The first derivative, local extrema
and monotonicity
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Find local extrema of the function y = x> — 2x* + x + 1 and
establish the intervals of monotonicity.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R

o We find the domain of the function.

e There is no restriction on x and the domain R.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R

We differentiate. We use the sum rule and the constant multiple ]
rule.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R
Y = () =20 + (x) + (1)
=3x"—4x+140
We find derivatives by the formula | (x")" = nx"""|. ]

g B B (©Robert Mafik, 2006 EJ



Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R
y = () =2 + (x) + (1)
=3x>—4x+1+0
=3x? —4x+1
We simplify.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R; ¢ =3x*—4x+1

3 —4x+1=0

4 )

e We have to find the intervals of monotonicity first.
e We have to find the sign of the derivative.

e We have to find points where the derivative may change its
sign. There are no points of discontinuity and we have to find
stationary points.

.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R; ¢ =3x*—4x+1

3¢ —4x+1=0
44/(—42—-4-31
2-3

X12 =

(We solve the quadratic equation by the formula. The solutions of )

ax2+bx+c:0‘are

—b+-/b? —4ac
2a

X12 =
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

Dom(f) =R; ¢ =3x*—4x+1

3¢ —4x+1=0
4++/(—42-4-31
2.3

X12 =

We simplify.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f) =R; y = 3x>—4x+4+1; Stac. points: x; =1, xo = 3

3 —4x+1=0
44++/(—42—-4-31

X12 =

2-3
_4£2
6
X1 = 1
1
X2 = §
[We find the solution. There are two real zeros of the derivative. ]\
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f) =R; y = 3x> —4x+1; Stac. points: x; =1, x» = 3

_1 X1:1

e We draw stationary points on the real axis.

e There are no points of discontinuity and we have three subin-
tervals.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f)=R; y =3x>—4x+1; Stac. points: x; =1, x, = 3

/

_1 X1:1

4 )

e We consider an arbitrary number from the first interval

1
(—o0, §). Let us consider the test number & = 0.

e We find ¢/(0) =3-0°—4-0+1=1>0. The function is
1
).

increasing on (—oo,

3
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f)=R; ¢ = 3x> —4x+1; Stac. points: x; =1, x, = 3

/( | \ |
X_l X1=1
°73
4 11
y(0)>0 y(5) <0
I imil find '1 —31 41+1— 1<0 d th
n a similar way, we fin g(z)— 2 > =3 and the

1
function is decreasing on (§' 1).
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f)=R; ¢ = 3x> —4x+1; Stac. points: x; =1, x, = 3

y'(0)>0 y'(5)<0

There is a change in monotonicity at x,. There is a local maximum
at this point.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f)=R; ¢ = 3x> —4x+1; Stac. points: x; =1, x, = 3

o MAX N | /
1 X =1
X) = =
3
1
y'(0)>0 U'(z) <0 y'(2)>0

We find y/(2) =3-22—4.24+1=5
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f) =R; y = 3x> —4x+1; Stac. points: x; =1, x» = 3

y'(0)>0 y'(5) <0 y'(2)>0

The type of monotonicity changes at x; = 1 and there is a local
minimum at this point.
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Find local extrema of the function y = x> — 2x*> 4+ x + 1.

1
Dom(f) =R; y = 3x> —4x+1; Stac. points: x; =1, x» = 3

| Finished! |
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3
7 and establish the

Find local extrema of the function y =

intervals of monotonicity.
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3

. , X
Find local extrema of the function y = . ]

X —

Dom(f) =R\ {1};

We find the natural domain. The expression in the denominator of
the fraction must be nonzero.
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3

. , X
Find local extrema of the function y = . ]

X —

Dom(f) =R\ {1};

f_ O =) =X 1)
- (x—=1)

We use the quotient rule
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3

. , X
Find local extrema of the function y = . ]

X —

Dom(f) =R\ {1};

,_ O =) =X 1)

(x—1)
3P —1)—x(1-0)
- (x=1)
[We differentiate. ]\
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3

. , X
Find local extrema of the function y = . ]

X —

Dom(f) =R\ {1};

,_ O =) =X 1)

(x—1)?
_ 3x%(x —1) = x3(1—=0)
(x—1)?
_ 2x3 — 3x2
(x—1)?

We simplify.
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3
Find local extrema of the function y = T
Dom(f) =R\ {1}; ¢ = 223,

a ' =12

,_ O =) =X 1)

(x—=1)
_ 3x%(x —1) = x3(1—=0)
(x—=1)2
_ 2x3 —3x2
(x—=1)2
_ x*(2x —3)
(x=1)2

[We find a factorization of the numerator.

)
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3

. , X
Find local extrema of the function y = . ]

X —

1
Dom(f) =R\ {1}; ¢ = 223,
B ' =12
2 _
x“(2x —3) 0
(x—1)?
4 )
e We investigate zero points, discontinuities and sign of the first

derivative.
e The derivative has a discontinuity at x = 1.

e We have to solve the equation ¢y’ = 0.

.
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Find local extrema of the function y =

_ ] p_ X2(2X—3).
Dom(f) =R\ {1}; y = =)
x*(2x —3) —0
x*(2x—3)=0

The quotient is zero iff the numerator is zero.

[ << I < T > . > |
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. , X
Find local extrema of the function y = . ]

X —

1
. xX(2x=3) 3
Dom(f)=R\ {1}; ¢ = W: x12=0,x = >
2(2x =3
=3 _,
xX*(2x—3)=0
X12 = 0
o
T2
The product is zero iff at least one of its factors is zero. We |
continue with two equations and .
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3
, X

Find local extrema of the function y = . ]
X —

2 _
Dom(f) =R\ {1}; ¢ = %; x12=0,x3==

xip=0 x =1

e We have found discontinuities and stationary points.

e We draw these points on real axis.
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3

. , X
Find local extrema of the function y = . ]

X —

1
. xX2(2x—=3) 3
DUm(f)—R\{1}, y —W, X‘|,2—0, X3—§
N . .
X1’2=0 x =1 §
X3 = >
y'(=1)<0

We evaluate the derivative at test points from subintervals on real
axis..

, —i=2=3 -5
yi—n=E229 o
positive positive
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3

. , X
Find local extrema of the function y = . ]

X —

1
. xX2(2x—=3) 3
DUm(f)—R\{1}, y —W, X‘|,2—0, X3—§
NN |
X1’2=0 x =1 §
X3 = >
y'(—=1)<0 y'(5) <0
Jy_d0-3)
AVl positive
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3

. . X

Find local extrema of the function y = ]
X —

2 —
Dom(f) =R\ {1}; ¢/ = T2l w2 =0 =3

/ !1 /
y'(=1)<0 y'(5) <0 y'(1,2) <0

y(1,2) = (1.2%(2,4—3)

— <0
positive

[ << I < T > . > |
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. , X
Find local extrema of the function y = . ]

X —

x*(2x = 3)

Dom(f) =R\ {1}; y’zw;

1
Y-1)<0  y(5)<0  y1,2<0  y@>0

2(4 —
@3
positive

y'(2) =
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3

. , X
Find local extrema of the function y = . ]

X —

2 _
Dom(f) =R\ {1}; ¢ = %; x12=0,x3==

. 3 .
The type of monotonicity changes at x = =. The function is

continuous in a neighborhood of this point and hence a local
extremum (minimum) appears here.
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3

. , X
Find local extrema of the function y = . ]

X —

2 _
Dom(f) =R\ {1}; ¢ = %; x12=0,x3==

1
Y-1)<0  y(5)<0  y1,2<0  y@>0

| Finished. |
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] 4
Find local extrema of the function y = (#) and establish

the intervals of monotonicity.
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T+x\*
Find local extrema of the function y = ( 7 _X) .

Dom(f) =R\ {1} ;

(We establish the domain of the function. The only restriction )
follows from the denominator of the fraction:

1—x#0,

x#+=1.
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T+x\*
Find local extrema of the function y = ( 7 ) .
—Xx

Dom(f) =R\ {1} ;

, (1—1—)()31(1—)()—(1—{—)()(—1)
_4
1—x (1—x)2

4 )\
e We differentiate the function. The outside function is differen-
tiated by the power rule (x*)’ = 4x°.

e The inside function is a fraction and it is differentiated by the
: uy\'  uv—uv
quotient rule (—) =—

v %

.
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1—x

T+x\*
Find local extrema of the function y = ( ) .

Dom(f) =R\ {1} ;

1T4+x\21(1=x) = (1 + x)(=1)
) (1—x)?

_4(1+x)31—x+1+x

(1=x? (1—x)7?

l=4
J (1—)(

We simplify the numerator of the second fraction.
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Find local extrema of the function y = ( 1 +X) . ]
—Xx

Dom(f) =R\ {1} ;

4(1+x)31 1—x)—(1+x)(=1)
1 (1—x)2
14+xP1T—x+1+x

(1=xP (1—=x)?

(1+x)°

(1—x)°

4

+

8

And simplify even more.
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T+x\*
Find local extrema of the function y = ( 7 _X) .

Dom(f) =R\ {1} ; y =8-—+—

We have the derivative y’. The restriction on x are the same as for |
the original function and hence the domain of the derivative is

R\ {1}.
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T+x\*
Find local extrema of the function y = ( ) .

1—x
_ , (1 +x)°
Domif) =B\{1}i ¢ =85k
Stationary point: x; = —1
4 )

e We look for the point where y’' = 0 first.

e The fraction equals zero iff the numerator equals zero.
Hence the unique stationary point is a solution of

(1+x)3>=0.
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T+x\*
Find local extrema of the function y = ( ) .

1T—x
Dom(f) =R\ {1} ; Lk xi = —1
- R T '
X1 :I —1 tIJ
4 )
e We mark the stationary point and the point of discontinuity on

the real axis.

e The real axis is divided into three subintervals. The function
has the same type of monotonicity for all x belonging to the
same subinterval.

.
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T+x\*
Find local extrema of the function y = ( ) .

1—x
1 3
Dom(f) =R\ {1} ; g’=821+X;5, X = —1
X1 :I —1 tIJ
4 )
o We investigate the monotonicity on the interval (—oo, —1)

We choose a test number from this interval

Let & = —2 be the test number.

e We evaluate the derivative at the test point.

- v
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T+x\*
Find local extrema of the function y = ( ) .

1—x
1 3
Dom(f) =R\ {1} ; y =g FX X = —1
(1—x)°
\‘ |
X1 = —1 1
y(=2) <0
, (1-2° _
—2)=8——+——-=8-——+ .
A= 0 <P
The derivative is negative and the function is decreasing at & = —2

and on (—oo, —1).
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T+x\*
Find local extrema of the function y = ( ) .

1—x
3
Dom(f) =R\ {1} ; y’ZS%, X1 = —1
\ | /
X1 :I —1 EIJ
y'(—2)<0 y'(0)>0

Similarly, the test point & = 0 belongs to (—1,1) and
, 1
y'(0) = 81—5 > 0.

The function is increasing at & = 0 and on (—1,1).
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T+x\*
Find local extrema of the function y = ( ) .

1—x
3
Dom(f) =R\{1}; ¢ =Bk x=—1
\ | / \
X1:I—1 EIJ
y'(=2)<0 y'(0)>0 y(2)<0

Finally, the test point & = 2 belongs to (1, c0) and

(1+2)3
(1—-2p

y(2)=8 <0.

The function is decreasing at &3 =2 and on (1, c0).
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T+x\*
Find local extrema of the function y = ( ) .

1—x
_ , ;o (1+x)° _
Dom(f) =R\ {1} ; y—8(1_X)5, x1 = —1
N rnlin e N
X1 :I —1 tIJ
y'(=2)<0 y'(0) >0 y'(2)<0
e The function has a local minimum at x = —1.

e The function has no other local extremum. Particularly, there
is no local extremum at x =1, since 1 & Dom(f).
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T+x\*
Find local extrema of the function y = ( 7 ) .
—Xx

Dom(f) =R\ {1} ; y =8-— x = —1

\ min / \4

X

Il

|
—
-

| Finished! |
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Find local extrema of the function y = 5 and establish the

X
(T+x)
intervals of monotonicity.
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Find local extrema of the function y = T _:X)3. ]

Dom(f) =R\ {—1} ;

(We establish the domain of the function. The only restriction )
follows from the denominator of the fraction:

1+ x#0,

x+=—1.

g B B (©Robert Mafik, 2006 EJ



Find local extrema of the function y = T _:X)3. ]

Dom(f) = R\ {—1} ;

;1 (1 43 —x3(1 4 x)2
((1+x)3)2

~
e We differentiate the function. We use the quotient rule

e When differentiating the denominator (14 x)® we use the chain
rule (14 x)%) = 3(1 + x)2(1 +x)’ = 3(1 + x)2. this allows a
factorization of the numerator in the forthcoming steps.
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Find local extrema of the function y = T _:X)3. ]

Dom(f) =R\ {—1};

;1T (1+x)° —x3(1 +x)?
(14 x))?
(1 +x)?(1 +x — 3x)
(14 x)°

We simplify the numerator of the second fraction. We take the |
common factor (1 + x)? from the parenthesis. ‘
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Find local extrema of the function y =

(1+x)3

Dom(f) =R\ {—1};

;114 x)° —x3(1 +x)2

(14 x))?
(1+x)%(1 +x —3x)
(14 x)8
1 —2x
(T4 x)*

We cancel (14 x)? and simplify the remaining part of the numerator.

BE B B B

(©Robert Matik, 2006



Find local extrema of the function y = T _:X)3. ]

1—2x
(1+x)4"

Dom(f)=R\{-1}: ¢ =

e )
e We have the derivative y'.

e The restriction on x are the same as for the original function
and hence the domain of the derivative is R \ {—1}.

e We will investigate the sign of the derivative.

.
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Find local extrema of the function y = R

1—2x
(14+x)4"

Dom(f)=R\{-1}; ¢ =

. . 1
Stationary point: x; = 5

-~
e We look for the point where y’ = 0 first.
e The fraction equals zero iff the numerator equals zero.
Hence the unique stationary point is a solution of
1—2x=0.
o

BE B B =B

(©Robert Matik, 2006



. , X
Find local extrema of the function y = . ]

(1+ x)3
T = o 1
Dom(f):]R\{—ﬂ, y=(1+X)4; X1_§
1 I
X1_§
4 )

e We mark the stationary point and the point of discontinuity on
the real axis.

e The real axis is divided into three subintervals. The function
has the same type of monotonicity for all x belonging to the
same subinterval.

.
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. , X
Find local extrema of the function y = . ]

(1+x)3
1—2x 1
Dom(f) =R\ {—1} ; ‘= : =
om) =R\ {-1}; =g i n=;
1 K
X = —
T2
4 )
o We investigate the monotonicity on the interval (—oo, —1)

We choose a test number from this interval

Let & = —2 be the test number.

e We evaluate the derivative at the test point.

- v
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. , X
Find local extrema of the function y = . ]

(1+ x)3
1—2x 1
Dom(f) =R\ {—1} ; = : =_
omlf) =B\{-1}; Y=g x=3
/( |
1 ; ' 1
T2
y'(=2)>0
1—2(-2) 5
(—2)=——— ——= :
y(=2) A—20 1 >0
The derivative is positive and the function is increasing at & = —2

and on (—oo, —1).
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. , X
Find local extrema of the function y = . ]

(1+x)3
1—2x 1
Dom(f) =R\ {—1}; /= C = —
omlf) =B\{-1}; Y=g x=3
/ / |
1 ; 1
T2
y(=2)>0 y'(0)>0
- . 1
Similarly, the test point & = 0 belongs to (—1, f) and
1
y'(0) = 1 > 0. The function is increasing at & = 0 and on (—1, ).

2

(©Robert Matik, 2006
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. , X
Find local extrema of the function y = . ]

1+ x)3
T—2 7
Dom) =R\ {-1};  ¢=qgr%i  n=j
/ / | N
- T
X1 = E
y'(=2)>0 y'(0)>0 y'(2)<0

1—4 1
Finally y'(2) = T < 0. The function is decreasing at & =2 and

g B B (©Robert Mafik, 2006 EJ



. , X
Find local extrema of the function y = . ]

(1+ x)3
Dom(f) = R\ {1} ; y':%; x1—%
/( /( MAX \
= N
2
y'(=2)>0 y'(0)>0 y'(2)<0

. . 1
e The function has a local maximum at x = 5

e The function has no other local extremum.

g B B (©Robert Mafik, 2006 EJ



. , X
Find local extrema of the function y = . ]

(1 +x)?
1—2 1
Dom(f) =R\ {—1} ; y':ﬁ; =5
/7 S MAX N
1 . I
=3
| Finished! |
g B BB

(©Robert Matik, 2006



X + 1

3 and establish the

Find local extrema of the function y =

intervals of monotonicity.
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Find local extrema of the function y = &4 _: ! . ]
X

Dom(f) =R\ {0} ;

We establish the domain of the function. The only restriction on x
arises from the denominator of the fraction. Hence x £ 0. ‘

g B B (©Robert Mafik, 2006 EJ



Find local extrema of the function y = &4 _: ! . ]
X

Dom(f) =R\ {0} ;

- 3x3 — Bx +1)3x%
- (x)?

y

We use the quotient rule

(U)’ uv—uv

% v2

with u=3x+1and v = x>
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3x+1
Find local extrema of the function y = XX:_ . ]

Dom(f) =R\ {0} ;

, 3X3—(3X+1)3X2 3X2(X—(3X+1))
L

X6

4 )
e We will look for the points where ¢y’ = 0.

e From this reason it is useful to simplify and to factor the deriva-
tive as much as possible.

e We take out the common factor x> in the numerator.

-
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Find local extrema of the function y = &4 i_ ! . ]
X

Dom(f) =R\ {0} ;

30— (raipe 3 (x—Bx+1))

(X3)2 - X6
x—3x—1
S —

e We cancel the factor x* which is in both numerator and de-
nominator.

e We take the constant factor 3 from the fraction.

g B B (©Robert Mafik, 2006 EJ



Find local extrema of the function y = &4 _: ! . ]
X

Dom(f) =R\ {0} ;

30— (raipe 3 (x—Bx+1))

(X3)2 - X6
x —3x —1 —2x—1
=3 e =3 ”

We simplify.

g B B (©Robert Mafik, 2006 EJ



3x+1
Find local extrema of the function y = XX_: . ]

Dom(f) =R\ {0} ;

30— (raipe 3 (x—Bx+1))

(X3)2 - X6
x —3x —1 —2x—1 2x+1
=3 A =3 [ R -3 A

We take the minus sign from the numerator.

g B B (©Robert Mafik, 2006 EJ



3x+1
Find local extrema of the function y = XX:_ . ]

2x+1
xt

Dom(f)=R\ {0} ;  y/(x)=-3

~
e The domain of the derivative is the same as the domain of the
function f (the same restriction x # 0).

e In order to find the intervals where the derivative is positive or
negative, we have to find the points where y'(x) = 0.

g B B (©Robert Mafik, 2006 EJ



3x+1
Find local extrema of the function y = XX:_ . ]

2x+1

Dom(f) =R\{0}:  ¢(x) =—373

Stationary point: x; = —5-

e The fraction equals zero iff the numerator equals zero.

1 1
e 2x+1=0forx = —5 Hence x; = —5 is the unique stationary
point of the function.

g B B (©Robert Mafik, 2006 EJ



Find local extrema of the function y = Sl . ]

3
) 2x + 1 1
Dom(f) =R\ {0} ; y'(x) =-3 A X =—3
R 5
T2

~

e We mark the point of discontinuity of the derivative and the
stationary points to the real axis.

e The axis is divided into three subintervals. In each of these
subintervals the type of the monotonicity is preserved for all x.
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Find local extrema of the function y = 3XX_: ! . ]
, 2x+1 1
Dom(f) =R\ {0} ; y'(x) =-3 A X =-—5
] 0
T2

We choose an arbitrary test number from the first interval

1
(—o0, —5). Let & = —1 be such a number. We evaluate the

derivative at &.

BE B B =
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3x+1
Find local extrema of the function y = Xt . ]

3
, 2x+1 1
Dom(f) =R\ {0} ; y'(x) =-3 A X =-—5
/ |
N 1 0
T2
—2+1

"(—1) = =3 0

Hence the function is increasing at & = —1 and the same is true

for the interval (—oo, —z)
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Find local extrema of the function y = Sl . ]

3

, 2x+1 1
Dom(f) =R\ {0} ; y'(x) =-3 A X =-—5

/‘ |
o 1 0
T2
1 .

We choose the test number & = ~32 from the second interval

1
(_f' 0). We evaluate the derivative at this point.
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Find local extrema of the function y = Sl . ]

3
, 2x+1 1
Dom(f) =R\ {0} ; y'(x) =-3 A X =-—5
SN
= 1 0
T2
;
—+1
'(—1/4) = —3—2 0
y(=1/4) positive <

and hence the function is decreasing at & = —1/4 and also on the

1
interval (_E'O)'
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Find local extrema of the function y = Sl . ]

X3
) 2x + 1 1
Dom(f) = R\ {0} ; y(x) = —3 XX4 . ox=—3
SN N
P 0
T2
Similarly, for & = 1 we have )
) 241
y'(1)=—3—3

and hence the function is increasing at & =1 and also on the
interval (0, 00).
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Find local extrema of the function y = 3XX:_ ! . ]
2x +1 1
Dom(f) =R\ {0} ; y'(x) =-3 A : X1 :—z
Ve MAX N .
] 0
T2
[

. 1
possesses a local maximum at x = —= and no other local
extremum.
-
A B B

e The function is continuous on R\ {0} (why? explain!).

e From the scheme of monotonicity it follows that the function

\
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3x+1
Find local extrema of the function y = XX:_ . ]

2x+1 1
xt

Dom(f)=R\ {0} ;  y(x)=-3

—_
dq

e The problem is solved!

e Everything concerning monotonicity and local extrema is clear
from the picture.
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ;

We establish the domain of the function. There is no restriction for
x and hence the domain is R.
B B =R (©Robert Mafik, 2006 K&




Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ;

Y = () e (e

We use the chain rule

(wv) =d'v+uV

with u=x? and v = e *.
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ;

yl — (XZ)Ie—X + XZ(e—X)I — er—)( + XZ(_1)e—X

chain rule for derivative of e™*.

g B B (©Robert Mafik, 2006 EJ

We use the power rule for derivative of x* and the formula and the ]




Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ;

y =) e +xHe™) = 2xe ¥ + xX(—1)e "

= e ¥ (2x — x?)

e We will look for the points where ¢y’ = 0.
e From this reason it is useful to factor the derivative.

e We take out the common factor e™*.
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ;

y =) e +xHe™) = 2xe ¥ + xX(—1)e "

=e ¥ (2x —x%) = e *x(2 —x)

The quadratic expression in the parentheses can be factored by
taking out the factor x. ‘
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) =e"x(2—x) ;

Stationary points: x; =0, x, = 2.

4 )
e Now it is easy to find the stationary points.
e The derivative equals zero iff one of its factors equals to zero.
e The factor e * is never equal to zero.
e The factor (x — 2) equals zero iff x = 2.

. v
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) =ex(2—x) ; x =0, x=2

X1I=0 X2=2

4 )

e We mark the domain of the derivative (no restriction) and the
stationary points to the real axis.

e The axis is divided into three subintervals.

e In each of these subintervals the type of the monotonicity is
preserved for all x.

- v
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) = e *x(2—x) ; x1=0,x=2.

N\

X1=0 X2=2

(We choose an arbitrary test number from the first interval (—oo,O).\
Let & = —1 be such a number. We evaluate the derivative at & :

Y= =e (=2~ (1) =€ (-1)3<0

Hence the function is decreasing at & and the same is true for the
\interval (—00,0).
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) = e *x(2—x) ; x1=0,x=2.

(We choose the test number & =1 from the second interval (0, 2). )
The derivative evaluated at this point is

yM=e"12-1)=e">0

and hence the function is increasing at & = 1 and also on the
\interval (0,2).
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) = e *x(2—x) ; x1=0,x=2.

(We choose the test number &3 = 3 from the last interval (2, 00). )
The derivative evaluated at this point is

y(3)=e332—-3)=-3e7<0

and hence the function is decreasing at & = 3 and also on the
\interval (2, 00).
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) =ex(2—x) ; x =0 x=2
N\ min / M/}X N\
X1 I= 0 X2 I= 2
N

e The function is continuous on R (why? explain!).

e From the scheme of monotonicity it follows that the function
possesses a local minimum at x = 0 and a local maximum at
5 =2,
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Find local extrema of the function y = x?e™* and establish the
intervals of monotonicity.

Dom(f) =R ; y'(x) =ex(2—x) ; x =0 x=2

\‘ min /! MAX \‘

e The problem is solved!

e Everything concerning monotonicity and local extrema is clear
from the picture.
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X2

Find local extrema of the function y = % Establish the
X
intervals of monotonicity.

g B B (©Robert Mafik, 2006 EJ



2
Find local extrema of the function y = % ]

Dom(f) = R\ {1} = (0,1) U (1, 00).

4 )

e We establish the domain of the function.
e There is a restriction x > 0 from the In(-) function.

e There is a restriction Inx £ O from the denominator of the
fraction. Since lnx = 0 for x = e° = 1, this is equivalent to
the restriction x = 1.

e The domain is Dom(f) = R\ {1} = (0, 1) U (1, 00).
\_ 4
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2
. , X
Find local extrema of the function y = % ]
X

Dom(f) = R\ {1} = (0,1) U (1, 00).

, 2xlnx—x21;
A ln? x

We differentiate by the quotient rule

( u )' uv—uv
% v2

with u = x” and v = ln x.
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2
. , X
Find local extrema of the function y = % ]
X

Dom(f) = R\ {1} = (0,1) U (1, 00).

, 2xInx—x*1 2xlnx—x
v ln® x  In’x

We simplify the numerator.
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2
, X
Find local extrema of the function y = % ]
X

Dom(f) =R"\ {1} = (0,1) U (1, 00).
,_2xlnx—x21;_2xlnx—x x(2lnx —1)

= ln? x N n? x - ln? x

We will look for the points where ¢ = 0.

The fraction equals zero iff the numerator equals zero.
e From this reason it is useful to factor the numerator.

We take out the common factor x in the numerator.

.
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2
, X
Find local extrema of the function y = % ]
X

Dom(f) =R"\ {1} = (0,1) U (1, 00).
;L 2xlnx — x?1 _ 2xlnx—x  x(2lnx—1)
v ln® x o n’x ln® x

e Now it is easy to find the stationary points.

e The fraction equals zero iff one of the factors in the numerator
equals to zero.
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2
. , X
Find local extrema of the function y = % ]
X

Dom(f) =R\ {1} = (0,1) U (1, 00).
,_2xlnx—x21;_2xlnx—x x(2lnx —1)

= ln? x N n? x - ln? x

Stationary point: x; = e'?,

1/2

e The factor (2lnx—1) equals zero for Inx = =, i.e. forx =e

N —
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2
, X
Find local extrema of the function y = % ]
X

Dom(f) =R\ {1} = (0,1) U (1, 00).
,_2xlnx—x21;_2xlnx—x x(2lnx —1)

= ln? x N n? x - ln? x

Stationary point: x; = e'2,

e The factor x never equals zero due to the restriction on the
domain.

e There is no other stationary point
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2
. , X
Find local extrema of the function y = % ]
nx

2lnx —1
Dom(f) = (0, 1)U (1, 00) ; y'Z%: X =e'?

e We will work with the derivative and the stationary point.

e We have to find the domain of the derivative. Since the re-
strictions are the same as for the original function, the domain
of f’ is the same as the domain of f.
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2
. , X
Find local extrema of the function y = % ]
nx

20X —1
Dom(f) = (0,1) U (1, 00) ; y':L;); xi = e'l?
ln° x
0 1 x1:|e”2

~

e We mark the domain of the derivative (including the point of
discontinuity) and the stationary point to the real axis.

e Since 1 = €” and 0 < 1/2, then 1 < e'?. (The exponential
function is increasing)
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2
. , X
Find local extrema of the function y = % ]
X

20X —1
Dom(f) = (0,1)U(1,00); ¢ = L;) . ox=el,
ln° x
0 |
0 1 . :'91/2

~

e The axis is divided into four subintervals. One of these subin-
tervals does not belong to the domain.

e In each of the remaining subintervals the type of the mono-
tonicity is preserved for all x.

g B B (©Robert Mafik, 2006 EJ



2
. , X
Find local extrema of the function y = % ]
nx

20X =1
Dom(f) = (0,1) U (1, 00) ; g’zx(”izx); xi = el
ln° x
0 ~ |
0 1 . :'91/2

Let & = e~ ' is a test number from the first subinterval. The
e 1(=2—1)
(=1)?
we used In(e~") = —1. Hence the function is decreasing at & and

the same is true for the interval (0, 1).

derivative at & is negative, since y'(—1) = < 0, where
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2
. , X
Find local extrema of the function y = % ]
nx

Dom(f) = (0,1)U(1,00); o = EMX=N. 0w
ln° x
0 ~ N
0 1 X :'91/2

4 1 )
& = e satisfies 1 < e'/* < €' and In(e'?) = 5 Hence
1741
ey =""L"1_g
1
(4)
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2
. , X
Find local extrema of the function y = % ]
nx

Dom(f) = (0,1)U(1,00); o = EMX=N. 0w
ln° x
"IN N
0 1 X1:'e1/2

& = e satisfies 1 < e and In(e) = 1. Hence

21
y(e) = & — ) > 0.
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2
. , X
Find local extrema of the function y = % ]
X

2nx =1
Dom(f) = (0,1) U (1, 00) ; y':L;); xi = e'l?
ln° x
@ \, \ mlin /‘
0 1 . :'91/2

1)
Finished. The function possesses unique local minimum at x = e?2
and no local maximum.
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THAT’S ALL
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