Limits and L'Hospital rule

Robert Maftik
May 9, 2006

<<} (©Robert Matik, 2006 B



Contents

arcsin x

. x ln x
im ——-
x—00 X2 + x + 1
. X—sinx
lim ———
x=0  sin” x
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arcsinx |

Find lim
x—0 1 —eX
. arcsinx
lim ——
x—0 1 —eX
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arcsinx |

Find lim
x—0 1 —eX
. arcsinx
lim — =
x—0 1 —eX

We substitute. Since arcsin0 = 0 and ¢ = 1, we have an
indeterminate form.
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arcsinx |

Find lim
x—0 1 —eX
. arcsinx I'H.r
lim —— = =
x—0 1 —eX
The I'Hospital rule can be used for this limit. ]
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. . arcsinx |
Find lim —
x—0 1 —eX

. arcsinx I'H.r |. (=t
lim — = =" lim
x—0 1 —eX x—0 —eX

According ot the I'Hospital rule, we have

__arcsinx . (arcsinx)’
lim = lim :
x—0 1 —eX x—0 (1 —eX)

provided the second limit exists (finite or infinite).
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x—0 1 —eX

. arcsinx I'H.r . 1—x2
llm _— = = le = —1
x—0 1 — eX x—0 —eX

[Find lim 2XeStnX X]

We substitute. We get

l = =1
T T4
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arcsinx |

Find lim
x—=0 T —eX
1
: , —
Ly Aresiny [0 )re ViR
x—0 1 —eX x—0 —eX
| Finished! )
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Find lim #
x—00 X2+ x +1
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Find lim XX
X—00 X2 + X + 1

. x lnx
X—L><><>X2+X+‘|

[We start with the limit.
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Find lim Xli]

x—00 X2 4+ x +1
x ln x 00
im —— =|—
x—00 X2 4+ x + 1 00

We substitute. We have

oo ln oo

318

o

This is an indeterminate form.
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Find lim Xli]

x—00 X2 4+ x +1
- x ln x | 09 | I'H.r - lnx +1
x—o0 X2+ x+1 " |oo|  xoo0 2x+1

We use the I'Hospital rule. When differentiating we obtain

lim (x Inx)’ o x4+ X%
L —_— = m ———————
oo (Xt x+ 1) xo0 2x+ 1
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Find lim Xli]

x—00 X2 + x + 1

x ln x o |I'Hr .. Inx+1 00
m —— =\ — = m = | —
x—00 X2 4+ x + 1 00 x—o0 2x + 1 00

We substitute. We have

lnoo +1 -

0
1) 0
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Find lim XX
x—00 X2 + x + 1

x ln x oo |rHr . lnx+1 [0o|lHr .
im >———=|—| = lim =|—| = lim %
x—00 X2 4+ x + 1 o0 x—00 2x 4+ 1 00 x—00 2
We continue with the I'Hospital rule. ]
B
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Find lim Xli]

x—00 X2 4+ x + 1

x ln x oo [IrHr ;. lnx+1 oo |IHr |
lim ——= = = ["Z" lim =|—| = lim%*=0
x—00 X2 4+ x + 1 00 x—00 2x + 1 [ore} x—00 2

We substitute. We obtain

N[ [=
[l

N O©
[l
o
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. . x—sinx |
Find lim ————
x=0  sin” x
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. . x—sinx |
Find lim ————
x=0  sin” x

X —sinx

x=0  sin” x

[We start with the limit.

J
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We substitute. We have

0—sin0 _9
sin’ 0 0
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. x—sinx O|rHr .. 1 —cosx
lim ——— ~| = lim———
x=0  sin’ x 0 x=0 3 sin® x cos x

We use I'Hospital rule. The chain rule gives

(sin®(x)) = 3sin® x(sin x)’ = 3sin® x cos x.

B O E |
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Find lim — 3

x=0  sin” x
. x—sinx O|rH.r
lim 5 = —
x>0 sin’ x 0

1 —cosx

2XCOSX

lim —
x—0 3 sin

We substitute. Since | cos0 =1 | and |s'LnO = 0|, we have still I ]
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. . X—sinx
Flnd le — 3
x=0  sin” x

. x—sinx O|rHr .. 1 —cosx
x=0  sin’ x 0 x=0 3 sin® x cos x
I'H.r ,. sin x
=" lim

x—0 6 sin x cos2 x — 3sin’ x

We use the I'Hospital rule once more. In the denominator we have
(3sin’ x X cos x)’ = 3.2sin x cos x cos x 4 3 sin® x(— sin x)

(product rule and chain rule).
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. . X—sinx
Flnd le — 3
x=0  sin” x

. x—sinx O|rHr .. 1 —cosx
x=0  sin’ x 0 x=0 3 sin® x cos x
I'H.r ,. sin x
=" lim =

x—=0 6 sin x cos2 x — 3sin’ x

We substitute. Still
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X —sinx

N

Find lim — 3
x=0  sin” x
. x—sinx O|rHr .. 1 —cosx
x=0  sin’ x 0 x=0 3 sin® x cos x
I'H.r ,. sin x
=" lim =

x—=0 6 sin x cos2 x — 3sin’ x

I'H.r

Cos x

x—0 6083 x — 6.2. sin® x cos x — 9sin® x cos x

We use the I'Hospital rule once more.

|
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. . X—sinx
Flnd le — 3
x=0  sin” x

. x—sinx O|rHr .. 1 —cosx
x=0  sin’ x 0 x=0 3 sin® x cos x
I'H.r ,. sin x
= lim — —— =
x—=0 6 sin x cos? x — 3sin” x
I'H.r . COS X 1

x—0 6083 x — 6.2. sin” x cos x — 9sin®xcosx 0

The last function is continuous at x = 0. Really, the substitution into
the limit gives the well-defined result. The problem is solved.
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x —arctgx |

Find i
n ng] X3

[>] (©Robert Matik, 2006 B



x—arctgx]

Find i
n xi% X3

X — arctgx
lim X — 259X

x—0 x3

[We start with the limit . ..

J

B O E |

(©Robert Matik, 2006



[Find lim X 2r9X ]

x—0 X3

1
1——
. x —arctgx I'H.r ,. 2
[lm739: :rltm#
x—0 X x—0 3x

...and substitute. Remember that . We have an

indeterminate form and we can use the |'Hospital rule.
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[Find lim X —2rctgx ]

x—0 X3

1
11— ——
. x—arctgx I'H.r .. 2
x—0 X x—0 3x

We substitute and obtain again the indeterminate form. ]
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[Find lim X —2rctgx ]

x—0 X3

1
11— ——
. x—arctgx I'H.r .. 2
x—0 X x—0 3x

simplify lim 1
x—0 3(1 + x2)

(The next application of I'Hospital rule is possible, but it would yield )
complicated calculations. We prefer simplification of the fraction

T N
1+x2 _ 1452 _ x? _ 1
3x2 3x2 (1+x2)3x2  3(1+x?)
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[Find lim X —2rctgx ]

x—0 X3

11— ——
. x—arctgx I'H.r .. 2
x—0 X x—0 3x

simplify lim 1 _ 1
x—0 3(1 =+ X2) 3

We substitute. The function is continuous at x = 0 and the limit can
be evaluated by the substitution.
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Find lim+ x ln x. ]

x—0
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x—0

Find lim+ x ln x.]

lim xlnx
+

X—>

[We start with the limit and substitute. ]
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[Find lir(r)lJr x ln x. ]

. simplify . ln x
X0t x—0ot+ 1

X

The substitution gives and indeterminate form. We have to write the

function in the limit as a fraction. To do this we write x = — and

)<|A|A

multiply with logarithm.
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[Find lir(r)1+ x ln x]

. implify . lnx —00
lim xlnx =]0 X (—o0) SR lim == = —=
x—0t x—0t 1 o0

X

Now we have indeterminate form for which |I' Hospital rule can be ]
used.

[>] (©Robert Matik, 2006 B



[Find lir(r)1+ x ln x]

. implify . lnx —00
lim xlnx =]0 X (—o0) SR lim == = —=
x—0t x—0t 1 o0

X
1
I'Hr . X
= lim X
x—0t 1
%)
We use |I' Hospital rule. ]
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[Find lir(r)lJr x ln x. ]

. implify . lnx —00
lim xlnx =]0 X (—o0) SR lim == = —=
x—0F x—0t 1 o

X
1
I'H.r .. X simplify .
= lim =" lim —x
x—0t 1_ x—0+
%
We simplify. The function in the limit is continuous at x = 0. ]
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[Find lir(r)lJr x ln x. ]

. implify . lnx —00
lim xlnx =]0 X (—o0) SR lim == = —=
x—0F x—0t 1 o

X
1
I'H.r . X  simplify .
= lim 2" lim —x =0
x—0F 1_ x—0+
%
The limit of continuous function can be evaluated by direct
substitution.
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[Find lir(r)lJr x ln x. ]

. implify . lnx —00
lim xlnx =]0 X (—o0) SR lim == = —=
x—0F x—0t 1 o

X
1
I'H.r .. ~  simplify .
0 lim =X " im —x =0
x—0t 1 x—0t
%
The problem is solved. ]
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X—0Q

Find lim x2e™* ]
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X—00

Find lim xze_xz]

. 2
lim x%e™*
X—0Q

[We start with the limit.

J
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[Find lim x2e™ ]

X—00

. 2
lim x?e™" =[00 x 0]

X—0Q

We substitute. More precisely, we evaluate separately the following \
limits

. L e
lim x? and lim e™

X—0Q X—00

We obtain an indeterminate form.
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X—00

[Find lim x2e™ ]

. 2 2 simplify . X2
lim xe™ = =" lim

2
X—00 X—00 @

We have to convert the function inside the limit into fraction. We use )
the identity
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X—00

[Find lim x2e™ ]

l 2 2 simplify l X2 o0
im x°e™" =|o0 = im — ==
X—00 x—00 X’ o
The limit has the form required by the |I' Hospital rule. ]
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[Find lim x2e™ ]

X—00

- 2
. 2 simplify . X o (I'H.r . 2x
lim x?e¥ : 2™ lim =|— | = lim -

oo xD00 X 00 x—00 2xeX

We use |I' Hospital rule. ]
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X—00

[Find lim x2e™ ]

simplify X o | I'Hur . 2x
lim x“e : =7 — =|—| = lim 5
X—00 x—o0 @X fo'e) x—00 2xeX
simplify 1
Y lm —
x—00 @X
We simplify. ]
(©Robert Matik, 2006
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X—00

[Find lim x2e™ ]

- 2
. 2 simplify . X o (I'H.r . 2x
llmxzeX: :yllm—zz— =" lim >
X—00 x—00 X 00 x—00 2xeX
simplify 1 1
lim — = —

We substitute (in the sense of limits). Hence we evaluate separately
the limit of the numerator and the denominator.
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X—00

[Find lim x2e™ ]

. 2 2 simplify . x2
lim x“e™ = =" lim —
x—00 @X

X—00

I'H.r

2x

x—00 2xeX’

We obtain well-defined expression which equals zero. The problem is ]

solved.

B O E |

(©Robert Matik, 2006



Find  lim x(arctgx — g)]
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[Find lim x(arctgx — g)]

lim x (arctgx— z)

X—0Q 2

[>] (©Robert Matik, 2006 B



[Find lim x(arctgx — g)]

by

— arctgx — —

. Ty simplify . 2
lim x (arctgx — 2} =[o0 x 0] """ lim ——
X
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[Find lim x(arctgx — g)]

by

A arctgx — —

. z _ S|m_p||fy . 2
tix artas - 3) = [oa 0] iy *4 2 -8

X
1
o 2
|i.r lim 14+ x
X—00 1
X2

(©Robert Matik, 2006 B



[Find lim x(arctgx — g)]

4

A arctgx — —

. Vs simplify . p)
lim x(arctgx—z): = Xlggof:

X—0Q

1
PHe i 12 | O |simelify —x?
X—0Q 1 X—00 1 + XZ

x2

X
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[Find lim x(arctgx — g)]

T
A arctgx — —
. T simplify . 2
lim x(arct x——) =lcox0| ="~ lim —= =
lim x (arctgx — 5 lim ——
X
1
— N 2
I'H.r . 2 simplify . —X —00
Br i 1E2x2 B lim I
X—00 1 x—00 1 +X2 o
2
2
—X
= lim —
X—0Q )(2
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[Find lim x(arctgx — g)]

by
A arctgx — —
. z _ S|m_p||fy . 2
ti e artas = ) = [oa 0] iy Z4 2 -8

X
1
Hr . 14 x2 simplify .. —x° —o0
=" lim = = lim > =|—
x—00 1_ x—00 T+ x 00
X
im =5 —
= lim — =—
X—0Q X2
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