn(z? + y).

2xy / 2 Yy
S1 = [076_1]v 52:[]-;0]' S3 = [71,0]
S = 2y(:ﬂ2 +y) — 2zy2z "o 2y° — 2yz®
o (@2 +y)2 T (2 ty)?
S = 2$($2 + y) — 2xy S = 21°
T @R W g
Z// _ 1 x2+y_y Z” _ 1 $2
vy ZL‘Q + Y (x2 + y)Q : vy .1}'2 + Yy (1‘2 + y)Q :
We simplify.
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[ Find local extrema of the function z = yIn(z? + y).

2xy Yy
I , /=1 2
2 P z, =In(z +y)+x2+y
Sy =1[0,e71], Sy = [1,0], S3 = [~1,0]
29% — 2ya? 2 0
"o _
zx (.732 + y)2 ) H(Sl) 0 e
223 0 2
"o _
T @y H%2) =1 2‘
1 22 0
"o o) —
Pyy = 22+y (22 +y)2 H(Ss) -2

We evaluate the hessian at each of the stationary points.

(©Robert Matik, 2008
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[ Find local extrema of the function z = yIn(z? + y).

2xy Y
I , / =1 2
2 oy z, =In(z +y)+—x2+y
S1= [076_1]v Sp = [LO]' S3 = [71,0]
29?2 — 2ya? 2 0
"o —
Rz = ($2 + y)g ) H(Sl) 0 e >0,
223 0 2
= — H(S3) = =—-4<0,
Ray (@2 + )2’ (S2) 2 2‘
1 x2 0 -2
— . H(S3) = =—-4<0.
Zyy 22 +y + (x2+y)2 ( 3) -2 2 ‘

Local minimum at [0,e']. No other local extremum.

According to the second derivative test we obtain the following
conclusion.
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That's all ...
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