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1 Second order linear differential equation

( Definition (second order linear differential equation). Let p, g and f be}
functions continuous on the interval /. The equation

Lyl == y" + p(x)y + q(x)y = f(x) (1)

is said to be a second order linear differential equation. Under a solution of
this equation we understand every function which has the second derivative
on the interval | and satisfies (1) for every x € /.

Linearity of L[-]. For every pair of two times differentiable functions y; and y
and every pair of real numbers C; and G, the following relation holds

LGy + Guo) = G L]+ GLya].
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Consider the 2-nd order linear differential equation y” = 0. It is easy to see that
every linear function y = Cyx + C; satisfies this equation. This reveals the fact
that one constant in the general solution and one initial condition is no more
sufficient for higher order differential equations.
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Consider the 2-nd order linear differential equation y” = 0. It is easy to see that
every linear function y = Cyx + C; satisfies this equation. This reveals the fact
that one constant in the general solution and one initial condition is no more
sufficient for higher order differential equations.

(" Definition (initial value problem). Let a € | be a number from the interva
| and B, y be arbitrary real numbers. The problem to find the solution of
equation (1) which satisfies initial conditions

{y,“’) -’ ©)

is called an initial value problem for equation (1), shortly IVP.

The solution of the IVP is called a particular solution.
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Consider the 2-nd order linear differential equation y” = 0. It is easy to see that
every linear function y = Cyx + C; satisfies this equation. This reveals the fact
that one constant in the general solution and one initial condition is no more
sufficient for higher order differential equations.

(" Definition (initial value problem). Let a € | be a number from the interva
| and B, y be arbitrary real numbers. The problem to find the solution of
equation (1) which satisfies initial conditions

{y,“’) -’ ©)

is called an initial value problem for equation (1), shortly IVP.

The solution of the IVP is called a particular solution.

=

[ Definition (general solution). There exists a single formula y = y(x, Gy, G))
such that every solution of equation (1) can be obtained from this formula
for a convenient choice of the real numbers C;, C,. This formula is called a
general solution of equation (1)
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Definition (special types of 2nd order LDE). Equation (1) is said to be ho-|
mogeneous if f(x) = 0 for all x € | and nonhomogeneous otherwise.

Equation (1) is said to be an equation with constant coefficients if the func-
tions p(x) and g(x) are constant functions.

L

Remark 1 (existence and uniqueness of the solution). Every IVP for equation (1){
has a unique solution defined on the interval /.

Remark 2 (trivial solution). The constant function y(x) = 0 is solution of the
homogeneous equation

y" +p(X)y +qx)y =0,

as can be verified by direct substitution. This solution is called a trivial solution
of the homogeneous equation.
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Definition (associated homogeneous equation). Consider nonhomogeneous)
equation (1). Homogeneous equation

y" +p(X)y + q(x)y = 0. (3)

with the left-hand side identical with equation (1) is called a homogeneous|
equation associated to the nonhomogeneous equation (1).

Like in the case of the first order linear differential equation, there exists a
relationship between the solution of nonhomogeneous equation and the solution
of the associated homogeneous equations, as follows from linearity of the
operator L][].

Let us study the homogeneous equation (3) first.
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2 Homogeneous equation

Concerning the second order linear differential equation, we will show that the
set of all solutions forms a kind of vector space. Let us introduce the concept
of linear combinations and linear independence of functions first.

y" +p)y +qlx)y =0| (H)
Lyl(x) = y"(x) + p(x)y'(x) + q(x)y(x)

Theorem 1. If yi(x) and yz(x) are solutions of (H), then the function

y(x) = Gyi(x) + Gyalx)
is a solution of the same equation for all real constants C;, G.

Proof:
LGy + Gyl = G Ly +G Lyo] =0
N——" N——

0 0
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Motivation. Let y1(x) and y»(x) be solutions of the homogeneous LDE. The
function

y(x) = Gryi(x) + Caya(x) (4)

is a solution of the same equation and we find conditions which ensure, that (4)
is a general solution, i.e. any partiucular solution can be obtained from (4) by
convenient choice of constants Cy, C,. Differentiating (4) we get

y'(x) = Giyi(x) + Gays(x)

and initial conditions y(a) = B, y'(a) = y yield the following linear system for
G, G
B = Giyi(a) + Gys(a),

v = Giyi(a) + Gy(a).

From the linear algebra it is known that this system possesses a unique solution

(5)

. . a a . .

iff the matrix (gj( ) 93( )) , is regular ( < it has a full rank < the
yi(a)  yh(a)

determinant of this matrix is a nonzero number <= one of the rows is not a

constant multiple of the other row). This is a motivation for the following

following definition.
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Definition (linear (in-)dependence of functions). Let y; and y, be functions)
defined on /. Suppose that neither y; nor y, equal zero everywhere on /. The

functions y1 and y, are said to be linearly dependent on the interval / if there

exists a number k € R such that either yi(x) = kya(x) or y2(x) = kyi(x)

holds for all x € /. In the opposite case the functions are said to be linearly
independent.

Theorem 2 (general solution of homogeneous equation). Let y; and y, be linearly
independent nontrivial solutions of the homogeneous equation (3). The function
y defined by the relation

y(x, i, Q) = Gy (x) + Gaya(x), G eR, GeR (6)

is general solution of (3) on the interval /.

Definition (fundamental system of solutions). The pair y1 and y, of the
functions from the preceding theorem is called a fundamental system of the
solutions of equation (3).

In general, we can find the fundamental system of solutions only in the case of

second order LDE with constant coefficients.
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Consider the 2-nd order homogeneous LDE with constant coefficients
y"+py +qy=0, (7)

where p, g € R. Let us mention the following simple fact: Substituting y = e,

where 7 is a real number, the the derivatives are y’ = ze?, y” = z*e** and

subsstituting into (7) we get

g”—{-pg’-{-q:ZZGZX+pZ€ZX+q€ZX — eZX(ZZ+PZ+Q)-
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Consider the 2-nd order homogeneous LDE with constant coefficients

y" +py +qy =0, (7)

where p, g € R. Let us mention the following simple fact: Substituting y = e,
where 7 is a real number, the the derivatives are y’ = ze?, y” = z*e** and

subsstituting into (7) we get
y//+py/+q — ZZG‘ZX +pZ€ZX +qezx — eZX(ZZ+pZ+ q)

The exponential function on the right is positive and the function y = e is a
solution of (7) iff
Z2+pz+q=0. (8)

Equation (8) allows to solve (7) without any integration or differentiation.

Definition (characteristic equation). The quadratic equation (8) with un-|y
known z is called a characteristic equation for equation (7).
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Theorem 3 (general solution of the
equation with constant coefficients).
Consider the homogeneous second or-
der ODE with constant coefficients

y'+py+qy=0 pgeR (7)

and the quadratic auxiliary equation
Z+pz+q=0 (8)

in unknown z.

o If 21,z € R are mutually dif-
ferent real zeros of the aux-
iliary equation (8), we put
[g1 (x) = ez”] and [gz(x) = eZZX].

BE B B =

Homogeneous equation

e If z; € R is a double real zero of
the auxiliary equation (8), we put

i =e )

71X

]and[gz(x) = xe

o If 21, =a=+iB &R are complex
zeros of the auxiliary equation

(8), we put [g1 (x) = e cos(Bx)]
and [y, (x) = e sin(Bx). |

The functions y; and y, form a funda-
mental system of solutions of equation
(7). A general solution of equation (7)
is

g(X, G, Cz) =G Y (X) + ngz(X),

where G , are arbitrary real numbers.
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘

ZZ4+1=0 =

We write the characteristic equation. . .
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘

Z+1=0 = 722 =—1 =

[...and solve. ]
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘

Z+1=0 = 22 =1 N 2= a4/ =+i

The solution is in the set of complex numbers.
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘

Z+1=0 = 22 =1 N 2= a4/ =i
y1(x) = sinx
y2(x) = cos x

(The real part of the roots of characteristic equation is a = 0, the imaginary )
part is B = 1. The fundamental system is

y1(x) = e™ cos(Bx)

and
y2(x) = e sin(Bx).
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Solve IVP 4" +y =0 y(0) =1, y/(0) = —1.}
22 —+ 1=0 = 22 -1 N
Fundamental system: {91 (x) = sinx

y2(x) = cos x

Now we have the fundamental system. ..

BE B B =
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Solve IVP ¢ +y=0 y(0)=1, y'(0)=—1.}

Z2 =+ 1=0 = 22 -1 N
Fundamental system: { 7' (it
Yy2(x) = cos x

General solution: y(x) = G sinx + Gy cos x,

C1,C2€R

...and we can write the general solution. It is a linear combination of the ]

functions from the fundamental system.

B B == Homogeneous equation
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Solve IVP ¢ +y=0 y(O) =1,y (0)=—1. ‘

Z+1=0 = 72 =4/—1 =i
(x) =sinx

Fundamental system: { )
(x) = cosx

General solution: y (x) = Gy sinx 4+ G cos x, G,GeR

y'(x) = Gy cosx — Gy sinx

We continue with initial conditions. We find ¢/'. ..
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘
Z+1=0 = 22 =1 N 2= a4/ =i

Fundamental system: { 7' (it
y2(x) = cos x
General solution: y(x) = Cy sinx + G cos x, GG ER
7

y'(x) = G cosx — Cysinx

1=Csin0+ Gycos0

...and substitute for y. ..
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Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘
Z+1=0 = 22 =1 N 2= a4/ =i

Fundamental system: { 7' (it
y2(x) = cos x
General solution: y(x) = C; sinx + G cos x, GG ER

y'(x) = G cosx — Gy sinx

1=Csin0+ Gycos0
—1=Ccos0— Gsin0

...and for y'. I
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Solve IVP ¢ +y=0 y(O) =1,y (0)=—1. ‘

ZZ4+1=0 = 2 =4\/-1==+i
(x) =sinx

Fundamental system: { )
(x) = cosx

General solution: y (x) = Gy sinx 4+ G cos x, G,GeR

y'(x) = Gy cosx — Gy sinx

1=Csin0+ Gycos0
. = G
—1=Ccos0— Gsin0

We solve the linear system.

B B Homogeneous equation (©Robert Matik, 2006




Solve VP ¢y"+y=0 y(0)=1, ¢'(0)=—1. ‘

Z+1=0 = 22 =1 N 2= a4/ =i
Fundamental system: Y1x) = sinx
y2(x) = cos x
General solution: y(x) = G sinx + Gy cos x, G,GeR
’

y'(x) = G cosx — Cysinx

1=Csin0+ Gycos0
. = G
—1=Ccos0— Gsin0

Solution of IVP: y(x) = —sinx + cos x

Finaly we use the values of C; and G, in the general solution. This gives the
particular solution of the initial value problem.
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Solve DE  4y" +4y +y=0.
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Solve DE  4y" +4y +y=0.

4272 +474+1=0

We write the characteristic equation. . .
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Solve DE  4y" +4y +y=0.

422 +474+1=0

—4£/42 441

24

212 =

(..and solve it. The solution of the quadratic equation )
a2 +bz+c=0
is given by the formula
—b++/b?—4ac
717 = :
12 0
o Y

B B Homogeneous equation
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Solve DE  4y" +4y +y=0.

422 +4z4+1=0

—44\/2-241 —4%0

#2= 24 -3
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Solve DE  4y" +4y +y=0.

—

422 +474+1=0

—4+\/R2 441 440

AUA = 2.4 ~ 8

1
—5 root of multiplicity 2

. : 1
The characteristic equation has a double root 7z, = —5

]
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Solve DE  4y" +4y +y=0.

422 +474+1=0

—4++/42—-441 —4+£0 1
12 = = = —= ...root of multiplicity 2
2.4 8 2
— e 2
Fundamental system: {91 ¢ s
Yy = xe 2

In the case of double root z of characteristic equation the fundamental system |}
is

ZX

yr1(x) = e, y2(x) = xe™.
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Solve DE  4y" +4y +y=0.

422 +474+1=0

—44++/42-441 —4+0 1
210 = = = —— ... root of multiplicity 2
' 2.4 8 2
= e 2
Fundamental system: {91 s
Y = xe 2
X X
General solution: y(x) = Gie” 2 + Cyxe 2 G, G eR
The general solution is a linear combination of the functions in the
fundamental system.
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Solve DE  4y" +4y +y=0.

422 +474+1=0

—4++/42—-44. —4+0 1
212 = 4 i 441: A z—z...rootofmultiplicityz

2.4 8

— e 2

Fundamental system: {91 € "
Y = xe 2

General solution: y(x) = Cie~2 + Coxe 2 = e~ 2(Ci + Cox), Gi, G €R

We simplify the general solution and finish.
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Solve IVP "+ 4y +29y =0, y(0) = 0, y/(0) =10.}
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Solve IVP "+ 4y +29y =0, y(0) = 0, y/(0) =10.}

22 +4z429=0

The equation is linear second order homogeneous equation. We start with the
characteristic equation.
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Solve IVP ¢ + 4y + 29y =0, y(0) =0, y'(0) = 10.

Z2+47429=0
_ —4+/16—4129

A= 21

(The solution of the equation )
a2 +bz+c=0
is given by the formula
_ —b=*+/b?>—4ac
212 = 2a o
o .
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Solve IVP ¢ + 4y + 29y =0, y(0) =0, y'(0) = 10.

22 +4z429=0

, —4+16—-4129 —44++,/-100
12 = =
' 21 2

We simplify ...

B B == Homogeneous equation
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Solve IVP "+ 4y +29y =0, y(0) = 0, y/(0) =10.}

22 +4z429=0

—4+/16—-4129 —44+,/-100
212 = =
' 2.1 2

=—2=+5i

...and find the roots. We use the fact that
1v/—100 = v100/—1 = 10/—1 = 10i.
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Solve IVP "+ 4y +29y =0, y(0) = 0, y/(0) =10.}

22 +4z429=0

, —4+16-4129 —44++,/-100
12 = =
' 21 2

y1(x) = e > cos(5x) y2(x) = e sin(5x)

=—2=+5i

From the roots of characteristic equation we establish the fundamental
system. The real part of the roots of characteristic equation is a = —2, the
imaginary part is B = 5. The fundamental system is

y1(x) = e cos(Bx) and  ya(x) = e sin(Bx).
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Solve IVP "+ 4y +29y =0, y(0) = 0, y/(0) =10.}

22 +4z429=0
_ —4+£16—4120 —4=+,/—100

= =245
2 2.1 2 !
y1(x) = e > cos(5x) y2(x) = e sin(5x)
y(x) =Cre > cos(5x) + Cre > sin(5x)
The general solution is a linear combination of the functions from the
fundamental system.
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Solve IVP ¢ + 4y + 29y =0, y(0) =0, y'(0) = 10.

22 +4z429=0

, —4+£/16—-4129 —4+./-100
12 = =
' 21 2

y1(x) = e > cos(5x) y2(x) = e sin(5x)

=—-24+5i

y(x) =Cre > cos(5x) + Cre~* sin(5x)
y'(x) =C[—2e"* cos(5x) — 5 sin(5x)]
+ Go[—2e7* sin(5x) + 5% cos(5x)]

We find the derivative y’. We have to use the product rule
(uv) = u'v+uv.

When differentiating e~>* and sin(5x) we use the chain rule.
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Solve IVP "+ 4y +29y =0, y(0) = 0, y/(0) =10.}

22 +4z429=0

—44+,16—-4129 —4+./-100 .
212 = X = 5 =245

y1(x) = e > cos(5x) y2(x) = e sin(5x)

y(x) =Cre % cos(5x) + Cre~* sin(5x)
y'(x) =C[—2e7% cos(5x) — 5 sin(5x)]
+ Go[—2e7* sin(5x) + 5> cos(5x)]

[0=C1+0C2 J

[We substitute for y. ..

B B == Homogeneous equation
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Solve IVP ¢ + 4y + 29y =0, y(0) =0, y'(0) = 10.

22 +4z429=0

—44+,16—-4129 —4+./-100 .
212 = X = 5 =245

y1(x) = e > cos(5x) y2(x) = e sin(5x)

y(x) =Cre > cos(5x) + Cre~* sin(5x)
y'(x) =C[—2e % cos(5x) — 5 sin(5x)]
+ G [—26‘72)( sin(5x) 4+ 5e~ 2 cos(5x)]

0=G+06G
10=-2C +5G
[...and for y'. I
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Solve IVP ¢ + 4y + 29y =0, y(0) =0, y'(0) = 10.

22 +4z429=0

—44+,16—-4129 —4+./-100 .
212 = X = 5 =245

y1(x) = e > cos(5x) y2(x) = e sin(5x)

y(x) =Cre > cos(5x) + Cre~* sin(5x)
y'(x) =C[—2e7% cos(5x) — 5 sin(5x)]
+ Go[—2e7* sin(5x) + 5% cos(5x)]

0=C +0C
11092 | a0 =2
10=-2C +5G

[We solve the linear system for C; and G,.
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Solve IVP ¢ + 4y + 29y =0, y(0) =0, y'(0) = 10.

22 +4z429=0

—44+,16—-4129 —4+./-100 .
212 = X = 5 =245

y1(x) = e > cos(5x) y2(x) = e sin(5x)

y(x) =Cre > cos(5x) + Ce > sin(5x)
y'(x) =C[—2e™% cos(5x) — 5 sin(5x) ]
+ Go[—2e7* sin(5x) + 5> cos(5x)]

0=C +0C
‘ 11052 a0 =2

10=-2C +5G

Yp(x) = 2% sin(5x)

[We use the coefficients C; and C,. The problem is resolved.
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3 Nonhomogeneous equation

The following theorem suggests a method how to find a general solution of the
2nd order LDE. This theorem shows that this general solution has a very
special form — we can write this solution from three special functions, as
formula (9) shows.

Theorem 4 (general solution of nonhomogeneous second order LDE). Let yq(x)
and y»(x) be fundamental system of solutions of the homogeneous LDE (3) and
yp(X) be an arbitrary particular solution of the nonhomogeneous LDE (1). Then
the function

ylx, G, o) = Gy (x) + Gya(x) + yp(x), GeR, GeR (9)

is a general solution of the nonhomogeneous LDE (1).
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3.1 Ingenious guessing

In this chapter we use the method of inspired guessing of particular solution.
The main idea is to look for a particular solution of the nonhomogeneous
equation is a special form involving parameters and adjust the parameters to
make the equation hold true for all x. Following this method, it is necessary to
look for the particular solution in correct form and this method works for some
special right hand sides only. Details can be found in textbooks on differential
equations.
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Solve y” + 4y = xe*.

Hint: One of the particular solutions can be found in the form

y(x) = linear polynomial - e
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Solve y” + 4y = xe*.

= 2
Y Ay =02 2+ 4=0m 2= 421 | Y1) = COSH
y2(x) = sin 2x

We find the associated homogeneous equation, its characteristic equation and
its two independent solutions.
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[Solve y" + 4y = xe*.

= 2
Y+ Ay =0 2+ 4=0m 2= 42 = | Y1) = COSH
y2(x) = sin 2x

y = (ax + b)e*

We follow the hint and look for the particular solution in the form
y(x) = (linear function) - e*.

We write the most general fucntion of this type and adjust the parameters a
and b to make the equation true for all real x
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[Solve y" + 4y = xe*.

= 2
' +4y=0=>74+4=0=z=+2i= yr(x) 052X
y2(x) = sin 2x

y = (ax + b)e”

y = ae* + (ax + b)e* = (ax + a + b)e*

We have to find the second derivative. We find the first derivative by the
product rule

(uv) =d'v+u/

and simplify.
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[Solve y" + 4y = xe*.

Y +4y=0=>2+4=0=z==22i= {91(X)_C_"52X
y2(x) = sin 2x

y = (ax + b)e*

y = ae* + (ax + b)e* = (ax + a + b)e*

y” = ae* + (ax + a + b)e* = (ax + 2a + b)e*

We find the second derivative and simplify. We use the product rule again.
B B Ingenious guessing
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[Solve y" 44y = xe*.

= 2
g"+4y:0:22+4=0:z=i2i:{ X) = cos 2x

Y1
y2(x) = sin 2x
y y = (ax + a + b)e* y'&E (ax + 2a + b)e*

y y
(ax +2a+ b)e* +4 (ax + b)e* = xe*

We plug the function and its second derivative into the equation.
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[Solve y" + 4y = xe*.

Y+ Ay=0= 2 1 4=0m z=42i = | ) =02
y2(x) = sin 2x
y = (ax + b)e* y = (ax + a + b)e* y" = (ax + 2a + b)e*

y’ y
(ax +2a + b)e* +4 (ax + b)e* = xe*

(ax +2a+ b) + 4(ax + b) = x

We divide the equation through by the factor e*. This converts the equation
into equation between two polynomials.
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[Solve y’ + 4y = xe*.

= 2
Y+ Ay =0 2+ 4=0m 2= 42 = | Y1) = COSH
y2(x) = sin 2x

y:(ax+b)eX g’Z(GX—i-a—i—b)eX y”:(GX-i-ZG—i-b)eX

y// y
(ax +2a+ b)e* +4 (ax+ b)e* = xe*
(ax +2a + b) + 4(ax + b) = x
x(a+4a)+ (2a+b+4b) =x+0

We collect like powers of x.
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[Solve y" + 4y = xe*.

Y+ Ay=0= 2 1 4=0m z=42i = | ) =02
y2(x) = sin 2x
y = (ax + b)e* y = (ax + a + b)e* y" = (ax + 2a + b)e*

Y’ y
(ax +2a + b)e* +4 (ax + b)e* = xe*
(ax +2a + b) + 4(ax + b) = x
x(a+4a)+ (2a+b+4b)=x+0

5ad =1
2a+5b=0

Two polynomials are equal iff the corresponding coefficients are equal. This
yields a system of two equations.
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[Solve y" + 4y = xe*.

= 2
Y+ Ay =0 2+ 4=0m 2= 42 = | Y1) = COSH
y2(x) = sin 2x

y:(ax+b)eX g’Z(GX—i-a—i-b)eX y”:(GX-i-ZG—i-b)eX

y’ y
(ax +2a + b)e* +4 (ax + b)e* = xe*
(ax +2a+ b) +4(ax + b) = x
x(a+4a)+ (2a+b+4b)=x+0

5a =1 =3
2a+5b=0 2 2

We solve the system and find a and b.
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[Solve y" + 4y = xe*.

Y'+4y=0=>27+4=0=z=+2i= 07(x) Cgos 20
ya(x) =Esin 20
yE@x+b)e> y =(axtatbe g’ =(ax+2a+ b’

"

y y
(ax +2a + b)e* +4 (ax + b)e* = xe*
(ax +2a+ b) +4(ax + b) = x
x(a+4a)+ (2a+b+4b)=x+0

5a =1 a:@
=

2a+5b=0

We find the particular and the general solution.
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[Solve y" + 4y = xe*.

y”+4y=0:>z2+4=0:z=i2i=>{

y = (ax + b)e* y = (ax + a + b)e*

"

y

i (
Y
y

x) = cos 2x
X) = sin 2x
" = (ax + 2a + b)e"

y

(ax +2a + b)e* +4 (ax + b)e* = xe*
(ax +2a+ b) +4(ax + b) = x
x(a+4a)+ (2a+b+4b)=x+0

50 =1 =3
=
2a+5b=0 b——ga——i
5 B
1 2 R )
y(x) = (gx—g) e* + Cycos 2x + Gosin 2x
Finished! ]
B B Ingenious guessing
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Solve y” — 3y + 2y = x* — 4.

Hint: One of the particular solutios is quadratic function.
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Solve y” — 3y + 2y = x* — 4.

1
g”_?)y,‘i‘zy:():ZZ—3Z+2=0:Z1'2:{2 :{

We find the associated homogeneous equation, the characteristic equation
and the fundamental system of the associated homogeneous equation.
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Solve y” — 3y + 2y = x* — 4.

1
g”_3y,+2y:0$ZZ—3Z+2=0:Z1'2:{2 :{

y=ax’+bx+c

Following the hint, we look for a particular solution. We write the most
general quadratic function and adjust its parameters a, b and ¢ to make the
equation hold true for every x.
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Solve y” — 3y + 2y = x* — 4.

1
=3y +2y=0=2"-3z4+2=0=z1, = =
y y 2

y=ax’+bx+c y =2ax+b

We find the derivatives of the function y.
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Solve y” — 3y + 2y = x* — 4.

1
g”_3y,+2y:0$ZZ—3Z+2=0:Z1'2:{2 @{

y=a’+bx+c y=2ax+b ¢ =2a

We find the derivatives of the function y.

B B == Ingenious guessing
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[Solve y' =3y +2y=x*—4.

1
g”_3y,+2y:0$ZZ—3Z+2=0:Z1'2:{2 @{

ySalt bt Y Daxtb> ' =20

"

y y Y

PN —_— —_———
—3 [Qax¥Db) +2 |[(ax® +bx+c)| = x*—4

We substitute the functino and its derivatives into the equation.
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Solve y” — 3y + 2y = x* — 4.

1 _ o
y”_3y,+2y:0:22_324—2:0:}21'2: - y1(X) 62
2 ya(x) = e
y=ax2+bx+c U,ZZUX—i-b y//ZZU
y// y/ y
=~ ——, /_2/— ,
2a — 3 (2(7X+b) + 2 (ax +bX+C) — x2_4

x*(2a) + x(2b —6a) + (2a—3b+2c) =1-x* +0-x—4

We collect like powers of x and get the equation between two polynomials.
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Solve y” — 3y + 2y = x* — 4.

1 _
y”_3y,+2y:0:22_3Z+2=0:>Z1'2= - y1(X) 62
2 Ya(x) = e
y=ax’+bx+c y =2ax+b y" =2a
y// y/ y
=~ ——, /_2/— ,
2a —3 (20X+b) + 2 (a)( +bX+C) — x2_4

x?(2a) + x(2b —6a) + (2a—3b+2c) =1-x> +0-x—4

2a=1
2b—6a=0
2a—3b+2c=—-4

Two polynomials are equal for every x iff the coefficients at like powers of x
are equal.
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Solve y” — 3y + 2y = x* — 4.

1 _
y”_3y,+2y:0$22_324—2:0:}21'2: - y1(X) 62
2 Ya(x) = e
y=ax’+bx+c y =2ax+b y" =2a
y’ y y
=~ ——, /_2/— ,
2a —3 (20X+b) + 2 (a)( +bX+C) — x2_4

x*(2a) + x(2b —6a) + (2a —3b+2c) =1-x* +0-x—4

2a =1 2
2b—6a=0 =
2a—3b+2c=—-4

We solve the system of linear equations. We find a from the first eqaution.
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Solve y” — 3y + 2y = x* — 4.

1 —
U//_3y,+2y=0$22—3z+2=0=>z1'2:{2 :{91()() e
e

y=ax’+bx+c y =2ax+b y' =2a

y!/ y/ y
P ——, —_—
2a —3

(ax+b) +2 (ax*+bx+c) = x*—4

x*(2a) + x(2b —6a) + (2a —3b+2c) =1-x* +0-x—4

a=

N —

2a =1 3
2b—6a=0 = b=3a=§
2a—3b+2c=—-4

We find the value of b from the second equation.
g B

Ingenious guessing (©Robert Matik, 2006




Solve y” — 3y + 2y = x* — 4.

1 —
U//_3y,+2y=0$22—3z+2=0=>z1'2:{2 :{91()() e
e

y=ax’+bx+c y =2ax+b y' =2a

y!/ y/ y
P ——, —_—
2a —3

(ax+b) +2 (ax*+bx+c) = x*—4

x*(2a) + x(2b —6a) + (2a —3b+2c) =1-x* +0-x—4

a=

N —

2a =1 3
2b—6a=0 = b=3a=§

2a—3b+2c=—-4
c=(—4—2a+3b)

N —

= (_4_1+9)1:_1

We find the value of ¢ from the last. ]
g B
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[Solve y' =3y +2y=x*—4.

1 y1(x) =9
”—3, 2 :0: 2—3 2:0:} = =
y y +2y z°—3z+ 712 {2 { @

y y =2ax+b y' =2a

1 / y
o~ ——
2a —3 (2ax+b) +2 (ax"+bx+c) = x"—4

x*(2a) + x(2b —6a) + (2a —3b+2c) =1-x* +0-x—4

a =
2a =1
2b—6a=0 = b=3a=®
2a—3b+2c=—-4

1 9\ 1
¢ =(~4—2a+3b)5 = (—4—1 +§) 5

T, 3 1
y=(Ce" + GePl+5x° + 5x — 5

2” "2 4
[ Finished! |
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Solve ¢ + ¢ — 6y = e *(x +1). |

Hint: Find the particular solution in the form

X

y(x) = (linear) - e7*.
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Solve ¢ + ¢ — 6y = e *(x +1). |

2
g"+y'—6y=0=>zz+z—6:z1,2={ . =>{

We find independent solutoins of the associated homogeneous equation.
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[Solve y' +y —6y=e(x+1). |

2
g"+y'—6y=0=>zz+z—6:z1,2={ . =>{
y=-e "(ax+b)

We write the particular solution with parameters which have to be adjusted to
make the equation hold true for every x.
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[Sohve 4+ by =1 1))

2
U//+y'—6y=0=>22+z—6:z1,2:{ , =>{!/1()()

y=e"(ax+b)
Yy =—eax+b)+e ¥a=e¥(a—b— ax)

We differentiate by the product rule and simplify.
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[Solve y' +y —6y=e(x+1). |

2x

2
gll+y,_6y=0:>zz+z_6$21’2: = y1(X) 6_3)(
=3 yx) =e
y= “*(ax + b)
U=—e X(ax + b) + e ¥a = e ¥(a— b — ax)
y”

“(a—b—ax)+ e ¥(—a) = e X(ax + b —2a)

We differentiate by the product rule and simplify.
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[Solve y' +y —6y=e(x+1). |

2 — 2x
y//+y'—6y=0:zz+z—6:a’2={ =>{!/15)() e_3X
e
e

—3 y2(x) =
y=e “(ax + b) y =e¥(a—b—ax) y' = e *(ax + b—2a)
Y’ y y

e lax+b—2a) + e*(a—b—ax) —6 e “(ax+b) =e*(x+1)

We plug the function and its derivatives into the equation.
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[Solve y' +y —6y=e(x+1). |

2 — 2x
y//+y'—6y=0:zz+z—6@21’2={ =>{!/15)() e_3X
e
e

—3 y2(x) =
y=e “(ax + b) y =e¥(a—b—ax) Yy’ = e *(ax + b—2a)
Y y y

e lax+b—2a) + e*(a—b—ax) —6 e “(ax+b) =e*(x+1)
ax+b—2a+a—b—ax—6ax—6b=x+"1
x(—6a)—b6b—a=x+1

We divide the equation through the common factor e™.
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[Solve y' +y —6y=e(x+1). |

2 — 2x
y//+y'—6y=0:zz+z—6@21’2={ =>{!/15)() e_3X
e
e

y=e “(ax + b) y =e¥(a—b—ax) y'=e"

Y y y

e lax+b—2a) + e*(a—b—ax) —6 e “(ax+b) =e*(x+1)
ax+b—2a+4+a—b—ax—6ax—6b=x+1
x(—6a)—b6b—a=x+1

—ba =
—6b—a=1

We write the equations for coefficients of the polynomial.

B B Ingenious guessing
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[Solve y' +y —6y=e(x+1). |

2x

P 2 x)=e
U+y—6y=0:22+2—6221,2={ = Jilk o3

=3} Yo(x) =
y=e (ax+b) y =€ (a—b—ax) y" = e ¥(ax + b —2a)
y’ y y
e lax+b—2a) + e*(a—b—ax) —6 e “(ax+b) =e*(x+1)
ax+b—2a+4+a—b—ax—6ax—6b=x+1
x(—b6a)—bb—a = x+1

We find a@ and b.

J
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[Solve y' +y —6y=e(x+1). |

g"+y'—6y=0:>zz+z—6:z1,2—{ =>{

y y =e¥(a—b—ax) X(ax—i—b 2a)

7" /

y y y
e lax+b—2a) + e*(a—b—ax) —6 e “(ax+b) =e*(x+1)
ax+b—2a4+a—b—ax—6ax —6b=x+1

x(—b6a)—bb—a = x+1
_60 - ‘
=

~6b—a=1_,_=a—1 [ 5
6 36
y(x =[— (%+ 4 ‘*]+ D+ e

We find the particular and general solution.
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[Solve y' +y —6by=e¥(x+1).

2x

P 2 x)=e
U+y—6y=0:22+2—6$21,2={ = Jilk o3

—3 y2(x) =
y=e “(ax + b) y =e¥(a—b—ax) Yy’ = e *(ax + b—2a)

y’ y y
e lax+b—2a) + e*(a—b—ax) —6 e “(ax+b) =e*(x+1)
ax+b—2a4+a—b—ax—6ax —6b=x+1
x(—b6a)—bb—a = x+1

1
—6a=1 9=7§

~Sb—a=1_ ,_—a—=1__5
T 6 36
(x) =— 1x+i e X+ G e¥+Ge ™
I ==16""36 y 2
B B Ingenious guessing
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3.2 Variation of constants

If the method of ingenious guessing fails (i.e. if we are not able to guess the
correct form of the particular solution) then we can use the following method of
variation of constants. We start with the solution of the associated
homogeneous equation, replace the constants by functions and find functions
which make the equation true.
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Theorem 5 (solution of the nonhomogeneous LDE with constant coefficients).
Consider the second order LDE with constant coefficients

y" +py + qy = f(x). (10)

Let y1(x) and yz(x) be a fundamental system of solutions of the associated ho-
mogeneous equation (7) from Theorem 3. Let A(x) and B(x) be differentiable
functions with derivatives A’(x) and B'(x) which satisfy the system of equations

ATy () + Byl =0, -
A(X)yr(x) + B'(x)ys(x) = F(x).

The function y,(x) defined by the relation
Yp(x) = Alx)y (x) 4+ B(x)y2(x) (12)

is a particular solution of (10). The function
y(x) = C1y1(X)+CZUZ(X)+Up(X)r G eR, GeR,

is a general solution of (10).
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Remark 3 (Cramer's rule, wronskian). The linear system (11) possesses alwayd
a unique solution A(x), B(x). Among others, the system can be solved by the
Cramer's rule. The determinant of the coefficient matrix is

0 50|

W =
Yyh(x

S
o
Ra

This determinant is called a wronskian of the functions yi(x) and y»(x) and it is
always nonzero. With the auxiliary determinants

0 uy(x) Y1
f(x) ys(x) yilx)  flx)

we obtain the formula for unknowns A’(x) and B’(x) in the form

Wi = , W, =

1%

i :

Al(x) = B =1y

The Cramer's rule is very effective especially when the fundamental system of
the solutions is formed by the functions sin Bx and cos Bx.
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Solve DE ¢ —4y +4y=e*. |

B B =2 Variation of constants (©Robert Matik, 2006



Solve DE ¢ —4y +4y=e*. |

y'—4y' +4y=0

The equation is not homogeneous. We start with the corresponding
homogeneous equation.

B B == Variation of constants (©Robert Matik, 2006



Solve DE ¢ —4y +4y=e*. |

y' =4 +4y=0 = 2 —4z4+4=0

We write the characteristic equation for the homogeneous equation. . .
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Solve DE ¢ —4y +4y=e*. |

4—\16—414

"4y +4y=0 = Z2—4z74+4=0 = z,=
gy 2.1

[.. .and solve it. ]

B B == Variation of constants (©Robert Matik, 2006




Solve DE ¢ —4y +4y=e*. |

4—V16—414

Y' =4 +4y=0 = Z—4z4+4=0 = z,= X = 2

The characteristic equation has a double root 71, = 2.
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[Solve DE ¢ —4y +4y=e".|

4—/16—414
y' =4/ +4y=0 = Z—4z4+44=0 = 21_2:T:2

y1(x) = e, ya(x) = xe™

The fundamental system is in the case of double root z given by the functions |

Y = (:"ZX, Y2 — xe?X.
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[Solve DE ¢ —4y +4y=e".|

yi(x) = €™, ya(x) = xe* Yp(x) = AlX)y1(x) + B(x)y2(x)

We look for the particular solution in this form.
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[Solve DE ¢ —4y +4y=e".|

yi(x) = €™, ya(x) = xe* Yp(x) = AlX)y1(x) + B(x)y2(x)
yi(x) = 26, yy(x) = e*(1+ 2x)

We find the derivatives y;(x) and y5(x). I
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[Solve DE ¢ —4y +4y=e".|

yi(x) = e, ga(x) = xe** Yplx) = Alx)y1(x) + B(x)y2(x)
Yi(x) =2, yy(x) = e*(1 + 2x)

Ae™ + B'xe™ =0
2Ae” 4+ B'(1 4+ 2x)e™ = ™

We write the system for the coefficients A’(x) and B'(x). I

B B == Variation of constants (©Robert Matik, 2006



[Solve DE ¢ —4y +4y=e".|

yi(x) = e, yo(x) = xe* Yp(x) = A(X)y1(x) + Blx)y2(x)

yi(x) = 2e*, ya(x) = e*(1 +2x)
Ae™ + B'xe™ =0

246 4+ B'(1 4 2x)e* = eX]

A+Bx=0
2A + B'(1+2x) = e

We divide both equations by the factor e**. I
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[Solve DE ¢ —4y +4y=e".|

yi(x) = e, yo(x) = xe* Yp(x) = A(X)y1(x) + Blx)y2(x)

yi(x) = 2e*, ya(x) = e*(1 +2x)
Ae™ + B'xe™ =0

246 4+ B'(1 4 2x)e* = eX]

A+Bx=0
2A + B'(1+2x) = e

B =e

We multiply the first equation by (—2) and add to the second equation. We
obtain
B = e~
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[Solve DE ¢ —4y +4y=e".|

y1(x) = e, ya(x) = xe™

yi(x) = 2e*, ya(x) = e*(1 +2x)
Ae™ + B'xe™ =0
2A4e* 4+ B'(14 2x)e* = e™*

B =e

Yp(x) = AlX)y1(x) + B(x)y2(x)

A+Bx=0
2A + B'(1+2x) = e

A = —xe

We put B’ = e~ to the first equation and obtain

A+ xe™>* = 0.

We solve this equation for A’

BE B B =

Variation of constants (©Robert Matik, 2006



[Solve DE ¢ —4y +4y=e".|

y1(x) = e, ya(x) = xe™

/

yi(x) = 26, yylx) = e*(1 + 2x)

B =e A = —xe

Alx) = — /X973X dx = %xe’3x — % /e’3x dx = %xe’3x I 1973)(

Yp(x) = AlX)y1(x) + B(x)y2(x)

9

(We integrate by parts: )
, u=x u =1 1 1
/Xe_XdX vV =e v:—le_3x =—§e_ XX_/_ge_XdX
3

_ 1 —3x 1 1 —3x

el ( 3) ( 3)
o .
BEE B Variation of constants

(©Robert Maiik, 2006



[Solve DE ¢ —4y +4y=e".|

y1(x) = e, ya(x) = xe™

yi(x) = 26, yylx) = e*(1 + 2x)

Yp(x) = AlX)y1(x) + B(x)y2(x)

The integral for B is easy.
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[Solve DE ¢ —4y +4y=e".|

y1(x) = e, ya(x) = xe™

yi(x) = 26, yy(x) = e*(1 + 2x)

yp(x) = AlX)y1(x) + B(x)y2(x)

B =e A = —xe

Alx) = — /XG’%X dx = %xe’3x — % /e’3X dx = %xe’3x + %ef&

mn:/?*WXZ—%f%

Yp = Ayr + Byz

We return to the formula for the particular solution.
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[Solve DE ¢ —4y +4y=e".|

2x

yi(x) = e*, y2(x) = xe Yp(x) = AlX)y1(x) + B(x)y2(x)

yi(x) = 26, yylx) = e*(1 + 2x)
B =e A = —xe

1
Alx) = — /Xe%X dx = %Xe%x — % /e*3X dx = §xe73X + e
—3x 1 —3x
B(x) :/e dX:—ge

_ _ 1 —3x 1 —3x 2x 1 —3x 2x
yp—Ay1+By2—(§xe +§e )~e —ze e

A

We know all the function here: A, B, y1, y». We substitute. . .
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[Solve DE y"—4y' +4y=e".

yi(x) = €™, ya(x) = xe* Yp(x) = AlX)y1(x) + B(x)y2(x)
yi(x) = 26, yylx) = e*(1 + 2x)

B =e A = —xe

Alx) = — /Xe*3x dx = %xeﬁx — % /e*3x dx = %xeﬁx + e

B(x) = / e P dx = —%eﬁx

1 1 1 1
yp =Ay1 + By = (§Xe*3x + §ef3x) . @ B -x\ei’: = §e’x

...and simplify.
1 1 1 1 1 1
(—3XE’73X + —9 673)() o —3 e ¥ xeX = —3xe*X + —9 e X — —3xe*X.
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[Solve DE ¢ —4y +4y=e".|

41(x) 42(x) Yp(x) = A1 (x) + B()ya(x)

yi(x) = 26, yy(x) = e*(1 + 2x)

B =e A = —xe

Alx) = — /Xe*3x dx = %xeﬁx — % /e*3x dx = %xeﬁx + e

B(x) = / e P dx = —%eﬁx

1 1 1
yp = Ayr + By = (gxe%X + §ef3x) e —§e*3X .@
Y T y

A

1
y:C162X+C2X62X+697X, G,GeR

We write the solution as a sum of particular solution and linear combination
of functions from fundamental system.
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[Solve DE ¢ —4y +4y=e".|

2x

yi(x) = e*, y2(x) = xe Yp(x) = AlX)y1(x) + B(x)y2(x)

yi(x) = 26, yylx) = e*(1 + 2x)
B =e A = —xe

1
Alx) = — /Xe%X dx = %Xe%x — % /e*3X dx = §xe73X + e
—3x 1 —3x
B(x) :/e dX:—ge

_ _ 1 —3x 1 —3x 2x 1 —3x 2x __ —X
yp—Ay1+By2—(§xe +§e )-e —ze T xe = e

A

1
y:(,}ezx—i—szeZX—i—ge*X, G,GeR

The problem has been solved.
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Solve DE y”" —5y" + 6y = xe*.

B B =2 Variation of constants (©Robert Matik, 2006



Solve DE y”" —5y" + 6y = xe*.

y" =5y +6y=0

We start with the homogeneous equation. . .

B B == Variation of constants (©Robert Matik, 2006




Solve DE y”" —5y" + 6y = xe*.

y' =5y +6y=0 =G, ()

...and its characteristic equation.

B B == Variation of constants (©Robert Matik, 2006




Solve DE y”" —5y" + 6y = xe*.

"5y +6y=0 = Z2-5746=0 = z21=2 =3
y y +6y

The roots of the equation are real and distinct.

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

y" —5y +6y=0 = 7Z2-5z46=0
yi(x) = e Yo(x) = e

=

Z1=2,Zz=3

We write the fundamental system. . .

B B == Variation of constants

(©Robert Maiik, 2006




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
) i ga(x) = e
h(x) = 26> Ghix) = 3

...and the derivatives of the functions from that fundamental system.

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

72 —5746=0
ya(x) = e
ys(x) = 3™

y' =5y +6y=0 =

= Z1=2,Zz=3

We will use the variation of parameters.

BE B B =

Variation of constants

(©Robert Maiik, 2006




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e* ya(x) = e

Yi(x) = 2e* Yh(x) = 3™

yp(x) = AX)y1(x) + B(x)y2(x)

Ae? + BeX =0
2A e + 3B e = xe*

The functions A and B satisfy the following relations. . .

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

" —5y +6y=0 = zZ2-5746=0 = z=22=3
y y y

Y1 (X) 2>< yZ(X) — e3><
yi(x) = 2e2* yh(x) = 3>
Yp(x) = A(x)y1(x) + B(x)y2(x)
Ae* +Be™ =0 A+Be =0
2A e + 3B e = xe* 2A" +3B'eX = xe™¥

..which are equivalent to this linear system.

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

" —5y +6y=0 = zZ2-5746=0 = z=22=3
y y y

Y1 (X) 2>< yZ(X) — e3><
yi(x) = 2e2* yh(x) = 3>
Yp(x) = A(x)y1(x) + B(x)y2(x)
Ae? + BeX =0 A+Be =0
2A e + 3B e = xe* 2A" +3B'e* = xe™*
A = —B'e*

We solve the first equation with respect to A’. ..

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3

Y1 (X) 2>< yZ(X) — e3><
yi(x) = 2e2* yh(x) = 3>
Yp(x) = A(x)y1(x) + B(x)y2(x)
Ae? + BeX =0 A +Be¥=0
2A'e* 4+ 3Be* = xe 2A" +3B'e" = xe™*
A =—B'¢e
B'e* = xe™*

.. and substitute into the second equation. We obtain
2(—Be ™) +3Be" = xe *

which is equivalent to the blue expression.

B B == Variation of constants (©Robert Matik, 2006



[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e* ya(x) = e

1
Yy (x) = 26> yh(x) = 3>
Yp(x) = A(X)y1(x) + Blx)ya(x)
Ae* +Be™ =0 A+Be =0
2A'e* 4+ 3Be* = xe 2A" + 3B = xe™¥
A = —B'¢e*
B'e¥ = xe™*
B = xe
[We can find B ... ]

B B == Variation of constants (©Robert Matik, 2006



[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e ya(x) = e

1
Yy (x) = 26> yh(x) = 3>
Yp(x) = A(x)y1(x) + B(x)y2(x)
Ae? + BeX =0 A +Be¥=0
2A e + 3B e = xe* 2A' +3B'e* = xe™*

A = —B'e*
B'eX = xe™*
B = xe

A =—Be =—xe™*

[...andA’. ]

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
:eZX :e3x

y1(x) ya(x)
Yi(x) = 2e* Yh(x) = 3™
yp(x) = AX)y1(x) + B(x)y2(x)
A/eZX+B/e3x:O A/+B/ex:0
2A'e™ +3B'e™ = xe* 2A' 4+ 3B'e* = xe™*
A =—xe™, B =xe ™
We will look for A(x) and B(x) from A" and B'. I

B B == Variation of constants (©Robert Matik, 2006



[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0
yi(x) = e ya(x) = e
Yi(x) = 2e* Yh(x) = 3™
yp(x) = AX)y1(x) + B(x)y2(x)

Ae™ +B'e* =0
2/’ +3B'e* = xe*
A =—xe™, B =xe ™

Alx) = (x + 1)e ™™,

= Z1=2,Zz=3

A+Be*=0
2A"' +3B'eX = xe™*

(We integrate by parts

’

_ u=x u
Az—/xe *dx

= v

. - (—xeX + / e dx)

—(—xe ¥ —e )= (x+1)e

BE B B =

Variation of constants

(©Robert Maiik, 2006




[Solve DE y" —5y + 6y = xe*.

"5y +6y=0 = Z2-5746=0 = z21=22=3
y y +6y

yi(x) = e ya(x) = >
Yy (x) = 26> yh(x) = 3>
Yp(x) = Alx)y1(x) + Blx)ya2(x)
Ae? + BeX =0 A +Be¥=0
=
2A e + 3B e = xe* 2A' +3B'e* = xe™*
A = —xe ™, B’ = xe ¥
Alx) = (x + 1)~ mn:-ﬂ«+1%4x
' 2" g
4 ™
, u=x u =1
B(x) = /xe dx Ve e o —1972’(
2
— 1 —2x 1 —2x _ 1 —2x 1 _Jx
——zxe + Z/e dx = er 4e
(& y

a B Variation of constants (©Robert Maiik, 2006 K4



[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e ya(x) = e

Yi(x) = 2e* Yh(x) = 3™

yp(x) = AlX)y1(x) + B(x)y2(x)

Ae” + Be* =0 A +Be =0
2A'e® 4+ 3Be* = xeX] - ‘ZA’ +3B'e¥ = xe™*
A = —xe™*, B = xe
A(X) = (x + 1)e, B(x) :_(1X+ 1)6—2x
2" 7%

Yp(x) = AlX)y1 (x) + Bx)ya(x)

We return to the formula for the particular equation, ...

B B == Variation of constants (©Robert Matik, 2006




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e* ya(x) = e

Yi(x) = 2e* Yh(x) = 3™

yp(x) = AX)y1(x) + B(x)y2(x)

Ae™ +Be* =0 A+Be =0
=
2/ +3Be* = xe* 2A' +3B'e* = xe™*
A =—xe™, B =xe ™
Alx) = (x +1)e™ Bl = —(Sx-+ 1 )e
' 27 alt
— — —x . 2x _ [ _ ) a—2x 3x

yplx) = AX)g1(x) + BRIy = (x + 1)e ™ &2 —(Zx+ 7 ) e

A yp T
B
[. .. substitute. . . ]

B B == Variation of constants (©Robert Matik, 2006



[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e* ya(x) = e

Yi(x) = 2e* Yh(x) = 3™

yp(x) = AX)y1(x) + B(x)y2(x)

Ae? + BeX =0 A +Be¥=0
=
2A e + 3B e = xe* 2A' +3B'e* = xe™*
A = —xe ™, B’ = xe ¥
A) = (x+ 1) Bl = —(Sx-+ 1 )e
' 27T 4 ] ]

— _ —x . 2x _ [ _ _ —2x  3x
Yp(x) = q\(X)w () + BX)y2(x) = (x + 1) 7 (2X T2 ) e E

— Ze)((zx + 3) A Y1 VB Y2
... and simplify.

a B Variation of constants (©Robert Maiik, 2006 K4




[Solve DE y”" —5y + 6y = xe*.

y' =5y +6y=0 =N s N6 =10 = z21=2,2=3
Y1(x) i Ya(x) i

3(x) = 2e* yh(x) = 36>
Yp(x) = A(x)y1(x) + B(x)yz2(x)

<

The general solution is the sum of the particular solution and the general
solution of the corresponding homogeneous equation. The general solution of
the corresponding homogeneous equation is a linear combination of the
functions from the fundamental system.

ARy = AT e RS WY
1 1
_ _ —x . 2x _ [ _ - —2x  3x
Yp(x) = Als Blx)yz(x) = (x+ e & —(5x+ 5 e &

v T 02
A B

1
y = Ge* + Ge* + ZeX(zx +3), G,GER

a B Variation of constants (©Robert Maiik, 2006 K4



[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 = 2z2-5z4+46=0 = z21=2,2=3
yi(x) = e* ya(x) = e

Yi(x) = 2e* Yh(x) = 3™

yp(x) = AX)y1(x) + B(x)y2(x)

Ae? + BeX =0 A +Be¥=0
=
2A e + 3B e = xe* 2A' +3B'e* = xe™*
A = —xe ™, B’ = xe ¥
A) = (x+ 1) B(x) = —(1X + 1)e_2X
' 27T 4 ] ]

— _ —x  2x 2 _ —2x  3x
Yp(x) = %1\(X)y1 () + BX)y2(x) = (x + 1) 7 (2X T2 ) &

— Ze)((zx + 3) A Y1 VB Y2

1
y=Cre* + Ge* + €@ +3), G.GER

The problem is resolved.

a B Variation of constants (©Robert Maiik, 2006 K4




Solve DE  y” +y = =X Work on the interval where sin(x) > 0.
y +y

sin x

B B =2 Variation of constants (©Robert Matik, 2006



Cos x

Solve DE  y"+y= . Work on the interval where sin(x) > 0.]

sin x

We start with the corresponding homogeneous equation. . .

B B == Variation of constants

(©Robert Maiik, 2006




Solve DE  y"+y= ?;X' Work on the interval where sin(x) > 0.]
in x
y'+y=0 = ZZ4+1=0

...and its characteristic equation.

B B == Variation of constants (©Robert Matik, 2006




Cos x

Solve DE  y"+y= . Work on the interval where sin(x) > 0.]

sin x

y +y=0 = Z24+1=0 =

z21=10,20=—I

The characteristic equation has complex roots.

B B == Variation of constants

(©Robert Maiik, 2006




Solve DE  y"+y= ?;X' Work on the interval where sin(x) > 0.]
in x

y +y=0 = Z24+1=0 = z1=1i2=—i

Y1 (x) = cos x, y2(x) = sinx

We write the fundamental system.

B B == Variation of constants (©Robert Matik, 2006




Cos x

Solve DE  y"+y= . Work on the interval where sin(x) > 0.]

sin x

Y1 (x) = cos x, y2(x) = sinx
Yp(x) = A(X)y1(x) + B(x)y2(x)

We look for the particular solution in this form.

B B == Variation of constants

(©Robert Maiik, 2006




Solve DE  y"+y= Z?jj: Work on the interval where sin(x) > 0.]

Y1 (x) = cos x, y2(x) = sinx
Yp(x) = AX)y1(x) + B(x)ya(x)
A'cosx + B'sinx=0
CoS X

—A'sinx + B cosx = —
sin x

The functions A and B have to satisfy this linear system.

B B == Variation of constants (©Robert Matik, 2006



Cos x

[Solve DE y"+y= . Work on the interval where sin(x) > 0.]

sin x

Y1 (x) = cos x, y2(x) = sinx
Yp(x) = AX)y1(x) + B(x)ya(x)
A cosx+ B'sinx =0
CoSs X

—A'sinx + B cosx = —
sin x

cosx  sinx

. :coszx+sin2x:1;
—sinx cosx

We will solve this system by Cramer's rule. We find the determinant of the
coefficients matrix. This determinant is called wronskian.
B B Variation of constants

(©Robert Maiik, 2006



Cos x

lve DE y” =
[Sove y +y P

. Work on the interval where sin(x) > 0.]

Y1 (x) = cos x, y2(x) = sinx
Yp(x) = AX)y1(x) + B(x)ya(x)
A cosx+ B'sinx =0
CoSs X

—A'sinx + B cosx = —
sin x

cosx  sinx .
= cosx +sin’x = 1;

—sinx cosx
0 sin x
W) = | cosx = — COS X;
——  COSX
sin x

We evaluate the auxiliary determinants. ..

B B == Variation of constants

(©Robert Maiik, 2006



Cos x

[Solve DE y"+y= . Work on the interval where sin(x) > 0.]

sin x

Y1 (x) = cos x, y2(x) = sinx
Yp(x) = AX)y1(x) + B(x)ya(x)
A cosx+ B'sinx =0

) CoS X
—A'sinx + B cosx = —
sin x
cosx  sinx .
W= . = cos’ x +sin’x = 1;
—sinx  cosx
0 sinx COS X 0 cos? x
W] = | COS X = — COS X W2= ) COSX | = -
——  cosx —sinx — sin x
sin x sin x

We evaluate the auxiliary determinants. ..

a B Variation of constants (©Robert Maiik, 2006 K4



Cos x

. Work on the interval where sin(x) > 0.]

lve DE y” =
[Sove y +y P

Y1 (x) = cos x, y2(x) = sinx
Yp(x) = AX)y1(x) + B(x)ya(x)
A cosx+ B'sinx =0

) CoS X
—A'sinx + B cosx = —
sin x
cosx  sinx .
W = . =C052X+Stn2X=1;
—sinx cosx
0 sinx COS X 0 cos? x
W] = | COS X = — COS X sz . COSX | = -
—/ COSXx — SN x - Stn X
sin x sin x
Wi
A = — = —cosx
w

[. ..and use the formula of Cramer for A". ..

)

B B Variation of constants

(©Robert Maiik, 2006



COoS X
sin x

[Solve DE y"+y= . Work on the interval where sin(x) > 0.]

y1(x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)ya(x)
A'cosx + B'sinx =0
€oSs X
sin x

—A'sinx + B cosx =

cosx  sinx
—sinx cosx

= cosx +sin’x = 1;

0 sinx COS X 0 cos? x
W]: COS X = — COS X sz COSX | = —
——  cosx —sinx sin x
sin x ,  sinx
Wi W5  cos”x
A = — = —cosx B=—=—
w w sin x
[...and for B'. ]
(©Robert Mafik, 2006

Variation of constants
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Solve DE  y"+y= Z?jj: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = Ax)y1(x) + B(x)ya(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A= —sinx

We integrate. The integral for A is easy.

B B == Variation of constants

(©Robert Maiik, 2006



[Solve DE y"+y= Z(L);j: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = Ax)y1(x) + B(x)ya(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A = —sinx

cos? x cos? x sin x
B = - dX = T 0. dX
sinx 1 —cos?x

(The integral for B is more complicated. The odd power of the goniometric )
function is in the denominator. We have to multiply and divide by sin x and
use the formula cos® 4+ sin’ x = 1. This gives

cos? x cos?x . cos?x .
B(x) = - dx = v sinxdx = 7zsmxdx
sin x sin® x 1 — cos?x

a B Variation of constants (©Robert Maiik, 2006 K4




[Solve DE y"+y= Z(L);j: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)y2(x) ,
Wi W5  cos” x
Al = —— = — / = — =
w osx B = w sin x

A= —sinx

cos? x cos®xsinx | 1
/ sinx X /1—cos2 / / +t2—1

4 )
o cosx =t .
Now we use the substitution . . This gives

sinx dx = —dt

2 2
B(x)=/1i—t2(—1)dt=/t2tjdt.

\Further we divide the numerator t* by the denominator (> — 1).

a B Variation of constants (©Robert Maiik, 2006 K4



[Solve DE y"+y= Z(L);j: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = A(X)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A = —sinx
c0s? x cos? x sin x it 1
B— dx= | ———"dx= | 5——dt= | 14+ ——dt
/slnx X /1—c052x X /t2—1 / +t2—1
o 1 In 1—t
2 14t
1 . o )
We expand the fraction P into partial fractions, integrate and add
logarithms. This gives
1 1 1 1 1 1
B(x)=t —— — = dt=t+=lnjt=1]—=ln|t+1
) +/2t—1 2t41 FaE=ii= ke
—t—i—lln (=1 _ —l—1_t
B P I A g
. y

a B Variation of constants (©Robert Maiik, 2006 K4



[Solve DE ¢"+y= Z?jj: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = Alx)yi(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A= —sinx
cos? x cos? x sin x it 1
B— dx= | ———"dx= | 5——dt= | 14+ ——dt
/slnx X /1—c052x X /t2—1 / +t2—1
—t+1ln1_t— X+1ln1—cosx
T M T O T 2 M T cosx

We use the back substitution cosx = t.

J

a B Variation of constants (©Robert Maiik, 2006 K4



Solve DE  y"+y= Z?jj: Work on the interval where sin(x) > 0.]
Y1 (x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A = —sinx
11—
B=cosx+ =In S ooex
2 14 cosx

[Now both A and B are known.

J

B B == Variation of constants
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Solve DE  y"+y= Z?jj: Work on the interval where sin(x) > 0.]
Y1 (x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A = —sinx
11—
B=cosx+ =In ST eoex
2 1+ cosx

Yp(x) = Ayr + By

The particular solution we looked in this form.

a B Variation of constants (©Robert Maiik, 2006 K4




Solve DE  y"+y= ?;X' Work on the interval where sin(x) > 0.]
in x
y1(x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A= —sinx
1. 1—
B=cosx+ =In ST eoex
2 1+ cosx
A Bu» — —si [ 111—cosx],
Yp(x) = Ayr + By, = —sinx cos x + cosx—i—z nm sin x
A 9 e Y2

[We can substitute. . .

J

a B Variation of constants (©Robert Maiik, 2006 K4



Solve DE  y"+y= Z(L);j: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A= —sinx
1. 1—
B=cosx+ =In ST eoex
2 14 cosx
(x) =Ay1 + By, = —sinx X+[ X+1ln1—cosx] inx
Yp(X) = Ay Y» = —sinx cos cos 5 T coox si
A hn Y2
B
_ sinx ln 1= cosx
-2 1+ cos x
... and simplify

a B Variation of constants (©Robert Maiik, 2006 K4




Solve DE  y"+y= Z(L);j: Work on the interval where sin(x) > 0.]
y1(x) y2(x) =sinxO
Yp(x) = AlX)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A = —sinx
B =cosx+ 1 n 1= cosx
2 14 cosx
A By — —si [ 111—cosx],
Yp(x) = Ayr + By, = —sinx cos x + cosx—i—z nm sin x
A hn Y2
B
1 sinx In 1 — cosx
2 1+ cos x

! 1
y(x) = Gicosx + Gy sinx + % lnH_%

[The general solution is a sum of the general solution of the homogeneous

system and the particular solution of nonhomogeneous system.

]

a B Variation of constants (©Robert Maiik, 2006 K4



Solve DE  y"+y= Z?jj: Work on the interval where sin(x) > 0.]
y1(x) = cos x, y2(x) = sinx
Yp(x) = Alx)y1(x) + B(x)y2(x) ,
, W , W, costx
A = — = — = — =
W cos x B W <inx
A= —sinx
1. 1—
B=cosx+ =In ST eoex
2 1+ cosx
. 1. 1—cosx7 .
Yp(x) = Ayr + By, = —sinx cos x + [cosx + 5 n m] sin x
A hn e Y2
_ 1 sinx ln 1= cosx
-2 1+ cosx ]
y(x):Qcosx—l—Czslnx—i—ﬂl e

2 n1~|—cosx

[The problem is resolved.

a B Variation of constants (©Robert Maiik, 2006 K4




Solve y” + 2y +y=e*Inx.

B B =2 Variation of constants (©Robert Matik, 2006



Solve y” + 2y’ +y = e lnx. ‘

yr=e"

yr = xe *

' +2 +y=0 = 2 +2z24+1=0 = z,=—1 = {

We find two independent solutions of the associated homogeneous equation.

B B == Variation of constants (©Robert Matik, 2006



[Solve y' +2y +y=e"lnx. ‘

pr=e"

Yy = xe ¥

' +2) +y=0 = Z2+2z241=0 = z,=—1 = {
y=Ax)e ¥ + B(x)xe™*

We look for the particular solution in the following form.
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[Solve y' +2y +y=e"lnx. ‘

X

X

g//—{—Zy’—{—y:O:22_}_22_}_1:0:21’2:_1 - {y1:e_
Y2 = xe
y=A(x)e™ + B(x)xe™*

—X —X
e xe _
W = . l=e 2x
—e (T—x)e
[ We find wronskian. )
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[Solve y' +2y +y=e"lnx. ‘

X

X

g//—{—Zy’—{—y:O:22+22+1=0$Z1’2=_1 - {y1:6’_
Y2 = xe
y=A(x)e™ + B(x)xe™*

—X —X

e xe )
W = _ | =

—e 7 (1—x)e™

0 xe ¥
Wy =| _ = —xe > lnx
T le X nx (1 —x)e

We find determinant W;. ]‘
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[Solve y' +2y +y=e"lnx. ‘

' +2) +y=0 = Z2+2z241=0 = z,=—1 = {

y=Ax)e ¥ + B(x)xe™

—X —X

e xe

yr=¢e"

Yo = xe

X

W = _ = (:’72)(
—e 7 (1—x)e™
0 xe ¥
Wi=| _ = —xe > lnx
T le X nx (1 —x)e
—X
e O )
W, = _ _ =e “lnx
27 |—e™ e ¥lnx
We find determinant W5. ]‘
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[Solve y' +2y +y=e"lnx. ‘

X

X

g//—{—Zy’—{—y:O:22+22+1=0$Z1’2=_1 - {y1:6’_
Y2 = xe
y=A(x)e™ + B(x)xe™*

W =e 2 Wy = —xe > lnx Wr = e > Ilnx
A= [ My / In x dx lenx+/xdx
=[] —dx=— [ xln =—— =
w 2 2
2 2 2
=—%lnx+’(Z — %(1 ~2lnx)
(We find A’ and integrate to get A. We integarte by parts with )
1
u=Ilnx =-
)
vi=x v="2
2

a B Variation of constants (©Robert Maiik, 2006 K4




[Solve y' +2y +y=e"lInx. ‘

X

— —X
' 42y +y=0 = 2 +22+1=0 = z,=—1 = {91_9

Yo = xe
y=Ax)e ¥ + B(x)xe™
W =e 2 Wiy = —xe > lnx Wr = e > Ilnx
2
A= %dx:—/xlnxdx:—%lnx—i—/%dx
x2 x2 X2
——7lnx+Z —?(1 —2lnx)

B:/lnxdx:xlnx—/1dx:xlnx—x:x(lnx—1)

We find B’ and integrate to get B. We integarte by parts with

u=Ilnx U=

1
X
v =1 vV=x

a B Variation of constants (©Robert Maiik, 2006 K4



[Solve y' +2y +y=e"lnx. ‘

—X

g//+2y’+y=0 = 22+22+1=0 - 21’22_1 - {y1:€‘

Y2 = xe
y=Ax)e ¥ + B(x)xe™

W =e 2 Wiy = —xe > lnx Wr = e > Ilnx
2
A= %dx:—/xlnxdx:—%lnx—i—/%dx
2 2 2
=—%lnx+%:%(1—2[nx)

B:/lnxdx:xlnx—/1dx:xlnx—x:x(lnx—1)

2
yplx) = %(1 —2lnx)e™ + x(lnx — T)xe™

[We find the particular solution.
g B
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[Solve y' +2y +y=e"lnx. ‘

—X

g//+2y’+y=0 = 22+22+1=0 - 21’22_1 - {y1:€‘

Y2 = xe
y=Ax)e ¥ + B(x)xe™

W =e 2 Wiy = —xe > lnx Wr = e > Ilnx
2
A= %dx:—/xlnxdx:—%lnx—i—/%dx
2 2 2
=—%lnx+%:%(1—2[nx)

B:/lnxdx:xlnx—/1dx:xlnx—x:x(lnx—1)

2
1
yp(x) = %(1 —2lnx)e™ + x(lnx — 1)xe™ = sze_X(Z lnx —3)

| We simplify.
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[Solve y' +2y +y=e"lnx. ‘

Y +20 +y=0 = 22 4+2241=0 = zo=—1 = ‘@

Q2 =xe">

y=Ax)e ¥ + B(x)xe™

W =e 2 Wy = —xe > lnx Wr = e > lnx
2
A= %dx:—/xlnxdx:—%lnx—i—/%dx
2 2 2
=—%lnx+%:%(1—2[nx)

B:/lnxdx:xlnx—/1dx:xlnx—x:x(lnx—1)

2
Yp(X) = %(1 —2lnx)e™ + x(lnx — 1)xe_
1

y(x) = sze*X(z Inx —3) + Cie™ 4+ Coxe™

| Finished! )

BE B B =
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Further reading

http://www.sosmath.com/diffeq/second/linear/secondlinear.html
http://www.sosmath.com/diffeq/second/homolinear/homolinear.html
http://www.sosmath.com/diffeq/second/nonhomo/nonhomo.html
http://www.chass.utoronto.ca/~osborne/MathTutorial/
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