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1 Improper integral

In the following we extend the concept of Riemann integral for integration on the
unbounded intervals like [1, 00), (—o0, 00) and so on. This is necessary especially

because of applications in statistics.
b

If one of the limits a, b in the integral [ f(x) dx is +o00, then the integral is called

a
improper and the corresponding unbounded limit of integration is called singular
point.

* 2 u 2
e “dx = lim e “dx
1 u—oo J 4

/ -~

1 u

y
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(" Definition (improper integral). Let a be a real number and f be a function}
integrable in the sense of Riemann on the interval [a, t] for every t > a. Under
an improper integral

I = / f(x) dx (1)
we understand the limit

t
I = llm/ f(x) dx,

t—o0

if this limit exist as a finite number. In this case the integral is said be convergent.
If the limit does not exists or equals =00, then the integral is said to be divergent.
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u

a
Definition (improper integral). The integral / f(x) dx is defined in a similar

—0Q

a
way as the limit tl'lm / f(x) dx.
——00 Jt
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=

o0 2 0 2 o0 2
/ e dx :/ e dx +/ e dx
) —00 0
0 2 v 2
= lim e dx+ lim e ™ dx
u——0o0 u V=00 0
—+00

The integral / f(x) dx is defined as the sum of two integrals

—00

c (o]
/ f(x) dx —|—/ f(x) dx where ¢ € R is any real number, provided both integrals
—0Q c

are convergent. It can be shown that the particular value of ¢ has no influence to
the value of the resulting integral.
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i = ——dx.
Find / /1 A2 ) X
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: o 1 |
[Flnd I=/1 md)(]

= li -
u[—L>ngo/1 X2+ 1) dx

According to the definition, we substitute the upper limit by u. I
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: o 1 |
[Flnd I=/1 md)(]

1 1 X
/x(x2+1)dx_/}_x2+1dx_

We decompose into partial fractions.
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: o 1 |
[Flnd I=/1 md)(]

u 1
I: 1 _—
lll_L>'2<)/1 (x2+1)dx

1 1
— dx= | - = - 1
/x(x2+1)dX /X X2+1 dx =lnx ln(x +1)

We integrate using basic rules and formulas. I
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: o 1 |
[Flnd I=/1 md)(]

Y 1
I: 1 _
&"&/1 R
1 1 X 1,
s . = _—— = —_ = 1
/X(X2+1)dx /x x2+1dX ln x 2ln(x—i—)

u 1 1 5 1
/1x(x2+‘|)dx lnu 2[n(u+ )+2ln()

We evaluate the Riemann integral by Newton—Leibniz formula. I
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1 1 1
_ = — = —_ = 1
/x(x2+1)dX /x x2+1dX Ll Liny)
i . 1
/1 x(x2+1)dX lnu ln(u + )+2ln()

/= lim [lnu——ln(u F1)+ ln(Z)]

u—oQ

We use the limit process u — oo.
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: o 1 |
[Flnd I=/1 md)(]

Y 1
I: 1 _—
ulLTo/1 1) &
1 1 1
_— — — e _— = 1
/x(x2+1)dx /X X2+1dX nx 2ln(x !
uq X 1
/1x(x2+1)dx lnu 2ln(u+ )+2ln()

[ = lim IIln u— % ln(u2 + 1)]—{- 1 ln(Z)] =

1 1 u?
=§m2+§mkggﬁ:7) 2m2+2m1_2m2

e The expression is co — 0.

e We add the terms with logarithms and evaluate the limit as a limit of con-
tinuous function with continuous “outside” component.
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: o 1 |
[Flnd I=/1 md)(]

u 1
I: 1 _—
&'&/1 S A
1 1 1
_ = — = —_— 1
/x(x2+1)dx /X X2+1dX nx 2ln(x al
v . 1
. dx=lnu—= 1)+ = n(2
/1x(x2+1)dx lnu ln(u + )+2ln()

/= lim [lnu——ln(u F) 4= ln(Z)]

u—oQ

1 u?
zzln2+§ln(ulin;)m) 2ln2+2ln1

1
The integral is convergent and the value is 5 n2. ]
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[Findl:/ ! dx.]
> xlnx

We write

= l'Lm/ ! dx.
u—oo J5 xlnx

The indefinite integral satisfies

1 1
/ dx:/ *— dx = In|lnx|
x ln x ln x
and hence

* 1 v
I:/ dx:llm/ dX:llm[ln|lnu|—ln|ln2|]:oo
2> xlnx u—oo J, xlnx u—00

and the integral diverges.
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o
1
Find [ = —— dx.
" /1 xXVx+1
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& 1
Find [ = —— dx.
[ln /1 ] x]

/= lim

Y 1
—dx
u~>oo/1 X\/X+1

We start with the definition of this integral. I
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& 1
Find [ = —— dx.
[ln /1 ] x]

/= lim

Y 1
—dx
u%oo/,l XW/X+1

1
—d
/X\/X+1 X

[We look for the antiderivative. ]
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& 1
Find [ = —— dx.
[ln /1 ] x]

/= lim

Y 1
—dx
u%oo/,l XW/X+1

1 x+1= tz
——dx
/ xvx+1
[We use the substitution which removes the radical. ]
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& 1
Find [ = —— dx.
[ln /1 ] x]

/= lim

Y 1
—dx
u%oo/,l XW/X+1

1 X+1=t2
——dx — 2 _
/X 1 X =1t 1

[We solve the substitution for x. .. ]
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& 1
Find [ = —— dx.
[ln /1 ] x]

/= lim

1
—d
/X\/X+1 X

Y 1
—dx
u%oo/,l XW/X+1

x+1=1¢
x=t>—1
dx = 2tdt

[...and find the relation between differentials.

J

B OB B
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<1
Find /= —dx.
[ln /1 T x]

/= lim

Y 1
——dx
LH°°/1 xvVx+1

/ 1 X+1:t2 1
————dx | x=2_1 =/72tdt
V4 2 —1)t

xvx +1 dx = 2t dt (#=1)

[We substitute. . .

J
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o0 1
Find [ = - dx.
['” /1 X\/mX]

I = lim /u ! dx
 usoo 1 xvVx+1
2
/7dx 1 =/72tdt=/—dt
VX1 t2—1)t 2 —1
aiad dx = 2t dt (==
. and simplify.

]
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& 1
Find [ = —— dx.
[ln /1 ] x]

/ Li /u ! dx
= lim Y ——
u—0o0 Jj X\/X+1
2
1 x+1=t 1 2 t—1
/7dx X =1 _1 =/72tdt=/—dt=ln—
Y/ 2 —1)t 2 —1 t+1
Yo dx = 2t dt ( ) *

(We expand into partial fractions and integrate.

2 1 1
——dt= | — — ——dt=In|t—1]—Iln|t +1
/t2—1dt /t—1 t+1 n| | = nft+1]

=] _ =1
n =
|t +1] t+1

=1

.
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& 1
Find [ = —— dx.
[ln /1 ] x]

/= lim /u ! dx

S uoe Ji oxy/x 1

/ 1 X+1=t2
———dx | x=f—1
xVx +1 dx = 2t dt

:/ﬁthtz/tz—

I vVx+1-—1
VX £ 1+1

2 t—1
dt = ln ——
1 " TFA

We use back substitution t = Vx + 1.

B OB B
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& 1
Find [ = —— dx.
[ln /1 ] x]

. Y 1 1 vVx+1—1
| = lim ——dx ——dx=lnh—
u—oo J1 xv/x+1 xvVx+1 vVx+1+1

Y 1
——dx
/1 xvVx+1

The antiderivative is known. We continue with the definite integral. I
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& 1
Find [ = —— dx.
[ln /1 ] x]

. Y 1 1 vVx—+1-—1
I:ltmlidx ——dx=lnh—
u—oo J1 xv/x+1 xvVx+1 vVx+1+1

ln\/x+1—1]“
\/X+1+1 1

dx =

Y 1
/1 xvVx+1

[We use Newton—Leibniz formula. ]
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& 1
Find [ = —— dx.
[ln /1 ] x]

. Y 1 1 vVx—+1-—1
| = lim ——dx ——dx=lnh—
u—oo J1 xv/x+1 xvVx+1 vVx+1+1

dx =

\/x+1—1]“_l Vutt—1 V21

v 1
e lni = n —n
/1 xvVx + 1 Vx+14+1]4 Vu+T1+1 V2 +1

The application of Newton—Leibniz formula gives this value.
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& 1
Find [ = —— dx.
[ln /1 ] x]

(Y 1 Vx+1-1

/:um/ - dx — dx=Iln—

u—oo Ji xv/x +1 xvVx+1 vx+14+1

/ L VEE 1—1] YutT-1 V21

1 xvVx+1 \/x+ +1 \/u+ +1 \/§+1
/——ln\/j_1+l Y =1l
V241 umoo \/u+ +1

The improper integral is a limit of the definite integral.

]
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& 1
Find [ = —— dx.
[ln /1 ] x]

. Y 1 1 vVx—+1-—1
/| = lim ——dx ——dx=lnh—
u—oo J1 xv/x+1 xvVx+1 vVx+1+1

/ 1 dx = |in VX 1—1] I vu+1-—1
1 xvVx+1 vVx+1+1 vu+1 +1

\/j 1+l‘ nYuti-1
\f+1 u=oo U141
\f+1+l (l Vu+ 1—1)

=In
V2-1 w50 U+ 1 + 1

| =—

We use theorem concerning the limit of composite function.
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o0
Find /= —d
[ in /1 e X
1 Vx+1-—-1
I = lim dx =ln ——
u—00 XV X —|— xvVx+1 vx+1+1
L VEE 1—1] g YutT-1 V21
xvV/x 41 X FT+1 NESEE "2+
e Y22 o i YT
\f+1 woeo U1+
V241 Vit+1—1 V2 +1  (Vux1y
=ln +In | lim =ln +n | lim ——-
V2 —1 w0 ur 1+ 1 V2 —1 u=co (vu+ 1)
[We have the indeterminate form * and I'Hospital rule can be used. ]
00
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Find = —d
[ln /1 i X
1 vVx+1-—1
/_llm/ dx = ln —
u—00 xvVx—+1 xvVx+1 vx+1+1
L VEE 1—1] g YutT-1 V21
xvVx +1 AT +1 Vuri+1 \/§+1
(=~ Y21 gy 0 YT
\f+1 u=co \/u+ +1
\f+1le (l Vu+ 1—1) \f2+1+ln(um (\/u+1)’)
\/__ u—oco \/uy4+141 \/j_’l u~>o<>( u+’|)'
:ln\/_+1+ln1
vV2-1

The numerator and denominator cancel.

J
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o
Find [ = —d
[ln /1 ] X

= li / ! dx = In x+1-1
= uum — -
u—00 xvVx—+1 xvVx+1 vx+1+1
1 p VX + 1—1] i Vut1—1 e V2 —1

X =
xvVx + 1 Vx+1+1 Vu+1+1 V2 +1

\/j 1+l‘ nYuti-1

|=—
\/_+1 u=00 \/u—i— +1

_n Y2, (l vu 1_1) In \/j+1+ln(lim (7”’“))
"z e V2 -1 u=00 (\/u 1)
V241 V241
_ln\/z_1+l1 \/2_1
In1=0 |

Improper integral (©Robert Mafik, 2006 E§



Find /= —d
[ln /1 i X
1 vVx+1-—1
/_um/ dx = In Y0—nu—
u—00 xvVx—+1 xvVx+1 vx+1+1
L VEE 1—1] g YutT-1 V21
xvVx +1 R Vuri+1 \/§+1
|=— \/j Loy o pael =1
\f+1 u=co \/u+ +1
_n Y2, (l vy 1_1) \/j+1+ln(lim (7”’“))
"z e V21 u=00 (\/u 1)
:ln\f+1+l1 V241
vV2-1 "1

[The problem is resolved.
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00 2
Find I=/ xe * dx
0
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/xexdx
U—)OOO

We start with the definition of the improper integral. I
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/XEXdX
U—)OOO

/xe‘X2 dx

We evaluate the indefinite integral first.
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/XEXdX
U—)OOO

—x’=t
/xe‘X2 dx

The composite function suggest the substitution for the inside function (—x?). I
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/XEXdX
U—)OOO

—x’=t
/ 2 —2xdx = dt
xe * dx

1
dx = —= dt
x dx >

We find the relationship between differentials. The expression x dx is present in
the integral and the integral is ready for substitution.
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/XEXdX
U—)OOO

/xe‘X2 dx

—x’=t

—2xdx = dt

1
dx = —= dt
X dx >

1
—Eletdt

We substitute,. . .

J

-]
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/XEXdX
U—)OOO

—x’ =t
_ - 1 1
/xe‘X2 dx 2N = Gl :——/e’dt:——e’
: 1 . 2 2
= ——dt
x dx >
evaluate the integral,. .. I
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/XEXdX
U—)OOO

—x’ =t
2 —2xdx=dt | 1 L BT S
/xe dx ) 1d = 2/edt— S =5e
= ——dt
x dx >
and go back to the variable x. I
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/X(:‘XdX
U—)OOO

-2 =t
— = 1 1 1
/xe‘x2 dx 2xdx = d :—zletdt:—zetzze_x2
xdx = —=dt
v 2
/ xe X dx
0
We continue with definite integral. I
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/X(:‘XdX
U—)OOO

-2 =t
2 —2xdx=dt | 1 PR PR
/xe dx —Zledt— 2e—ze
xdx = —=dt
u 2 2 Y
/ xe X dx = [——e_X ]
0 0
[The antiderivative is known and we can use Newton—Leibniz formula. ]
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00 2
Find I=/ xe * dx
0

u
. 2
= llm/X(:‘XdX
U—)OOO

—x’ =t
2 —2xdx=dt | 1 PR PR
/xe dx ) 1d = 2/edt— S =5e
= ——dt
x dx >
Y 1 ! 1 1
/ xe " dx = [——e_xz] =——e ¥ = (——eo)
0 2 0 2 2
An application of Newton—Leibniz formula gives this value. .. I
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o0 2
Find I=/ xe * dx
0

u
. 2
= llm/X(:‘XdX
U—)OOO

2 —2xdx=dt | 1 A SV
/xe dx ) 1d = 2/edt— 2e_ze
=—=dt
x dx >
u 1 u 1 1

. which can be simplified.
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00 2
Find I=/ xe * dx
0

u
. 2
/= lim / xe X dx
u—0Q 0

-2 =t
2 —2xdx=dt | 1 PR PR
/xe dx ) 1d = 2/edt— S =5e
= ——dt
x dx >
u 2 2 Y 1 2 1 2
—X d — P ¢ — _ _au _ 0 = —Uu
[t e e () e
1 1 e
IS
The improper integral is by definition limit of the definite integral. I
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00 2
Find I=/ xe * dx
0

u
. 2
/= lim / xe X dx
u—0Q 0

-2 =t
2 —2xdx=dt | 1 PR PR
/xe dx ) 1d = 2/edt— 2e—ze
= ——dt
x dx >
v, [1_2]” 1 _» (10) o
xe ¥dx=|—ze™| =—ze" — | —z¢e"| = U
/0 2 0 2 2
T DR B
=373 =373%°

00? = oo (in the sense of limits)
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00 2
Find I=/ xe * dx
0

u
. 2
/= lim / xe X dx
u—0Q 0

—x’=t
2 —2xdx=dt | 1 PR PR
/xe dx ) 1d = 2/edt— 2e—ze
= ——dt
x dx >
v, [1_2]” 1 _» (10) o
xe ¥dx=|—ze™| =—ze" — | —z¢e"| = U
/0 2 0 2 2
T D R BN
EERLE ARt Es s

[e_‘x’ = 0 (in the sense of limits)
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00 2
Find I=/ xe * dx
0

u
. 2
/= lim / xe X dx
u—0Q 0

-2 =t
2 —2xdx=dt | 1 PR PR
/xe dx ) 1d = 2/edt— 2e—ze
= ——dt
x dx >
v, [ 1_2]” 1 _» ( 10) o
xe ¥dx=|—ze™| =—ze" — | —z¢e"| = U
J | -5
1 1 2 1 1 1
I:—— 1 _—Ll:___ OO:—
7 hm g =373 =3

The problem is solved.
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o
Find /=/ x2e ™ dx.
0
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o
[Find /=/ xZede.]
0

u
/= lim / x>e ™ dx
u—oQ 0

We start with the definition of the improper integral. I
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o
Find /=/ x2e ™ dx.
0

u
/= lim / x>e ™ dx
u—oQ 0

/X2 e “dx

[We evaluate the antiderivative first. ]
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We integrate by parts with

u = 2x
v=—¢e

—X

]
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o
[Find /=/ xZede.]
0
u
| = lim / x2e ™ dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

We integrate by parts with

~

u=x u
%

1
vV =e"* e

= —e

o] Improper integral (©Robert Mafik, 2006 E§



We evaluate the integral ... I
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. and take out the repeating term —e ™ *.
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e ¥ dx = [—e_X(X2 + 2x + 2)];
0

We continue with the definite integral. The antiderivative is known and
Newton—Leibniz formula can be used.
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e X dx = [—e-_x(x2 + 2x + 2)];
0

= —e Y(u* +2u+2) — [0+ 0+2)]

The application of the formula gives this value. This can be simplified. I
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e X dx = [—e-_x(x2 + 2x + 2)];
0

= —e (P4 2u+2)—[-04+0+2)]=—e (P +2u+2)+2

This is the definite integral. It remains to evaluate the limit. I
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e X dx = [—e-_x(x2 + 2x + 2)];
0

=—e P4+ 2u+2)—[-04+0+2)]=—e (P +2u+2)+2

[ =2— lim e Y(v* 4 2u+2)
[ lim e =0 and is an indeterminate form. ]

u—0o0
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e X dx = [—e-_x(x2 + 2x + 2)];
0

=—e P4+ 2u+2)—[-04+0+2)]=—e (P +2u+2)+2

2
ue42u+2
I=2— lim e (P +2u+2)=2— lim wheut e
u—00 u—00 eY
We convert the indeterminate form into quotient and use I'Hospital rule. I
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

cu
After application of I'Hospital rule we have still 2| We use I'Hospital rule
00
again.
24+ 2u+2
J=2— lim e (1’ +2u+2) =2 — lim = F24*<
u—00 u—00 eY
2u+2
=2— lim ut

U—=00 eY ) '
B Improper integral (©Robert Matik, 2006 Kl



o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
j x’e X dx = [—e-_x(x2 + 2x + 2)];
0

u—oo eY ex [e%)

[Nowwehave limgzizgzﬁ ]
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| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
j x’e X dx = [—e-_x(x2 + 2x + 2)];
0

u—oo eY ex [e%)

[Nowwehave limgzizgzﬁ ]
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Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/xzefx dx = —x%e ¥ 42 /xefx dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e X dx = [—e—X(x2 + 2x + 2)];
0

= —e Y +2u+2) — [0 +0+2)]=—e Y’ +2u+2)+2
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J=2— lim e (1’ +2u+2) =2 — lim = F24*<
u—00 u—00 el
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o
Find /=/ x2e ™ dx.
0
| = lim / xZe X dx
u—0Q 0

/XZEFX dx = —x%e ¥ 42 /xe*X dx = —x%e ¥ +2 (—xeX + / e~ dx)

=—xle ¥+ 2(—xe ¥ —e )= —eX(x*+2x+2)

u
/ x’e X dx = [—e-_x(x2 + 2x + 2)];
0

[The problem is solved

24 u+2

J=2— lim e (1’ +2u+2) =2 — lim = F24*<
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o
[Findl:/ a;ctgde]
1 X +1

/:lim/ arctg X 4y
usoo Ji x2 41

We start with the definition of the improper integral. I
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o
[Findl:/ a;ctgde]
1 X +1

/:um/ aretg X 4y
usoo Ji x2 41

arctg x
——d
/X2+1 X

We evaluate the indefinite integral first. I
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-

* arctg x

d
i X]

/:um/ aretg X 4y
usoo Ji x2 41

arctg x
——d
/X2+1 X

arctgx =t

We use the substitution arctgx = t.
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o
[Findl:/ a;“ngX]
1 X +1

/= um/ arctgx 4,
1

u—00 X2 +1

arctg x a/lrctgx =t
% k= dr
X x2 41

1 1
With this substitution we have ——— dx = dt and the term ——— dx is present
x2 +1 x2+1

in the integral.
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e 0]
arctg x dx]
+1

[ = lim /
u—oQ 1

/arctgx
x2+1

dx

“arctg x
+1

x2

dx

X2 +1

arctgx =t

dx = dt

:/tdt

We substitute,. . .

J
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o
[Findl:/ a;ctgde]
1 X +1

/:um/ aretg X 4y
usoo Ji x2 41

t arctgx =t 12
[5570 | o gema| =[5
A X241

. evaluate the integral ... I
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o
[Findl:/ a;ctgde]
1 X +1

/= um/ arctgx 4,
1

u—00 X2 +1
arctg x arctgx =t 2 arctg’x
/—2 1dx Vg de :/tdt:izi2
Xt X2 +1
[. .. and return to the variable x. ]
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[Findl:/ a;ctgde]
1 X +1

| = lim/ wdx
1

u—00 X2 +1
arctg x arctgx =t 2 arctg’x
X+ x2 +1

4 t
/ a;c 9X 4.
1 X +1

We continue with the definite integral. I
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[Findl:/ a;ctgde]
1 X +1

| = lim/ wdx
1

u—00 X2 +1
arctg x arctgx =t 2 arctg’x
X+ x2 +1

u 2 v
/ arctg x dx — arctg” x
1 X2+1 N 2 ;

[The antiderivative is known. ]
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[Findl:/ a;“ngX]
1 X +1

| = lim/ wdx
1

u—00 X2 +1
arctg x arctgx =t 2 arctg’x
X+ x2 +1

u 2.1 2 2
/ arctgxd larctg X] _ arctg”u  arctg” 1
1
1

21 T2 2 2

Newton—Leibniz formula yields the value of the integral. I
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[Findl:/ a;“ngX]
1 X +1

| = lim/ wdx
1

u—00 X2 +1

arctg x arctgx =t 2 arctg’x
/2—1dX 1 gx= dt :/tdtzizT

X+ x2 +1

|72 2 2 2 T2

/” arctg x dx arctgzx ’ _ arctg2 u- arctgz1 _ arc‘[g2 u (7/4)?
1 )(2 =+ 1 - c -

Simplifications can be made. I
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[Findl:/ agdgde]
1 X +1

| = lim/ mdx
1

u—00 X2 +1

arctgx a‘lrctgxzt I t _ arctg’ x
X2+1 — dx = dt 2 2

X2 +1

1 T2 2 2 T2 2
_arctgzu_ﬂ_
N 2 32

/” arctg x d larctgzx]u _ arctg2 u- arctgz1 _ arc‘[g2 u (r/4)?
1
1

2
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o
[Findl:/ a;“ngX]
1 X +1

| = lim/ wdx
1

u—00 )(2 + 1

arctgx a1rctgx =t I t _ arctg’ x
X2+1 — dx = dt 2 2

X2 +1

x2+1 X=

/” arctg x d larctgleu _ arctg2 u- arctgz1 B arc‘[g2 u (r/4)?
1

2 ] 2 2 2 2
. arc‘[g2 u 71_2
2 32
2 2
= lim arctg u 7
u—oo 2 32
We continue with the improper integral. It is a limit of the definite integral. I
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Find / = /m AIX hx
1 X2 +1
) Y arctg x
I = lim ———dx
u—00 J4 )(2 +1

arctgx e%rctg)(:t _ tdt_tz_arctgzx
1Y | o dx=dt | T 22

X2 +1

/ arctg x dx — larctgzx]u _ arctg2 u- arctgz1 _ arc‘[g2 u (r/4)?

x? 41 2 2 22 2
. arc‘[g2 u 71_2
2 32
- arctg’ u S _ (72
u—oo 2 32 2 32
The function y = arctg x has an horizontal asymptote y = Zin +o00. This is the

2
value of the limit lim arctgu.
u—0o0
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Find I:/
1

arctg x dx]
+1

2
) Y arctg x
I = lim ———dx
u—00 J4 )(2 + 1
arctgx =t 2 2
/arctgx —/tdt—t __arctg” x
2 — dx = - — o T 2
x2 4+ 1 2 dx = dt 2 2
Y arctg x e arctgzx ’ _ arctg2 u- arctgz1 _ arc‘[g2 u (r/4)?
x2 41 2 2 22 2
. arc‘[g2 u- 71_2
2 32
- arc'[gzu_JT_Z_(JT/Z)Z_JT_2 L
Cuso 2 32 2 32 8 2
We simplify. I
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[Findl:/ agdgde]
1 X +1

/= um/ arctgx i
1

u—00 X2+1

arctg x arctgx =t 2 arctg’x
/2—1dX 1 gx= dt :/tdtzizT

X+ x2 +1

|72 2 2 2 2

/” arctg x dx arctgzx ’ _ arctg2 u- arctgz1 _ arc‘[g2 u (r/4)?
1 )(2 =+ 1 - c -

_arc‘[gzu_ﬂ_2

2 32
/_umarctgzu_ﬂ_z_(JT/Z)Z_JT_Z_JT_Z_JT_Z_3_712
T umco 2 32 2 32 8 32 32
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[Findl:/ a;“f”dx]
1 X +1

/:llm/ arctgx i
u—00 Jj X2+1

/arctgx e%rctg)(:t _ /tdt— 2 arctg’x
2 — dx = - -2 T 2
x2+1 21 dx = dt 2 2
Y arctg x dx — arctgzx ’ _ arctg2 u- arctgz1 _ arc‘[g2 u (r/4)?
x2 41 2 ] 2 22 2
. arctgzu _ 71_2
2 32
- arctg’u (72 w2 x w37
Cuseo 2 32 2 32 8 32 32

The integral is evaluated.
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Find [ = / — dx
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&0 1
Find [ = / — dx
oo €T+ €&

o0 1
|
oo €T+ €

We start with the integral.

]
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&0 1
Find [ = / — dx
oo €T+ €&

© 1 0 1 © 1
—dx = —dx + —— dx
Lo €Tt oo BTNt X o e+ e

There are two singularities: +o0. I
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&0 1
Find [ = / — dx
oo €T+ €&

© 1 0 1 ©
[ e [ e [T
Lo €Tt o €Tt e o e+ e

o u“
= lim /7dx+llm/7dx
u——oo J, e X+ eX u—oo Jy eX + eX

X

We divide into two integrals on half-lines.
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&0 1
Find [ = / — dx
oo €T+ €&

© 1 0 1 ©
[ e [ e [T
oo €Tt X oo €Tt X o e+ e

o u“
= lim /7dx+llm/ — dx
u——oo J, X+ eX u—oo Jy e* + eX

X

We evaluate the indefinite integral.
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&0 1
Find [ = / — dx
oo €T+ €&

© 1 0 1 ©
[ e [ e [T
oo €Tt X oo €Tt X o e+ e

o u“
= lim /7dx+llm/ — dx
u——oo J, X+ eX u—oo Jy e* + eX

1 eX
—dx= | ———d
/e—x+ex X /1+(ex)2 X

X

We simplify the integrand. . .
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&0 1
Find [ = / — dx
oo €T+ €&

© 1 0 1 ©
[ e [ e [T
oo €Tt X oo €Tt X o e+ e

o u“
= lim /7dx+llm/ — dx
u——oo J, X+ eX u—oo Jy e* + eX

[de—[eixdx e =t
ex+e ] 14 (e¥)? e dx = dt

X

[. .. and substitute.

J
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0 1
Findl:/ —dx
oo €T+ ¥
00 1 0 00
| e[ s | o
oo €T+ €& oo €T+ €& o e +e

o u“
= lim /7dx+llm/ — dx
u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
—dx= [ ————d = ——dt
/e—X+eX X /1+(eX)2 X1 e dx = dt 1+t

The substitution gives this integral. . . I
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0 1
Findl:/ —dx
oo €T+ ¥
00 1 0 00
| e[ s | o
oo €T+ €& oo €T+ €& o e +e

o u“
= lim /7dx+llm/ — dx
u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
—dx= | ———d = dt = arctgt
/e—X+eX X /1+(eX)2 X1 e dx = dt 142 ardg

..which can be integrated by direct formula. I
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0 1
Findl:/ —dx
oo €T+ ¥
00 1 0 00
| e[ s | o
oo €T+ €& oo €T+ €& o e +e
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u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
—dx= | ———d = dt = arctgt
/e—X+eX X /1+(eX)2 X1 e dx = dt 142 ardg

Finally we return to the original variable. I
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u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
—dx= | ——d = dt = arctg t
/e—X—i—eX X /1—i—(ex)2 ¥ e¥dx = dt 14 t2 .

= arctg e*

o1
/ — dx =[arctg e]°
u

e*X + eX
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) 1 0 0
/7(1)(:/ édx—f-/ 71 dx
oo €T+ €& oo €T+ €& o e +e

0 1 u 1
= lim / —— dx + lim / —dx
u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
— =[] ——5d = dt = arctq ¢
/e—X+eX X /1+(eX)2 X1 e dx = dt 142 ardg

= arctg e*

0
1 x10 0 u
/u prmpr dx = [arctg €], = arctge” — arctge
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u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
—dx= | ——d = dt = arctg t
/e—X—i—eX X /1—i—(ex)2 ¥ e¥dx = dt 14 t2 .

= arctg e*

0

1 0 0

/ e dx = [arctg €*], = arctge” — arctge” = arctg 1 — arctg e"
u

Improper integral (©Robert Mafik, 2006 E§



0 1
Findl:/ —dx
oo €T+ ¥
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oo e—x+ex oo e—x+ex o e—X—i-eX

01 ¢
= lim /7dx+llm/7dx
u——oo J, X+ eX u—oo Jy e* + eX

1 eX e =t / 1
—dx= | ——d = dt = arctg t
/e—X—i—eX X /1—i—(ex)2 ¥ e¥dx = dt 14 t2 .

= arctg e*

0

1 0 0

/ e dx = [arctg €*], = arctge” — arctge” = arctg1 — arctg e"
u

=T arctg e
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oo €T+ ¥
00 1 0 00
| e[ s | o
oo €T+ €& oo €T+ €& o e +e

o 1 ¢
= lim / 7dx+llm/ —dx
u——00 X 4 eX u—oo Jy e* + eX

e* X =t 1
—d = dt = arctgt
—X+eX /1+( ex)2 ¥ e dx = dt /1+t2 ares

= arctg e*

_Z arctg e

0
/ o — dx =[arctg e*]> = arctg e® — arctg e’ = arctg1 — arctqg e"
/0

7X+E|X
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oo €T+ ¥
00 1 0 00
| e[ s | o
oo €T+ €& oo €T+ €& o e +e

o 1 ¢
= lim / 7dx+llm/ —dx
u——00 X 4 eX u—oo Jy e* + eX

e X =t 1
—d = dt = tgt
—X—{—eX /1+(€X)2 ¥ e dx = dt /1+t2 ares

= arctg e*

_Z arctg e

0
/ o — dx =[arctg e*]> = arctg e® — arctg e’ = arctg1 — arctqg e"
/0

dx = lim (% —arctge“)

*X + eX U——00
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| e[ s | o
oo €T+ €& oo €T+ €& o e +e

o 1 ¢
= lim / 7dx+llm/ —dx
u——00 X 4 eX u—oo Jy e* + eX

e X =t 1
—d = dt = tgt
—X—{—eX /1+(€X)2 ¥ e dx = dt /1+t2 ares

= arctg e*

_Z arctg e
0

(o.¢]

0
/ o — dx =[arctg e*]> = arctg e® — arctg e’ = arctg1 — arctqg e"

dx = lim (ﬂ arct e“)—ﬂ arctge™
7X+EX _U—>—OO 4 g - 4 g
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oo €T+ €& oo €T+ €& o e +e

o 1 ¢
= lim / 7dx+llm/ —dx
u——00 X 4 eX u—oo Jy e* + eX

e X =t 1
—d = dt = tgt
—X—{—eX /1+(€X)2 ¥ e dx = dt /1+t2 ares

= arctg e*

_Z arctg e
0

T (E_ t “)_z_ tge== = = _ arctq0
P dx = lim_ 7 —ardge’) = 2 —arctge™ = 7 —arctg

0
/ o — dx =[arctg e*]> = arctg e® — arctg e’ = arctg1 — arctqg e"

Improper integral (©Robert Mafik, 2006 E§



0 1
Findl:/ —dx
oo €T+ ¥
00 1 0 00
| e[ s | o
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o 1 ¢
= lim / 7dx+llm/ —dx
u——00 X 4 eX u—oo Jy e* + eX

e X =t 1
—d = dt = tgt
—X—{—eX /1+(€X)2 ¥ e dx = dt /1+t2 ares

= arctg e*

_Z arctg e
0

T (E_ t “)_z_ tge== = = _ arctq0
P dx = lim_ 7 —ardge’) = 2 —arctge™ = 2 —arctg

0
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oo e—x+ex oo e—x+ex o e—X—i-eX

o u“
= lim / ——dx+ llm/ —dx
u——oo J, X+ eX u—oo Jy e* + eX
1 0 1 7
—— dx = arctge® ——dx ==
/e—X—i—eX x = arctge /,ooe—x—i—ex 4

Y 1
[ a
0 e*X_i_eX

=
|
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oo €T+ ¥
00 1 0 00
[ 7@:/ ;m[ 1
oo e—x+ex oo e—x+ex o e—X—i-eX

01 ¢
= lim /7dx+llm/7dx
u——oo J, X+ eX u—oo Jy e* + eX

1 o1
/7dx=arctgex / —  &x=Z
e~ + e e 4
¢ 1
d — t XU
/0 = x = [arctg g
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oo €T+ ¥
00 1 0 00
[ 7@:/ ;m[ 1
oo e—x+ex oo e—x+ex o e—X—i-eX

01 ¢
= lim /7dx+llm/7dx
u——oo J, X+ eX u—oo Jy e* + eX

1 o1
/*d)(:arctgex / —  &x=Z
e~ + e e 4
4 1
dx = tg el¥ = tge’ — 1 0
/0 e [arctg e*]y = arctge’ — arctge
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oo €T+ €&
gy NO L N,
oo €T+ €& oo €T+ €& o e +e

L [ [
u——oo J, X+ eX u—oo Jy e* + eX

1 0 1
/7dx=arctgex / 7(1)(:5
e X4 e - e + eX 4
Y 1
—— dx =[arctge*]§ = arctg e’ — arctg e = arctg e — arctg 1
/0 = x = [arctg e*]y = arctg e — arctge” = arctg e’ — arctg
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u——oo J, X+ eX u—oo Jy e* + eX

1 0 1
/7dx=arctgex / 7(1)(:5
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Y 1
—dx =Jarctg e*]§ = arctg e’ — arctg e’ = arctg e — arctg 1
/0 = x = [arctg e*]y = arctg e — arctge” = arctg e’ — arctg

b
= arctge" — —
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oo €T+ €& oo €T+ €& o e +e

0 1 u ]
= lim / ——dx + lim / — dx
u——00 e X4 e u—oo Jy e* + eX

0
1 7T
dx = arct — dx==
[ e il [me—X+eX =3

/o e* + or ——— dx = [arctg e*]j = arctg e’ — arctg e’ = arctg e —arctg 1

b
= arctge" — —
4

| et e dx
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oo €T+ €&
/7dX=/ éder
oo €T+ €& oo €T+ €&

r

0 1 u 1
= lim / ———dx + lim / —d
u——00 e X4 e u—oo Jy e* + eX

I.

dx = arctg e*
/ —X + X g

1

1

e X+ e¥

X

e+ e

dx

dx

T

4

/o e* + or ——— dx = [arctg e*]j = arctg e’ — arctg e’ = arctg e —arctg 1

— arctge’ — =
dx = lim (arctge“—z)
u—00 4

0o e+ e
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0 1 u ]
= lim / ——dx + lim / — dx
u——00 e X4 e u—oo Jy e* + eX
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