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1 First order differential equations

The basic problem of the integral calculus:

Given a function f(x) defined on the interval I, find the function y(x)
defined on | which satisfies

y'(x) = f(x) (1)
for every x € I.

The solution to this problem is known:
y(x) = /f(x) dx+ C, (2)

where /f(x) dx is an arbitrary antiderivative of the function f and C is an

arbitrary constant. (Bridge) (Dog curve)
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A slight modification of the basic problem of the integral calculus:

Given a function f(x) defined on the interval | and given numbers
a €l and B € R, find the function y(x) defined on | which satisfies
(1) for every x € | and y(a) = B.

The solution is also known: We solve the problem (1) and obtain (2). In the
relation (2) we substitute (after evaluation of the integral, of course) x = a and

y = B. Then we solve the obtained equation for C and substitute the value of
C into (2).

B B First order differential equations (©Robert Matik, 2006



A slight modification of the basic problem of the integral calculus:

Given a function f(x) defined on the interval | and given numbers
a €l and B € R, find the function y(x) defined on | which satisfies
(1) for every x € | and y(a) = B.

The solution is also known: We solve the problem (1) and obtain (2). In the
relation (2) we substitute (after evaluation of the integral, of course) x = a and

y = B. Then we solve the obtained equation for C and substitute the value of
C into (2).

Example 1. Find the function y which satisfies

y =2x, y(1)=2.

Solution: Integration of the equation gives y(x) = /2x dx =x* + C.
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A slight modification of the basic problem of the integral calculus:

Given a function f(x) defined on the interval | and given numbers
a €l and B € R, find the function y(x) defined on | which satisfies
(1) for every x € | and y(a) = B.

The solution is also known: We solve the problem (1) and obtain (2). In the
relation (2) we substitute (after evaluation of the integral, of course) x = a and
y = B. Then we solve the obtained equation for C and substitute the value of
C into (2).

Example 1. Find the function y which satisfies

y =2x, y(1)=2.

Solution: Integration of the equation gives y(x) = | 2xdx = x* + C.

From the condition y(1) = 2 we substitute x = 1 and y = 2 in the expression
y = x*> + C. We obtain
2=1"4+C

and hence C = 1. The solution of the problem is the function y(x) = x* + 1.

B B First order differential equations (©Robert Matik, 2006



From now consider that the uknown function y is also present on the right
hand side of equation (1). (social diffusion)

[ Definition (ordinary differential equation). Let ¢(x,y) be a function of twoly
variables. The equation
y = o(x.y), (3)
is called the first order ordinary differential equation, explicitly solved for y’,
shortly ordinary differential equation or ODE.

(" Definition (solution of ODE). Under a solution of the ODE on the interval Ng
we understand every function y = y(x) which has the following properties

e y(x) is differentiable on /,
e the function ¢(x, y(x)) is defined for all x €/,
e the relation y’ = @(x, y(x)) holds for all x € /.
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From now consider that the uknown function y is also present on the right
hand side of equation (1). (social diffusion)

( Definition (ordinary differential equation). Let ¢(x,y) be a function of two}
variables. The equation
y = o(x,y), (3)
is called the first order ordinary differential equation, explicitly solved for y/,
shortly ordinary differential equation or ODE.

( Definition (solution of ODE). Under a solution of the ODE on the interval N}
we understand every function y = y(x) which has the following properties

e y(x) is differentiable on /,
o the function ¢(x, y(x)) is defined for all x € /,
e the relation y’ = ¢(x, y(x)) holds for all x € /.
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(" Definition (initial value problem). Let @, B be real numbers, a € I. The}
problem to find the function y = y(x) which satisfies equation (3) and an
initial condition

y(a) =B (4)
is called an initial value problem (shortly /VP).
The solution of the IVP (3), (4) is called a particular solution.

The graph of the particular solution is called an integral curve.
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1
Example 2. The solution of equation ¢’ = = (x> + y?) passing through the point
¥y=5 y

1
[2,1] has the slope 5(22 +1%) = ; in this point. Hence the line
5
y= E(X —2)+1

is a tangent to this integral curve in [2,1].

R
R
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1
Example 2. The solution of equation ¢’ = = (x> + y?) passing through the point
¥y=5 y

1
[2,1] has the slope 5(22 +1%) = ; in this point. Hence the line
5
y= E(X —2)+1

is a tangent to this integral curve in [2,1].

Remark 1 (geometric interpretation, slope field). Roughly speaking, the differ-
ential equation states:

If an integral curve goes through the point [xo, yo], it follows neces- @
sarily the direction ¢(xo, yo) at this point.

R
R
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1
Example 2. The solution of equation ¢’ = E(x2 + y?) passing through the point

1 5
[2,1] has the slope 5(22 +1%) = 5 in this point. Hence the line

y:;(x—2)+1

is a tangent to this integral curve in [2,1].

Remark 1 (geometric interpretation, slope field). Roughly speaking, the differ-
ential equation states:

If an integral curve goes through the point [xo, yo], it follows neces- @
sarily the direction ¢(xo, yo) at this point.

The simplest way how to visualize this idea is to draw a short mark at several
points to indicate the direction associated with that point. This can be done in
a systematic way on the computer. As a result, we obtain a slope field of th
equation. This slope field has the property that the linear elements in this fiel
are tangent to the integral curve which passes through the same point.

The initial condition (4) requires that the graph of the particular solution goe@
through the point [a, B].
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2 DE with separated variables

Definition (ODE with separated variables). ODE in the form

(5)

where f and g are continuous functions on some opena intervals is said to be
ordinary differential equation with separated variables.
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Find the function y(x) satistfying | ' = ycos x| and | y(0) = 0.1 ]

B B =2 DE with separated variables (©Robert Matik, 2006



Find the function y(x) satistfying | y’ = y cos x| and | y(0) = 0.1 ]

. . d
We write the derivavative ¢’ as a quotient d—y ]
X
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Find the function y(x) satistfying | ¢’ = ycosx | and | y(0) = 0.1 ]

d

d—i’:g-cosx
1
—dy=  cosx dx
y

e Using cross multiplication we convert expressions with variable x to one
of the sides and expressions with y to the other side of the equation.

e From the conditition y(0) = 0.1 we know that the solution is a nonzero
fucntion (at least in some neighborhood of the point x = 0).

DE with separated variables (©Robert Matik, 2006
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

d
—y—y oS X

/ dy—/cosx dx

We write integrals to both sides of the equation. The variable of integration
on the left is y and on the right x.
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[Find the function y(x) satistfying | y’ = y cos x| and | y(0) = 0.1 ]

ﬂ—y oS X
/ dy—/cosx dx
lny =sinx 4+ C
4 )

e We evaluate the integrals. The function y is positive (at least in some
neighborhood of the point x = 0). We consider only one of the constants
of integration.

e We obtain an equation which describes all solutions of the equation y’ =
Yy - COS X.

.
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[Find the function y(x) satistfying | y’ = y cos x | and y(O) =0.1 ]

In0.1=sin0+ C

We use the initial condition y(0) = 0.1 to find the value of the constant of
integration.
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

ﬂ—y oS x
/ dy—/cosx dx
lny =sinx+ C
ln0.1=sin0+C
C= ln0.1

[We find C.

J
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

d
—y—y oS X

/ dy—/cosx dx
lny=sinx4 C
(n0.1 :%C

C="ln01
lny =sinx 4+ (n0.1

We substitute C into the equation which decribes all solutions and find a
particular solution of the initial value problem. This solution is written in the
implicit form.
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

dy

oY cos x lny—1n0.1 =sinx
/ dy—/cosx dx

lny =sinx+ C
ln0.1=sin0+C

C= ln0.1

lny =sinx 4 (n0.1

We convert logarithms into one side.
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

dy
A Y oeosx lny—1n0.1 =sinx
y .
/ dy—/cosx dx Ingq = sinx
lny =sinx+ C
ln0.1=sin0+C
C = 1In0.1
lny =sinx 4 (n0.1

We substract logarithms.
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

dy
Y cosx lny —In0.1 =sinx
y .
/ dy—/cosx dx Infoei=isnx
y __ sinx
lny =sinx+ C 01 ¢
In0.1=sin0+ C
C = 1In0.1
lny =sinx 4 (n0.1

We use the inverse function to remove logarithms.
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[Find the function y(x) satistfying | ¢’ = ycos x | and | y(0) = 0.1 ]

dy
Y cosx lny —In0.1 =sinx
y .
/ dy—/cosx dx lnmzsmx
Y __ sinx
lny=sinx+ C 01 e
In0.1=sin0+ C y=0.1 . esinx
C= 101
lny =sinx 4 (n0.1

We isolate y. This is an explicit form of the solution of the initial value
problem.
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[Find the function y(x) satistfying | ¢’ = y cos x | and | y(0) = 0.1 ]

dy
Y cosx lny —In0.1 =sinx
y .
/ dy—/cosx dx lnmzsmx
y __ sinx
lny=sinx+ C m—e
In0.1 = S.lno—i- C y= 01- esinx
C = 1In0.1
lny =sinx 4 (n0.1

Notation:

differential equation ‘ + | initial condition | = initial value problem,

general solution, particular solution (solution of IVP)
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Differential equation with separated variables
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Differential equation with separated variables
y =1f(x)g(y)

The equation possesses a family of constant solutions of the type y = y;, where
y; is a number which is a solution of the equation g(y;) = 0.

We look for constant solutions first. Since the derivative of a constant
function is zero, the constant solution produces zero on both sides for any
admissible x.
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Differential equation with separated variables

The equation possesses a family ol constant solutions of the type y = y;, where
y; is a number which is a solution [pf the equation g(y;) = 0. In the following
steps we are intrested in nonconst/pnt solutions only.

dy
b N
Y = gl
d
We write the derivativey’ as quotient d—i ]
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Differential equation with separated variables

The equation possesses a family of constant solutions of the type y = y;, where
y; is a number which is a solution of the equation g(y;) = 0. In the following
steps we are intrested in nonconstant solutions only.

dy _

ax f(x)g(y)
dy
—L = f(x)dx
q(y) )

We cross-multiply the equation in order to convert the expressions in variable
x on one of the sides and expressions in variable y on the other side.
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Differential equation with separated variables
y =f(x)g(y)

The equation possesses a family of constant solutions of the type y = y;, where
y; is a number which is a solution of the equation g(y;) = 0. In the following
steps we are intrested in nonconstant solutions only.

d
5 = 0g(y)

dy _
o) I

/%:/f(x)d)ﬂ-C

We integrate both sides and consider only one of the constants of integration.
This gives the general solution of the equation.
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Differential equation with separated variables
y =1f(x)g(y)

The equation possesses a family of constant solutions of the type y = y;, where
y; is a number which is a solution of the equation g(y;) = 0. In the following
steps we are intrested in nonconstant solutions only.

d
5 = 0g(y)

dy _
o) I

/%:/f(x)d)ﬂ-C

If the initial condition is given, we find the value of the constant C for which ]

the initival condition is satisfied.
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* —1

First of all we isolate y'. I
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* —1
, g2—1 1

y 1—x2

From this relation it is clear that the equation has separated variables. The
equation is meaningful for y £ 0 and x £ £1.
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

We write the derivative as the quotient of differentials.
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1=x°) =y =1
dy  ¢*—1 1
dx  y 1—x?

We separate the variables. We multiply the equation by the factor g2—y1
This is possible if y &= &1. This is guaranteed by the initial condition.
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Solve the IVP ¢y — 14+ yy'(x* —1) =0, y(0)

2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

y _ 1
/yz—1dy_/1—xzdx

We add the integrals. ..
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

y _ 1
/g2—1dy_/—1—x2dX

1
zln|y2—1|:

...and evaluate. The first integral is (up to the constant multiple) the

integral of the type / Fix) dx.
f(x)
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Solve the IVP > — 14+ yy'(x* —=1) =0, y(0)=2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

y _ 1
/yz—1dy_/1—xzdx

1 ) 1 11T+x
zln|y —1|—§ln‘1_x‘+c

The second integral is either the rule, or we can expand into partial fractions
1 1 1 1 1

T—x2  21—x ' 2T+x
1 1 1
/ dx =—=ln|1—x| + 5 In |1 + x|, which is equivalent to the blue

and from here

1—x2 2
expression.

DE with separated variables (©Robert Matik, 2006
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

y _ 1
/g2—1dy_/—1—x2dX

1 ) 1 14+ x
zln|y —1|—§ln‘1_x‘+c
In(? —1) = n % 4 2¢

According to the init. cond. , we can omit both absolute values and multiply
by the number 2.
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Solve the IVP ¢y — 14+ yy'(x* —1) =0, y(0)

2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

y _ 1
/yz—1dy_/1—xzdx

1 1 1+
zln|y2—1|:§ln‘1_i‘+c
In(? —1) = n % 4 2¢
1
ln(g2—1)=ln£+lnezc

We write 2¢ in the logarithmic form ln e*°. ..
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* =1 ln(g2—1):ln(1—
dy  ¢*—1 1

dx y 1—x2

y _ 1
/g2—1dy_/—1—x2dX

1 1
zln|y2—1|:§ln‘1ii‘+c
In(? —1) = n % 4 2¢
1
ln(g2—1)=ln£+lnezc

..and add the logarithms.
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1=x) =y =1 (Y — 1) :m(mezf)
5 1—x
dy_y =1 1 14 x
dx y 1—x2 y —1= T e’
y 1
dy= [ ——d
y?—1 y /1 2
1 1 T+ x
Z Ity =1l=3 ‘1—
1
n(y? — 1) = ln ~%
1
In(y? — 1) = ln%—i—ln e
Logarithm is one-to-one function and can be omitted from both sides of
equation.
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Solve the IVP > — 14 yy'(x* = 1) =0, y(0)=2.

yy'(1—x%) = y* —1
dy  ¢*—1 1

dx y 1—x2

y _ 1
g2—1dy_/—1—x2dX

1 1 1T+ x

sl =1=3 ‘1—
1

n(y? — 1) = ln ~%
1T+x

2 2c
—1) = 7
In(y )—ln1 X+lne

14+ x
ln(y2—1):ln(1_x 26)
T+ x
2_ 1 — 25
y 1= 1—x
1+
92=1+C~1_i

The general solution. Here C = %

is a new constant.
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Solve the VP y? —14+yy'(x* —1) =0, y(0) =2.
’ 2 2 i
yy(1—x°) =y~ —1 2 \\v = 2¢

2 R | LT S
ﬂ=g_1 L ‘ ) 1+x
dx y 1—X2 yl_»I:meZC
y 1
dy= | ——d 14+ x
/92—1 / /1—x2 ¥ y=1+C 1—
1 T+x
|y’ =1]== 140
1
In(g? — 1) = ln ~% 4 2¢
1
ln(g2—1)=ln£+lnezc

[We substitute from the initial condition. ..

J

[ << I < T > . > |
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Solve the IVP

v —14+yy(x*—1)=0,

yy'(1—x%) = y* —1
dy

/ y
y? =1

1 1
Eln|y2—1|:§ln‘1ii‘+c
ln(y2—1):ln1+x+2c
1
ln(g2—1)=ln£+lnezc

dx

1

_g2—1 1

y 1—x2

y(0) =2
ln(y2—1):ln(]tie2°)
g2—1:ge2°
y2=1+C~1ti

140
22=1+C%
c=3

..and solve for C.

J

[ << I < T > . > |
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Solve the IVP

v —14yy(x*—1)=

0,

yy'(1—x%) = y* —1

dy  P—1 1
dx  y 1—x?
y _ 1
g2—1dy_/—1—x2dX
1 1 14+ x
Z Iy =1l=3 ‘1—
In(? —1) = In X
14 x

2
1) = n —2=
In(y ) ln1 X+lne

2c

y(0) =2
T4+ x
2 — 20
In(y? — 1) ln(1_X )
1T+ x
2_ 1 — 25
J 1= 1—x
y2=1+C~]+X
140
22 =1 —
+C—5
c=3
1
=143

We use that C in the general solution.

BE B B =
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Solve the IVP

v —14yy(x*—1)=

0,

yy'(1—x%) = y* —1

dy  P—1 1
dx  y 1—x?
y _ 1
g2—1dy_/—1—x2dX
1 1 14+ x
Z Iy =1l=3 ‘1—
In(? —1) = In X
14 x

2
1) = n —2=
In(y ) ln1 X+lne

2c

y(0) =2
T+ x
2 — 20
In(y? — 1) ln(1_X )
T+x
2_ 1 — 25
y—1= 1—x
y2=1+C~1tX
140
2=14+C—
+C1_0
Cc=3
1
y—1+3 X
2_4+2X
T 1—x

We simplify. The problem has been solved.
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Solve the VP ¢ = , g(Z):O]

B B =2 DE with separated variables (©Robert Matik, 2006



Solve the IVP ¢/ = 22(?: 1), y(2) = o]
;o 2x+1
2(y—1)

We start with the equation.
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Solve the IVP g'zzz(Zfl), g(Z):O]
;o 2x+1
2(y—1)

The equation has separated variables and is meaningful for y &= 1. To find the
solution we multiply the equation by 2(y — 1)
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[Solve the VP ¢ = 22(2 ﬂ) y(2) = o]
;o 2x+1
2(y—1)

/(2y—2)dy=/(2x+1)dx

We add integrals
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[Solve the VP ¢ = 22(2 ﬂ) y(2) = 0]
;o 2x+1
2(y—1)

/(2y—2)dy=/(2x+1)dx

W —2y=x*+x+C

We integrate both sides of the equation. We have /Zy —2dy=¢y*—2y

and /ZX +1dx = x? + x|. We use the constant of integration on the

right-hand side and get the general solution of the equation.
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[Solve the VP ¢ = 22(2 ﬂ) y(2) = o]
;o 2x+1
2(y—1)

/(2y—2)dy=/(2x+1)dx

Y —2y=x*+x+0C
(y—1)P2—-1=x>+x+C

We complete square on the left. ..
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[Solvethe VP = , g(Z):O]

, 2x +1

S 2y-1)

/(2y—2)dy=/(2x+1)dx

W —2y=x*+x+C
(y—12=1=x*4+x+C
(=12 =x>4+x+C+1

...and solve for y.
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[Solve the VP ¢ = 22(2 ﬂ) y(2) = o]
;o 2x+1
2(y—1)

/(2y—2)dy=/(2x+1)dx

W —2y=x*+x+C
(y—12=1=x*4+x+C
(=12 =x>4+x+C+1

y—1=xVx2+x+K

Let K = C 4+ 1 be new constant. We take the second root of both sides of
equation. . .
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[Solvethe VP = , g(Z):O]

, 2x +1

S 2y-1)

/(2y—2)dy=/(2x+1)dx

W —2y=x*+x+C
(y—1)P2=1=x>+x+C
(=12 =x>4+x+C+1
y—1=—_4-\/m
y=1im

...and solve for y.
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[Solvethe VP = , g(Z)zO]

g’:zz(x+1) yr=1+Vx2+x+K
J pr=1—vVx2+x+K
/(2y—2)dy=/(2x+1)dx

W —2y=x*+x+C
(y—1)P2=1=x>+x+C
(=12 =x>4+x+C+1
y—1=—_4-\/m
y=1+Vx+x+K

This shows that there are two explicit formulas for general solution. Since
y1(x) > 1 and yz(x) < 1 for all x, we consider the solution y, only (see the
initial condition).
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[Solve the VP ¢ = 22(2 ﬂ) y(2) =
':22(X+1) y=0) \yr=TFvrF>rK
J 7 yr=1—vVx2+x+K

W —2y=x*+x+C
(y—1)P2=1=x>+x+C
(=12 =x>4+x+C+1
y—1=Vx+x+K
y=1+Vx+x+K

We substitute the initial condition into y.
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[Solve the VP ¢ = y(2) = 0]

, 2x +1

S 2y-1)

/(2y—2)dy=/(2x+1)dx

W —2y=x*+x+C
(y—1)P2=1=x>+x+C
(=12 =x>4+x+C+1
y—1=—_4-\/m
y=1+Vx+x+K

y1m
pr=1—vVx2+x+K
0=1—-VvV4+2+K
K=-5

The solutionof 0 =1—vV4+2+ K is K =—5.

B B DE with separated variables
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2x +1 ‘
Solve the IVP "= . y2)=0
[ o=y Y ]
4/:22(”]) g1 = It K
J pr=1—vVx2+x+K
/<2y—2>dy=/<2x+1>dx 0=1-Vi+2+K
¥ —2y=x"+x+C K=-5

(y—1)P2=1=x>+x+C
(=12 =x>4+x+C+1
y—1=2V +x+K gp=1—Vx2+x=5
y=1+Vx+x+K

We use the obtained value of K in the formula for y,. The initial value
problem has been solved.
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Solve DE  3xyy = (y° — 1)(x* —1).
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Solve DE  3xyy = (y° — 1)(x* —1).

;) gy —1 .X3—1
J 3y? X

e We solve the equation for y'.

e This shows that the equation has separated variables and is meaningful
for x £0 and y £ 0.
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Solve DE  3xyy = (y° — 1)(x* —1).

) gy —1 .X3—1
J 3y? X

The function y =1 is a solution.

The right-hand side equals zero for y = 1. Hence the constant function
y(x) =1 is a solution. This can be verified by direct substitution.
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Solve DE  3xyy = (y° — 1)(x* —1).

The function y =1 is a solution.  From now suppose y £ 1.

Let us continue with the cases in which y £ 1. In this case we can multiply
3y?
Yy —1

B B DE with separated variables (©Robert Matik, 2006

the equation by the factor . This separates the variables.




Solve DE  3xyy = (y° — 1)(x* —1).

dy g -1 x*—1
dx 3y? X

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
y3y_1dg: " dx

The variable y is on the left and x on the right.
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et

We add integrals . ..

B B == DE with separated variables
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et

33
ln|y3—1|=§—ln|x|+c

f'(x)

) dx and the

...and evaluate. The integral on the left is of the type /

integral on the right can be written as the integral

3 3
/X 1dx:/)(2—1dx:)(——ln|x|.
X X 3
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et
S

ln|g3—1|=%—ln|x|+c

X3 1 €
ln|g3—1|=ln(e BMe)

3

o . X . . . 3
We write the expressions 3 and ¢ in logarithmic forms [n ¥’ and In e and

add (subtract) logarithms.

B B DE with separated variables
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et

33
ln|g3—1|=§—ln|x|+c

M|y® — 1| :M(ex%lec)

|
3 1 = X3/3 1 c
—1|=e""—e
ly” 1] ]
Logarithm is one-to-one function and can be removed from both sides of
equation.

B B DE with separated variables (©Robert Matik, 2006



[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et

33
ln|g3—1|=§—ln|x|+c

X3 1 G
ln|g3—1|=ln(e BMe)

/3 l c

3—1|=e e

ly

If we omit the absolute values, the right and left side can differ by the sign. ]

We add this sign to the constant factor e. ..

B B DE with separated variables
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et

33
ln|g3—1|=§—ln|x|+c

X3 1 G
ln|g3—1|=ln(e BMe)

3 ><3/31 c
1l = —
o= e
1
g —1 = (xe9) X X C==xe eR\ {0}

...and introduce new constant C = %e°. Since ¢ can take arbitrary real
value, the expression e can take arbitrary positive value and %e® can take
arbitrary real nonzero value.
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The functior y =1 is a solution.  From now suppose y £ 1.

3y? x3—1
=t et

33
ln|g3—1|=§—ln|x|+c

1
3 x>/3 c
—1| = _
g =1l =e" e
3 c )(3/3,I
—1 = (+ -
y (Fe) e ™
C
3 _ x*[3
— ==
y xe

C==xeeR\ {0}

CeR

If we allow C = 0, the general solution gives y = 1 which is also a solution. ]

Hence C can be arbitrary real value.

BE B B =

DE with separated variables
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[Solve DE  3xy’y' = (4’ — 1)’ —1).

The function y =1 is a solution.

3y? x3—1
=t et

33
ln|g3—1|=§—ln|x|+c

1
3 x>/3 c
1| = —
g =1l =e" e
3 c )(3/3,I
—1=(x -
y (Fe) e ™
C
3 _ X°/3
==
y Xe

From now suppose y £ 1.

C==+e‘eR

CeR

The equation has been solved.

BE B B =

DE with separated variables
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Solve DE (1+ €y +e'y=0
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Solve DE (1+ €y +e'y=0

(14 ey =—e'y

We start with the equation.
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Solve DE (1+ €y +e'y=0

(14 e )y =—e'y
’ eX

y :_ex+1y

We solve the equation for y'.

B B == DE with separated variables
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Solve DE (1+ €y +e'y=0

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y = 0 is a solution. In the following suppose y #= 0.

The right-hand side is zero for y = 0.
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Solve DE (1+ €y +e'y=0 ‘

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

dy e*
A et
We substitute dy for y'.
dx

]

B B == DE with separated variables
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Solve DE (1+ e )y +e'y=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

dy e*
dx e+ 17
X
dy_ & g
y 14 e

We multiply by dx and divide by y. Since y # 0, we can do the division.

(©Robert Maiik, 2006
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Solve DE (1+ e )y +e'y=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

We write integral signs.

DE with separated variables

BE B B =

(©Robert Maiik, 2006



Solve DE (1+ e )y +e'y=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

In|y|=—W(1+e)+c

We evaluate the integrals. In the integral on the right we have the derivative
of denominator in numerator.
g g
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Solve DE (1+ e )y +e'y=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

dy ___e n[Jyl(1+e")] = nee

In|y|=—W(1+e)+c

We convert logarithms to the left—hand side and add. Further we convert the
number ¢ into logarithmic form.

DE with separated variables (©Robert Matik, 2006
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Solve DE  (1+

eX)g/+exy=0 1

The function y =0 is a solution. In the following suppose y # 0.

In|y|=—W(1+e)+c

(14 e )y =—e'y

X

e

y :_ex+1y

[y (1+ e) | = boet

eC

lyl(1 + e) =

[Logarithmic function is one-to-one and can be removed from both sides on

equation.

]

BE B B =

DE with separated variables
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Solve DE (1+e)y +ey=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

ﬂ__ e* n 1+ e*)| =lne

dx e +1y [|y|( )]

dy _ ¢ lyl(1 + €)= e
7‘_/1+exx y(1+e) =K K = e

In|y|=—W(1+e)+c

We remove the absolute value. This yields = sign on the right. We join this
sign to the number e which gives a new constant K.

DE with separated variables
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Solve DE (1+ e )y +e'y=0}

(14 e )y =—e'y
/:_ e
y 7Y

X

The function y =0 is a solution. In the following suppose y # 0.

dy e~ n 1 X _ c

e/ y|(1+ €)= lne

dx eX+1y [| |( )X] .

dy _ [ e lyl(1 +e*) =e

y 1+eXX y(1+ €)=K K = +e°

In|y|=—W(1+e)+c K
= KeR
y=rrm KER\(0)

[We solve the obtained relation for y.

DE with separated variables
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Solve DE (1+ e )y +e'y=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The functior y =0 is a solution. In the following suppose y # 0.

dy e~ n 1 X _ c

e/ y|(1+ €)= lne

dx e +17 [| . )X] .

dy _ [ e lyl(1 + ) =e

y 14 e X y(1+ €)=K K = +e°

n|y| = —n(1+€*) + ¢ K
= K eR\{0
y=17= KeR\{(0}

[The choice K = 0 gives y = 0, which gives the constant solution.
(©Robert Matik, 2006
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Solve DE (1+ e )y +e'y=0}

(1+eY)y =—e'y
I e
y eX—Hy

X

The function y =0 is a solution. In the following suppose y # 0.

dy e* n 1 X _ c

e/ y|(1+ €)= lne

Yy [2[ )X] !

dy e d lyl(1+e*)=e

v Jire ™ y(1 + ") = K K — 4o

n|y| = —n(1+€*) + ¢ Y= K ker
1+ eX

[The problem is resolved.

DE with separated variables (©Robert Matik, 2006
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Solve DE  ye"t¥=_C
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Solve DE  ye"'t¥ = X

7 1
y'e¥ed =—x—

We factor the exponential function etV This separates the variables in the
exponent.

BE B B =
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Solve DE  y'etV x
Yy
yeel = —x
d
Yty = —x
dx y
d
We substitute d_)g(/ for y'.

]

BE B B =

DE with separated variables
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Solve DE  ye"'t¥ = x
y
yeel = —x
d
S ey —
dx y
yeYdy=— xe ™ dx
We multiply by y and divide by e, The latter is equivalent to the
multiplication by e ™",
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[Solve DE  ye'tV= —{]

y
yeel = —x
d
ey = —x
dx y

We write integral sings.
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[Solve DE  ye'tV= —{]

y
yeel = —x
d
ey = —x
dx y
/yey dy = —/xe’x dx
yeV — e¥ =

On the left we integrate by parts:

—_— /_
/yeydy u=y =1 :yey—/eydy:yey—ey

vV=eVY v=¢Y
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[Solve DE  ye'tV= —{]

Yy
1
y'eed =—x-—
ﬂexzey _Xl
dx y

2

1
yel —e¥ = ze_x +C

(On the right we use a the substitution suggested by the inside function. Hence)

Xt 1 1
— [ xe¥dx | ~xdx=dt | __ /etdt =_el=_-e"
1 2 2 2
—xdx = = dt
2
- 4
B B DE with separated variables
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[Solve DE

1

y'eed =—x-—
y

ﬂexzey _Xl
dx y

/yey dy = —/xe”(2 dx

1
ye —e’ = ze_xz +C

2yeY —2e¥ = e+ C

CeR

We multiply the equation by the number 2. This gives the general solution in
its implicit form. Unfortunately, we cannot solve explicitly this relation with

respect to y. We keep the solution in its implicit form.

B OB B

DE with separated variables
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[Solve DE  ye'tV= —{]

Yy
1
y'eed =—x-—
ﬂexzey _Xl
dx y

/yey dy = —/xe”(2 dx

1
yel —e’ = ze_xz +C

Zye”—Ze”:efxz—i—C CeR

The problem is resolved.
g B BB

DE with separated variables (©Robert Matik, 2006




3 Linear equation

(" Definition (first order linear ODE). Let a, b € C(/). The equation
Y+ a(x)y = b(x) (6)

is said to be the first order linear ordinary differential equation (shortly LDE).
If b(x) = 0 on /, then the equation is called homogeneous and nonhomoge-
neous otherwise.

Definition (associated homogeneous equation). The equation
Yy +alx)y=0 (7)

is said to be a homogeneous equation associated with the nonhomogeneous
equation (6).

Remark 2. Every IVP for the linear equation possesses a unique solution defined

on the interval /.
BE B B = Linear equation (@©Robert Matik, 2006 B4



Example 3. Equations
y —2yln(x) = SL% and y =y+x
are linear. Equations

y' —: x> and : x?

are not linear. The linearity is broken because of the presence of the square ¢?
in the first equation and the product yy’ in the second one.

Remark 3 (trivial solution of homogeneous LDE). Homogeneous LDE 7
y' +alx)y =0

possesses the constant solution y(x) = 0 for an arbitrary coefficient a(x). The
solution y(x) = 0 is called a trivial solution and can be obtained by the initial
condition y(a) = 0 for a arbitrary.

B B Linear equation (©Robert Matik, 2006



Remark 4 (operator L[-]). Let L[] be an operator defined on the set of smooth
functions by the relation

Lylx) = y'(x) + a(x)y(x).

Then the linear equation (6) and the corresponding homogeneous equation take
the form L{y] = b(x) and L[y] = 0.
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Remark 4 (operator L[-]). Let L[] be an operator defined on the set of smooth
functions by the relation

Lylx) = y'(x) + a(x)y(x).

Then the linear equation (6) and the corresponding homogeneous equation take
the form L{y] = b(x) and L[y] = 0.

Remark 5 (linearity of L[-]). The operator L[] satisfies
Gy + Guo] = Gl + Glye]

for all real numbers Ci, C, and all differentiable functions y1(x), y2(x).
Really

L[Cig1 + Col) = (Crn) + Cogoln)) + 0 Cryn(x) + Cogol))
= Ciyi(x) + Coypl) + ) Crn (4) + ) Cayal)
= i (450 + a1 () + Co (Yo + o))
= GiLy1](x) + GL{y)(x).
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LGy + Gy = Gillyr] + GL{ya]-

In plain words: If the function y; solves equation y’ + a(x)y = bi(x) and y,
solves y' + a(x)y = by(x), then the function y = Cyy; + Gy is a solution of
the equation

y' +a(x)y = Cibi(x) + Coba(x).
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LGy + Gy = Gillyr] + GL{ya]-

In plain words: If the function y; solves equation y’ + a(x)y = bi(x) and y
solves y' + a(x)y = by(x), then the function y = Cyy; + Gy is a solution of

the equation
Y + a(x)y = Ciby(x) + Coba(x).

Theorem 1 (superposition principle). Let y, y1 and y, be differentiable functions
and C be real number

L] =0 = LC-y]=C-0=0,
pl=0aLly]=>blx) = LC y1+y2]=C-0+b(x) = b(x),
L[yn] = Llya] = b(x) = Ly1 — y2] = b(x) — b(x) = 0.
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Theorem 2 (general solution of homogeneous equation). If ypyy(x) is a nontrivial
solition of homogeneous LDE, then the function

ycH(x) = Cypu(x), CeR

is a general solution of this equation.
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Theorem 2 (general solution of homogeneous equation). If ypyy(x) is a nontrivial
solition of homogeneous LDE, then the function

ycH(x) = Cypu(x), CeR

is a general solution of this equation.

Theorem 3 (general solution of LDE). Consider nonhomogeneous LDE (6) and
associated homogeneous LDE (7).

o If ypn(x) is a particular solution of nonhomogeneous LDE and ygn(x, C) is
a general solution of the associated homogeneous LDE, then the function

yan(x, €) = ypn(x) + yan(x, C) (8)

is a general solution of nonhomogeneous LDE.
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Theorem 2 (general solution of homogeneous equation). If ypyy(x) is a nontrivial
solition of homogeneous LDE, then the function

ycH(x) = Cypu(x), CeR
is a general solution of this equation.
Theorem 3 (general solution of LDE). Consider nonhomogeneous LDE (6) and
associated homogeneous LDE (7).

o If ypn(x) is a particular solution of nonhomogeneous LDE and ygn(x, C) is
a general solution of the associated homogeneous LDE, then the function

yan(x, €) = ypn(x) + yan(x, C) (8)

is a general solution of nonhomogeneous LDE.

o If ypn(x) is a particular solution of nonhomogeneous LDE and ypp(x) a
nontrivial particular solution of the associated homogeneous LDE, then the
function

yan(x, €) = ypn(x) + Cycr(x) (9)

is a general solution of nonhomogeneous LDE.
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[Homogeneous LDE '+ a(x)y=0 via separation of variables. |

y(x) = 0 is a solution and in the sequel we consider y #= 0.

The homogeneous linear differential equation can be solved by separation of ]
variables.
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[Homogeneous LDE '+ a(x)y=0 via separation of variables. |

y(x) = 0 is a solution and in the sequel we consider y #= 0.

d
< =—aly
: / . ; . dx
We isolate y’ and substitute ¢’ by the quotient d_y

B B == Linear equation (©Robert Matik, 2006



Homogeneous LDE "+ a(x)y =0 via separation of variables. |
y y

y(x) = 0 is a solution and in the sequel we consider y #= 0.

dy
dx —a(x)y
1 dy=— a(x)dx,

y

We separate variables.
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[Homogeneous LDE '+ a(x)y=0 via separation of variables. |

y(x) = 0 is a solution and in the sequel we consider y #= 0.

We integrate both sides of the equation.

BE B B =

Linear equation
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[Homogeneous LDE '+ a(x)y=0 via separation of variables. |

y(x) = 0 is a solution and in the sequel we consider y #= 0.

dy
dx —a(x)y

[ au=—[ata,

ln|y|=—/a(x)dx+c, ceR

lnly| = In (e‘fﬂ(x)dx . ec)

We convert both side into logarithmic form.
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[Homogeneous LDE 4 + a(x)y =0 via separation of variables.

y(x) = 0 is a solution and in the sequel we consider y #= 0.

dy _
dx —a(x)y

1
—d z—/a(x)dx,
[y
ln|y|=—/a(x)dx+c, ceR

M|y| — X (e—fu(x)dx . ec)
y=Ce JoW&  C—=4ef R\ {0}

e The logarithm is one-to-one function and can be removed from both
sides.
e We remove the absolute value and rename the constant.
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[Homogeneous LDE ¢+ a(x)y=0 via separation of variables.

y(x) = 0 is a solution and in the sequel we consider y #= 0.

y=Ce JoW& € —4ef R\ {0}

LC =0 is also possibleJ

‘ y= Ce JoWd  CceRr I‘ .. the general solution

[For C = 0 we obtain the trivial solution. Hence C can take arbitrary real ]
values.
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Homogeneous LDE ¢’ + a(x)y =0 via educated guessing.

(ef(X))' = W

/

y = —alx) -y

We compare the chain rule for the exponential function and the homogeneous
differential equation.
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—

Homogeneous LDE "+ a(x)y =0 via educated guessing.
y y

o [ a(x) dxy

e Both formulas are equivalent, provided y = e/ and f’ = —a(x). Hence
f(x) = —/a(x) dx.

e This is a particular solution of the equation.
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Homogeneous LDE ¢’ + a(x)y =0 via educated guessing.

(ef(X))' = W

/

y = —alk) -y
y = C-eJW& CceRr

The general solution is an arbitrary constant multiple of any nontrivial
particular solution.
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Homogeneous LDE ¢’ + a(x)y =0 via educated guessing.

(ef(X))' = W

/

y = —alk) -y
y = C-eJW& CceRr

YoH = CeJoWd ceR|. .. the general solution
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

4 )

e Now consider the nonhomogeneous equation.

o Recall that if yp(x) is a particular solution of nonhomogeneous LDE and
ycH(x) is a general solution of the associated homogeneous LDE, then

the function
y(x, €) = yp(x) + yar(x)

is a general solution of nonhomogeneous LDE.

o

B B Linear equation
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Nonhomogeneous LDE ¢’ + a(x) - y = b«] via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

The gen. sol. of the assoc. hom eq. ‘ yer(x) = Ce T = € yp(x)

e We consider the associated homogeneous equation first.

e This equation can be solved by separation of variables, as has been shown
before.
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‘ Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. |y + a(x)y =0

The gen. sol. of the assoc. hom eq. ‘ ycH(x) = Jata dx —© ypH(x

yp(x) ypr(x)

variation of constant

4 )
e Now it is sufficient to find any particular solution of the nonhomogenous

equation.

e We replace the constant C in the general solution of the associated ho-
mogeneous equation by a function K(x) and try to find condition on the
function K(x) which guarantee that this function is a (particular) solution
of the nonhomogenous equation.

. y
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

a(x) dx

The gen. sol. of the assoc. hom eq. ‘ ycH(x) = ce

=C-ypu(x)

yr(x) = K(x) - ypr(x)
yp(x) = K'(x) - ypr(x) + K(x) - ypy(x)

e We have to find the function K(x).
e We have to evaluate the derivative y" and substitute into the equation.
e We use the chain rule (uv) = v -v+u-V

B B == Linear equation (©Robert Matik, 2006



Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [5’ +a(x)y=0

The gen. sol. of the assog/. hom eq. ‘ yer(x) = Ce TN = € yp(x)
yr(x) = K(x) - ypr(x)
yp(x) = K'(x) - ypr(x) + K(x) - ypu(x)

y

K'(X)ypr(x) + K(x)ypp(x)

We substitute into the equation.
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Nonhomogeneous LDE ¢’ + a(x) : y = b(x) via variation of constant.

The asociated hom. eq. |y +Ax)y =0 I

The gen. sol. of the c. hom eq. ‘gGH(X) = Ce JIW& = C . ypy(x)

yp(x) = K(x) - ypr(x)
yp(x) = K'(x) - ypri(x) + K(x)-

Y y
K’ ()ypr(x) + K(x)ybr() + a(x) - Kx)yemlx) = b(x)

We substitute into the equation.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g' +a(x)y=0

The gen. sol. of the assoc. hom eq. ‘g(;H(x) = Ce JIW& = C . ypy(x)
yr(x) = K(x) - ypr(x)
yp(x) = K'(x) - ypr(x) + K(x) - ypu(x)

’

y y
K’ (x)ypr(x) + K(x)ypp(x) + a(x) - ( X)ypH(x) = ( )
K'(x)ypn(x) + K(x)[ypr(x) + alx)ypr(x)] =

[We factor out the last two terms on the left hand side. ]\
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g' +a(x)y=0

The gen. sol. of the assoc. hom eq. ‘gGH(X) = Ce JIW& = C . ypy(x)
yr(x) = K(x) - ypr(x)
yp(x) = K'(x) - ypr(x) + K(x) - ypu(x)

’

y y
K’ (x)gpr(x) + K (g lx) + a(x) - KR)yprlx) = b(x)
K’ (x)ypr(x) + K () [ypp(x) + ax)ypr()] = b(x)
K’ (x)gpr(x) = b(x)

The highlighted expression equals to zero.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

The gen. sol. of the assoc. hom eq. ‘ yer(x) = Ce TN = € yp(x)

yp(x) = K(x) - ypH(x)
yp(x) = K'(x) - ypr(x) + K(x) - ypp(x)
y y
K’ ()ypr(x) + K(x)ybr() + a(x) - K yemlx) = b(x)
K'(x)ypr(x) + K(x)[ypn(x) + a(x)ypr(x)] = b(x)
K'(x)ypr(x) = b(x)

b
RO = o

The resulting equation does not contain the function K(x), but only its
derivative K'(x). We isolate K’(x).

|
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

The gen. sol. of the assoc. hom eq. ‘gGH(X) = Ce JIW& = C . ypy(x)
yr(x) = K(x) - ypr(x)
yp(x) = K'(x) - ypr(x) + K(x) - ypu(x)

’

y
K/ (ypr(x) + K6 gpr) + ax) - KGgom() )UPH( )=0b
K'(x)ypr(x) + K(x)[ypn(x) + alx)ypr(x)] = b
K'(x)yph(x) = b

(
(x)
(x)

Integrating we get K(x). The constant of integration can be arbitrary.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g' +a(x)y=0

a(x) dx —C- yPH(X)

The gen. sol. of the assoc. hom eq. ‘ ycH(x) = ce

yp(x) = K(x) - ypH(x)

We keep the important informations only.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g' +a(x)y=0

a(x) dx —C- yPH(X)

The gen. sol. of the assoc. hom eq. ‘ ycH(x) = ce

yp(x) = K(x) - ypH(x)

_ [ bx)
K(x) = / U () dx

We keep the important informations only.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

The gen. sol. of the assoc. hom eq. ‘ yer(x) = Ce TN = € yp(x)
yp(x) = K(x) - ypr(x)

_ [ bx)
K(x) = / U () dx

yp(x) = ypH(x) - /

b(x)
yrH(x)

We use the function K(x) to get the particular solution of the equation.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x)

via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

r

AN

The gen. sol. of the assoc. hoi.  yar(x) = Ce= TN = €. ypy(x) .
yr(x) = K(x) - ypr(x)
K(x) = / b 4
ypH(x)
b(x)
X) = X) -
y(x) = yp(x) + ycH(x)
We add the particular solution of the nonhomogenous equation and the
general solution of the homogeneous equation. The equation has been solved.
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Nonhomogeneous LDE ¢’ + a(x) - y = b(x) via variation of constant.

The asociated hom. eq. [g’ +a(x)y=0

r AN

The gen. sol. of the assoc. hoi..  ycr(x) = Ce™ Jadx — €. ypp(x)
yr(x) = K(x) - ypr(x)

_ [ bx)
K(x) = / U () dx

o= f

y(x) = yp(x) + yerlx) = e_f"(x)dxl b(x )ef”(x Jdx gy 4 Ce~J atvdx

Substituting for ycy and yp we obtain an explicit formula for the solution of |
the (nonhomogeneous) linear equation.
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Nonhomogeneous LDE ¢ + a(x) - y = b(x) via integrating factor. |

Y + a(x)y = b(x)

We derive the explicit formula for the solution of LDE using the so called
integrating factor.
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Nonhomogeneous LDE "+ a(x)-y = b(x) via integrating factor. |
y y

y' + al)y = b(x)
y/efu(x) dx + G(X)gefa(x)dx — b(X)efu(x)dx

We multiply both sides of the equation by the integrating factor i el I
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Nonhomogeneous LDE ¢ + a(x) - y = b(x) via integrating factor. |

y' + al)y = b(x)
yefu(x ) dx G(X)gefu(x)d)(:b(X)efa(x)dx

(yefa(x)dx)’ — b(x)e] a0

The left hand side can be written as derivative of product. Really

(yefa(x X),zyrefa(x)dx+g(efa(x)dx),

— y/efa(x)dx + gefa(x)dxa(x)
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Nonhomogeneous LDE ¢ + a(x) - y = b(x) via integrating factor. |

y' + al)y = b(x)
y/efa(x) dx + G(X)gefu(x)dx — b(X)efa(x)dx

(yefa(x)dx)' — p(x)e) o x

yefu(x)dx:/b(X)efu(x)dde+C

Integrating we remove the derivative.
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Nonhomogeneous LDE "+ a(x)-y = b(x) via integrating factor. |
y y

y' + al)y = b(x)
y/efa(x) dx + G(X)gefu(x)dx — b(X)efa(x)dx

(yefa(x)dx)' — p(x)e) o x

yefa(x)dx:/b(x)efa(x)dxdx+c

y=e Job [ / b(x)el % dx + C]

We isolate y. Finished.
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Solve DE y'+%y= L ]

The equation is a linear differential equation.
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2 1)
Solve DE ¢ +;y—>_§]

’

2
g+;g—0

e We write the corresponding homogeneous equation.

e We replace the function on the right hand side by zero.
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2 1)
Solve DE y + =y = ]

’

2
g+;g—0

2
yon(x) = Ke I 5

e The general solution of y+a(x)y = 0 is given by formula y = Ke~J @ dx,

2
e In our problem we have a(x) = —.
X
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Solve DE g'—i—%g: ! ]

’

2
g+;g—0

2
yGH(X) — Keff;dx — Ke—Zln |X|

We integrate. . .
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2 1)
Solve DE 4/ += ¢ = ]

’

2
g+;g—0

2 _
yGH(X) — Keff;dx — Ke—Zln |X| — Kelnx 2

..simplify . ..
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Solve DE ¢ +% y = ! ] yer(x) = Kx 2

’

2
g+;g—0

2 _
yGH(X) — Keff;dx — Ke—2 ln |X| — Kelnx 2 — KX—Z

and simplify even more. Remember that exponential function is inverse to
logarithmic function and hence the composition of these functions is identity.
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Solve DE ¢ +% y = ! ] yor(x) = Kx 2

ypn(x) = K(x) - x72

e Now we look for the particular solution of nonhomogeneous equation.

e Suppose that K is a function in yg(x).
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Solve DE ¢ +% y = ! ] yor(x) = Kx 2

yrn(x) = K(x) - x> Ypn = K (X2 4 (—2)K (x>

e We find the derivative ypy/(x).

e We use the product rule for derivatives: (uv) = u'v + uv'.
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2
Solve DE ¢ + LY

ypn(x) = K(x) - x?

We substitute into nonhomogeneous equation.
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)
Solve DE ¢ +% y = ] yaH(x) = Kx™?2

x4+ 1
ypn(x) = K(x) - x 72 ypn = K'0x 2 + (=2)K (x)x
y y
K'(x)x™2 + (=2)K (x)x > + ;K(x)r2 = )(1?
2
K=

e We solve the last equation with respect to K'.

3. 2
e The expressions with K cancel. Really: (—2)Kx *+=Kx ? =0.
X
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Solve DE ¢/ +% y = L ] yor(x) = Kx~?

x+1
ypn(x) = K(x) - x~ ypn = K'0x 2 + (=2)K (x)x
y' y :
K'(x)x™2 + (—=2)K(x)x > + ;K(x)x‘z =
2
=
K'(x) =x—1 +Xl1

e The function K can be obtained from K’ by integration.

e We would like to integrate the improper rational function. We have to
use the long division first.
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, 2
Solve DE y +;y i

ypn(x) = K(x) - x 72 ypn = K'0x 2 + (=2)K (x)x
y y
K'(x)x™2 4+ (=2)K (x)x > + ;K(x)x‘z = )(1?
XZ
K'(x) = e
K'(x) =x—1 +Xl1

We integrate. . .
(©Robert Mafik, 2006
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Solve DE ¢ +% y = ! ] yoH(x) = Kx~2

x+1
ypn(x) = K(x) - x 72 Ypn = K (X)X 2 + (—2)K (x)x
y y 1
K/ 4+ (=KW + K = ——
2
Kb = x)—(i- 1
K'(x) =x—1 +Xl1

1
K(x)—/x—1+x+1dx

2

=X7—X+ln|x+1|

2
..and K(X):%+X+ln|x+1|. ]
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Solve DE ¢ +% y = ! ] yor(x) = Kx 2

ypn(x) = K(x) - x72

K (x)
2

=X7—X+ln|x+1|

We keep the important computations only.
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2 1 |
Solve DE ¢ + Ly = ] yaH(x) = Kx™?2

ypn(x) = K(x) - x72
X2
K(x) = 7—x+ln|x+1|

The function K(x) is known and it can be used in the formula for ypn/(x).
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, 2 (|
[Solve DE ¢ + Y= o ] ycH(x) = Kx
ypn(x) = K(x) - x7

x2
K(x) ?—x+ln|x—|—1|
x? )

ypn(x) = (7 — X+ ln(x+1)) X
We use this K(x). ..
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[Solve DE ¢ +% y = ] ] =

x+1
ypn(x) = K(x) - x 2
X2

K(x) = 7—x+ln|x+1|

2 1 1 :
ypn(x) = (%—X+ln(x+1)) X2 = 5= l"();;r )
... and simplify
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[Solve DE ¢ +% y = ! ] yoH(x) = Kx~2

x+1
ypn(x) = K(x) - x 2
2
K == —x+lnx+1|
2
yen() = [ S —x +In(x+ 1) 2o 11 Inx+1)
2 2 X X2

yan(x) = yer(x) + ypn(x)

The general solution yon(x) of nonhomogeneous equation is a sum of ygu(x) ]

and ypn(x).
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1T 1 Inx+1)

K
yan(x) = Yen(x) + ypn(x) = 5 +5 =~ +

X X2

We substitute for ypn and ygp.
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[Solve DE ¢ +% y = ! ] yoH(x) = Kx~2

ypn(x) = K(x) - x~2

32
Kx)==—x+In|x+1]

2
2 11 1
ypn(x) = (%—x+ln(x+1) ~x_2:§—; %
K 1 1 Inx+1)
yan(x) = yan(x) +yen) = 5 +5 -+ —5—, KEeR
The problem is resolved.
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Solve DE ¢ =1+ 3ytgx.
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Solve DE ¢ =1+ 3ytgx.

y' —3ytgx = 1...original equation

We convert the linear equation into the form

y — a(\)y = bix).

Hence a(x) = —3tgx and b(x) = 1.

B B == Linear equation
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Solve DE ¢ =1+ 3ytgx.

y' —3ytgx = X...original equation
y' —3ytgx = 0...associated homogeneous equation

We write the corresponding homogeneous equation. We replace the
right-hand side by zero.
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Solve DE ¢ =1+ 3ytgx.

y —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

ycH(x) = Ce—J —3tgxdx

The general solution of
y' +alx)y=0

is given by the formula y = Ce™J W dx,
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Solve DE ¢ =1+ 3ytgx.

y —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

yor(x) = Cefffhgxdx — (e 3ncosx

(We evaluate the integral as follows: )
/—3tgxdx - /3_5”” dx = 3n| cos x|.
Cos X
f'(x)

Here we used the formula / ) dx = In|f(x)|. In the following we will

suppose that we work on the interval, where cos x > 0. In this case we omit
\the absolute value. 4
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Solve DE ¢ =1+ 3ytgx.

y —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

_ (= _ -3
yGH(X) — Ce J—3tgxdx _ Ce 3lncosx _ Celncos X

We convert the function into the form in which the exponential function
follows the logarithmic function.
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Solve DE ¢ =1+ 3ytgx.

y —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

X) = Cefffhgxdx — Ce73lncosx — Celncos’3x — CC0573X
YcH

ln x

The functions In(x) and e* are mutually inverse function and the composition
e"" is identity.
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Solve DE ¢ =1+ 3ytgx.

y —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

X) = Cefffhgxdx — Ce73lncosx — Celncos’3x — CC0573X
YcH

ypn(x) = K(x) cos™ x

e Now we have the general solution of homogeneous equation.

e We look for the particular solution of nonhomogeneous equation in the
form, in which the constant from ycu is replaced by the function K(x).

Linear equation (©Robert Matik, 2006
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Solve DE ¢ =1+ 3ytgx.

y —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

X) = Cefffhgxdx — Ce73lncosx — Celncos’3x — CC0573X
YcH

ypn(x) = K(x) cos ™ x
ypn(X) = K'(x) cos > x + K (x)(—3) cos~* x(—sin x)

e When evaluating the derivative of ypy(x) we use the product rule (uv) =
/ /
uv—+4uv.

B

e The derivative of cos ” x is evaluated by chain rule.
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Solve DE ¢ =1+ 3ytgx.

y' —3ytgx = 1...original equation
y' —3ytgx = 0...associated homogeneous equation

X) = Cefffhgxdx — Ce73lncosx — Celncos’3x — CC0573X
YcH

ypn(x) = K(x) cos— x
ypn(X) = K'(x) cos > x + K (x)(—3) cos~* x(—sin x)

’

y y

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) — 3K (x) cos > x tgx = 1

[We substitute for y and y’ into the original equation.
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Solve DE ¢ =1+ 3ytgx.

ycH(X) = = Ccos > x

ypn(x) = K(x) cos™ x

/

y y

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) — 3K (x) cos > x tgx = 1

[We clean the informations which are no more important.

B B Linear equation (©Robert Matik, 2006




[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) — 3K (x) cos > x tgx = 1

K'(x)cos 3 x =1

The term with K(x) disappear, since
K (x)(—3) cos ™ x(—sin x) — 3K (x) cos > x tg x = 0.

We obtain the equation for K'(x).
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) —3K(x) cos > x tgx = 1

K'(x)cos > x =1

K'(x) = cos> x

We solve that equation for K'(x). .. I
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) —3K(x) cos > x tgx = 1
K'(x)cos > x =1
K'(x) = cos> x

K(x) = / cos® x dx

...and integrate. This gives K(x).
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) —3K(x) cos > x tgx = 1
K'(x)cos > x =1
K'(x) = cos> x

K(X):/cos3xdx:/(1—sln2x)cosxdx

3

We write cos” x in the form

cos® x = cos? x cos x = (1 — sin®x) cos x.
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) —3K(x) cos > x tgx = 1
K'(x)cos > x =1
K'(x) = cos> x
K(x) = /cos3xdx = /(1 — sin? x) cos x dx
3

sin” x

3

=sinx —

The integral is ready for substitution sin x = t, cos x dx = dt. This converts
the integral into

3 . 3
/(1—t2)dt=t—%=smx—s”‘3x.
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

y

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) #3K(x) cos > xtgx =1

K'(x) = cg#x

7 3 _ (2

= | cos’xdx = [ (1 — sin“ x) cos x dx
. sin’ x
=sinx —
3

(x) . sin’ x _3 sin x sin’ x

pn(X) = | sinx — - cos =———

g 3 cos3x  3cosdx

[We use the function K in the formula for ypn.
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) —3K(x) cos > x tgx = 1

K'(x)cos > x =1
K'(x) = cos> x
K(x) = /cos3xdx = /(1 — sin? x) cos x dx

The general solution of nonhomogeneous equation is a sum of particular
solution of that equation and general solution of homogeneous equation.

. sin’ x _3 sin x sin’ x
ypn(X) = | sinx — 3 - CoS =

cos3x  3cos3x

yan(x) = yar(x) + ypn(x)
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[Solve DE ¢ =1+3ytgx.

Summary: ycr(x) = Ccos>x ypn(x) = K(x) - cos—3(x)

y / y

K'(x) cos ™ x 4+ K (x)(—3) os~* x(—sin x) —3K(x) cos > x tgx = 1

K'(x)cos 3k =1
K'({) = cos> x
K (X :/cos3xdx:/(1 — sin? x) cos x dx

-

[Both ycH and ypy are kn\>wn and we can substitute. ]

. sin’ x _3 sin x sin’ x
ypn(X) = | sinx — 3 - 0ps

cos3x  3cos3x

C sinx sin® x

yanix) = gorix) - denix) = cos’x ' cos’x  3cosix’ ek
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[Solve DE ¢ =1+3ytgx.

Summary:  ygr(x) = Ccos > x ypn(x) = K(x) - cos—3(x)

’

Yy Yy

K'(x) cos > x 4+ K (x)(—3) cos~* x(—sin x) —3K(x) cos > x tgx = 1
K'(x)cos > x =1

K'(x) = cos> x

K(x) = /cos3xdx = /(1 — sin® x) cos x dx

2

[The problem is resolved. ]

. sin’ x _3 sin x sin’ x
ypn(X) = | sinx — 3 - CoS =

cos3x  3cos3x

C sinx sin’ x

yonix) = yanla) + yenix) = cos3x | cos3x  3cosdx’ Cek
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Solve DE  xy’ +y = xIn(x +1)

B B =2 Linear equation (©Robert Matik, 2006



Solve DE  xy’ +y = xIn(x +1)

1
Y+ cy=n(x+1)

e We write the equation in its normal form y’ + a(x)y = b.

e We divide by x. Hence we lok for the solution either on (—1,0) (see the
logarithmic function) or on (0, 00).

B B Linear equation (©Robert Matik, 2006




[Solve DE xy +y=xln(x+1)

1 1
y'+;y=1ﬂ(>4<5 y’+;y=0

We write the corresponding homogeneous equation.

B B == Linear equation (©Robert Matik, 2006




Solve DE  xy’ +y = xIn(x +1)

1 1
y'+;y=ln(x+1) g'—i—;y:O
yor = Ce I3
(The general solution of the homogeneous equation )
Y +alx)y =0
is
yor = Ce—J akdx

1
In our case we have a(x) = —.
i v

B B Linear equation (©Robert Matik, 2006




Solve DE  xy’ +y = xIn(x +1)

1 1
7 — :l 1 4 — :0
Y+ y=lnlx+1) Yty

yoH = Ce—f}—(dx — Ce—ln\x|

We evaluate the integral. ..

BE B B =

Linear equation
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Solve DE  xy’ +y = xIn(x +1)

1 1
7 — = 1 4 — :0
Y+ y=lnlx+1) Yty

—[1 — —1
yGH=C€ f"dXZCE ln\x|=Celn\x|

... and simplify.
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Solve DE  xy +y=xIn(x +1)

! 1
é — :l ’] / - :0
U+Xy n(x +1) g+xy

yor = Ce™ S = oMl = Cehl™! = Oy~ = =

X

X

is identity. I

B B == Linear equation (©Robert Matik, 2006
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Solve DE  xy’ +y = xIn(x +1)

1 1
7 — :l 1 4 — :0
Y+ y=lnlx+1) y+y

yor = Ce~J 3% = Cem!nKl = Celnk™ = Clx|™" = c_ =

If we introduce the new constant C = &K, we can write the general solution

. K
of homogeneous equation in the form ygy = —
X
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[Solve DE xy +y=xln(x+1)

Il
=
x| =

1 1 K
7 — :l 1 4 — :0 = —
y+y n(x+1) y+y yoH =~

1
— K(x)—
2N (x) <

e Now let us look for the solution of nonhomogeneous equation.

e We replace the constant K in the formula for ycy by the function K(x).
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[Solve DE xy +y=xln(x+1)

1 1 K 1
/ —y=1 1 / —y=20 = — =K. -
Y+ y=lnlx+1) y+y YeH = - "
1 ’ ’ 1 —2
yen = K(x) Yo = K'(3)~ + K()(—1)x
(We evaluate the derivative of the function ypn by the product rule )

(uv) = d'v+uv.

. . 1 :
We differentiate the function — as a power function x~'. Hence
X

(2) =y =
\ J
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[Solve DE xy +y=xln(x+1)

1 1 K 1
/ —y=1 1 / —y=20 = — =K. -
Y+ y=lnlx+1) y+y YeH = - "
1 ’ / 1 —2
UPN=K(X); yPN:K(X);+K(X)(_1)X
y y
—~
1 1 1

We substitute for ¢’ and y into original equation

1
Y+ —y =l +1).
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[Solve DE xy +y=xln(x+1)

1 1 K 1
/ g 1 / - = — =K. -
Y+ y=lnlx+1) y+y=0 yaH =~ "
1 1
yen = K(x)< Yoy = K'() + K (x)(=1)x?
y y
1 1 1
K'(x)=— + K(x)(=1)x 2 +- K(x)— =1 1
() + K(=Tx 24 K = n(x+1)
1
K'(x)= = ln(x + 1)
X
The terms with K(x) cancel and only K’(x) remains. I
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[Solve DE xy +y=xln(x+1)

L 1 K 1
Y+ cy=n(x+1) y' +-y=0 You = — =K~
yen = K(X); Yoy = K’(X)% + K(x)(—1)x 2
Y y
I S 4 e e ]
X X X
K'(X)%zln(x—}—ﬂ K'(x) = x In(x + 1)
We solve the equation for K'(x) ... I
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[Solve DE xy +y=xln(x+1)

1

Y+ cy=n(x+1)
— K(x)-

Yypn = X

K(x) = /xln(x+1)dx

1
/
—y=0
y+2y

...and integrate.

BE B B =

Linear equation
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[Solve DE xy +y=xln(x+1)

1 1 K 1
g -y=1 1 é —-y=20 = — =K. -
Y+ y=lnlx+1) y+y YeH = - "

1 1 B
yen = K(x) Yon = K'(x) + K(x)(—1)x
x? X2 x 1

K(X)_/xln(x+1)dx— 7ln(x+1)—Z+§—§ln(x+1)

4 ; ™
u=In(x+1) =

We use integration by parts with §2+1 . This gives
Vl:X vV = ?

2

X 1 X
/xln(x+1)dx:?ln(x—i—1)—§/X+1 dx

X2 1 1
—7ln(x+1)—§/x—1+mdx

. Y

a B Linear equation (©Robert Mafik, 2006 E§




[Solve DE xy +y=xln(x+1)

1 1 K 1
g -y = 1 é -y = :—:K._
Y+ y=lnlx+1) y+5y=0 Yor = — "
1 ’ ’ 1 —
ypn = K(x)~ Yon = K'(x)~ + K(x)(=1)x?
2 2
K(x):/xln(x+1)dx:%ln(x+1)—%+%—%ln(x+1)
1 X x 1 1
yen(x) = K(x) 2 = 5 n(x +1) = 2 4 5 — 5 In(x +1)

We substitute for K(x) into the relation for ypn(x)
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[Solve DE xy +y=xln(x+1)

1 1 K 1
/ g 1 / - = — =K. -
Y+ y=lnlx+1) y+5y=0 Yor = — "
1 ’ ’ 1 —2
yen = K(x)~ Yon = K0, + K((—1)x
2 2

K(x):/xln(x+1)dx:%ln(x+1)—%+%—%ln(x+1)

1 X x 1 1
ypN(X)—K(X);—zln(x+1)—z+§—zln(x+1)

YoN = YcH + YypN

The general solution of nonhomogeneous equation is a sum of general solution
of homogeneous equation and the particular solution of nonhomogeneous
equation.
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[Solve DE xy +y=xln(x+1)

1 1 K 1
g -y = 1 é -y = :—:K._
Y+ y=lnlx+1) y+5y=0 Yor = — "
1 1
yen = K(x)< ypn = K'() - +K ()(=1)x2
2 2

K(x):/xln(x+1)dx:%ln(x+1)—%+%—%ln(x+1)

W=k S = 41 Dt
e = 3T

K x x 1 1

= =—+5l N—7+5—5:1 1 K eR
YoN = YcH + Ypn x —i—z n(x+1) 4+2 oM nix+1), S
[We use that solutions. . . ]
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[Solve DE xy +y=xln(x+1)

y'+j—(y=ln(X+1) y'+j—(y=0 ycH=§=K-j—(

o = K(x)1 on =K'+ K(x) (1)
K(X):/xln(x+1)dx:gln(x—i—ﬂ—%z—i—%—%ln(x—i—ﬂ
gon(x) = KT = St 1) = 5 42— - talx+1)
gGN:gGH+gpN=§+%ln(x+1)—%+%—%ln(x+1), KeR

...and the problem is resolved.
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Solve VP xy +xy+y—x*>=0, y(1)=—1.
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Solve VP xy +xy+y—x*>=0, y(1)=—1.

1
Yy=Xx

We write the equation in the standard form

Y+ a(x)y = b(x).
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Solve VP xy +xy+y—x*>=0, y(1)=—1.

x+1

y + y=x

a(x)

_X+1
X

and

The comparison with

gives a(x) and b(x).

y' +alx)y = b(x)

BE B B =

Linear equation
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

x+1 _X+1

y' + y=x a(x)

/a(x) dx

" and b(x) = x

(The solution of )
Yy +alx)y = b(x)
is
y(x) = w where A = e adx

We evaluate /a(x) dx.
S 4

B B Linear equation (©Robert Matik, 2006




[Solve VP xy' +xy+y—x>=0, y(1)=-1.

x+1 x+1
y= a(x) =

X
X
x+1
/a(x)dxz/de

y +

X

and

[This is /a(x) dx.

]

BE B B =

Linear equation

(©Robert Maiik, 2006



[Solve VP xy' +xy+y—x>=0, y(1)=-1.

x+1 x+1
y=x alx) =

/a(x)dx:/xj1dx=/(1+j—() dx

y +

and

[We divide the numerator. ..

}

B B == Linear equation
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

x+1 x+1
y=x alx) =

" and b(x) = x

/a(x)dx:/xi_1 dx:/(1+j—() dx = x + In x|

...and integrate.

B B == Linear equation (©Robert Matik, 2006



[Solve VP xy' +xy+y—x>=0, y(1)=-1.

_X+1
X

X
/a(x)dx:/xj1dx=/(1+j—() dx = x + In x|

A= efa(x)dx — ex+lnx

and b(x) = x

L aty

Since the initial condition is given in x = 1, the absolute value can be ‘
omitted. Now we evaluate A = e/ @) dx ‘
B B == Linear equation
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

_X+1
T ox

X
/a(x)dx:/xi_1 dx:/(1+j—() dx = x + In x|

A= efu(x)dx — ex+lnx — elnxex

and b(x) = x

Ly=x a(x)

We use the rule e?? = %", .

B B == Linear equation
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

_X+1
T ox

X
/a(x)dx:/xj1dx=/(1+j—() dx = x + In x|

A= efu(x)dx — ex+lnx — elnxex = xe¥

and b(x) = x

Ly=x a(x)

...and the fact that the composition of exponential and logarithm is identity.
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
'+X+ y=x a(x)=X;L and  b(x) = x
/ dX—X+ln |X| A:efu(x)dxzxex

/ X)Adx = / b(x)e/ 9w dx

[Now we evaluate / b(x)Adx, i.e. / b(x)eJ @M dx g

]
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
,+X+ y=x G(X)=X+ and
X
/ dX—X+ln |X| A:efﬂ(x)d)(:)(ex

/ Adx—/b(x)ef”(x)dx = /xzex dx

Substitution for b(x) and e/ “¥ % gives this integral.

B B == Linear equation

(©Robert Maiik, 2006



[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
g+ =« a(x)=Xj and b(x) = x
/a(x) dx = x+ ln x| A = ef ddx _ yox

/ b(x)Adx = / b(x)el @ dx — / x2e¥dx = e*(x* —2x + 2)

(We integrate two times by parts. )

/Xzex dx = x%e* — 2/)(6* dx
= x?e* —2(xe* — / e* dx)

= x’e* —2(xe* — &)

. .
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
,+X+ e a(x)=X+
X
/ dX—X+ln |X| A:efa(x)d)(:)(ex

/ x)Adx = /b(x)efﬂ<X>dX = /Xzex dx = e¥(x* —2x +2)

_CHe(x*—2x+2)
B xex

and b(x) = x

The formula for the general solution is

C + [ b(x)Adx

ylx) = y

B B Linear equation

(©Robert Maiik, 2006



[Solve VP xy' +xy+y—x>=0, y(1)=-1.

'+X+1g=x a(x):x—)t1 and b(x) = x
/ )dx = x + In|x| A= el W — yox
/ Adx—/b(x)ef”<X>dX:/xzeXdXZeX(xz—szrz)

_ C+e(x)=2x+2) C 2

= 24 =
xeX xeX+X +x

After simplification we obtain the general solution in the explicit form.
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[Solve VP x¢/ +xy+y—x>*=0, y(1)=

—1.

x+1 x+1
y=x alx) =

/ )dx = x + In x|
/' mu_/mndmmzlﬁa

_C+8X(X2—2X+2) C

y' +

X

xeX

y(1) = —1

== S 2
xeX X

and b(x) = x

A= efu(x)dx — xe¥

dx = ¥ (x> — 2x + 2)

We have to solve the initial value problem.

BE B B =

Linear equation
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
'+X+ y=x a(x):X—: and b(x) = x
/ )dx = x + In x| A= el W — o

/ x)Adx = /b(x)efﬂ<X>dX = /XZeX dx = e¥(x* —2x +2)

C+e¥(x* —2x +2) C 2
— =—+X—2+—
xeX X

xeX

y(1) = -1 = —1=;+1—2+2

We substitute from the initial condition to the general solution. We put x =1

and y =—1.

|
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
'+X+ y=x a(x):X—: and b(x) = x
/ )dx = x + In x| A= el W — o
/ Adx—/b(x)ef”(x)dx = /XZeX dx = e¥(x* —2x +2)
X(y2 __
=C+e(x 2X+2)=£+x—2+g
xex xex X
C
y(1)y=-1 = —1=;+1—2+2 = C=_2e
The solution of this equation is C = —2e.
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[Solve VP xy' +xy+y—x>=0, y(1)=-1.

1 1
'+X+ y=x a(x)=X;L and  b(x) = x
/ dX—X+ln |X| A:efﬂ(x)d)(:)(ex

/ x)Adx = /b(x)efﬂ<X>dX = /XZeX dx = e¥(x* —2x +2)

X(y2 __
:C—i-e(x 2X+2)=£~|—x—2~|—g
xeX X

xeX
y(1)y=-1 = —1=%+1—2+2 = C=_2e
2 2e
—x—24 =
y=x +x xeX

We use this constant in the general solution. . .
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[Solve VP x¢/ +xy+y—x>*=0, y(1)=

—1.

x+1 x+1
y=x alx) =

/ )dx = x + In x|
/' mu_/mndmmzlﬁa

y' +

X

and

A= efu(x)dx — xe¥

dx = ¥ (x> — 2x + 2)

X(x2 —2 2 2
=C+e(x X+)=£+X_2+_
xex xeX X
C
y(1)y=-1 = —%:;+4—2+2 = C = —2e
2 2e 2 2
= X — 2 —-—— =X — 2 Z_Zalx
y=x + X  xer + X
..and simplify.
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[Solve VP x¢/ +xy+y—x>*=0, y(1)=

—1.

x+1 x+1
y=x alx) =

/ )dx = x + In x|
/' mu_/mndmmzlﬁa

y' +

X

X(y2 __
=C+e(x 2X+2)=£+x—2+g
xeX xeX X
&
y(1) =-1 = —I=—+1-2+2
2 2 2 2
g—x—2+———e= =2db = = =@
X  xeX X X

and

A= efu(x)dx — xe¥

dx = ¥ (x> — 2x + 2)

The initial value problem is resolved.
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Solve DE  xyf +2y=e"".
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Solve DE  xyf +2y=e"".

—x?

B
y Xy_ X

We divide the equation by x. This removes the term x which multiplies the
derivative y'.
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Solve DE  xyf +2y=e"".

—x2

a(x) =

x| N
D

2
y Xy_ X

Equation is now in its standard form ¢’ + a(x)y = b(x). We can indetify the
functions a(x) and b(x).
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‘ Solve DE  xy’ + 2y = o

2

2 e 2 o
Y+ 9= G(X)—; b(x) = "
/ )dx = / dx
The formula for the general solution is

A
y(X) = W' where A = efu(x)dx.

We evaluate /a(x) dx.

B B Linear equation
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‘ Solve DE  xyf +2y=e"".

This integral is simple.

BE B B =

Linear equation
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‘ Solve DE  xyf +2y=e"".

—X
/

g+ 2y=" al) == bx) =

X
2 2
a(x)dx = ;dx:Zln|x| =lnx

We convert the result into the form of logarithm.
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‘ Solve DE  xyf +2y=e"".

2 2

g+ 2y=" al) == bx) =

X
2 2
a(x)dx = ;dx:Zln|x| =lnx

We continue with evaluation of the quantity A from the general formula.
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‘ Solve DE  xyf +2y=e"".

2 2

" a(x) = % b(x) = "

/a(x)dx=/;dx=2ln|x| = lnx?

A

—X

rp 2,
y+y=

N

A= efa(x)dx _ elnx

We substitute for the integral in the exponent.
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‘ Solve DE  xyf +2y=e"".

/+2 _ e_XZ G(X)— 2 e
y Xy_ X _X

Exponential function and logarithm are mutually inverse functions. The
composition of the function and its inverse gives identiy function. Hence the
argument of logarithm remains only.
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‘ Solve DE  xyf +2y=e"".

2 2
2 e
G(X) = ;

—X

2
y Xy_ X

/a(x)dx=/;dx=2ln|x| = lnx?

A— efa(x)dx _ elnxz = 2

/ b(x)A dx

N

The last expression from general formula was this expression.
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‘ Solve DE  xy +2y=e.

—x2

+2y= ) = 2
y Xy_ X _X

/a(x)dx=/%dx=2ln|x| = lnx?

A= efa(x)dx _ elnxz = 2

/ b(x)Adx = / e;x

2

X% dx

We substitute for A and b(x).

B B == Linear equation
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‘ Solve DE  xyf +2y=e"".

—x2

+2y= o) =
y Xy_ X _X

/a(x)dx=/%dx=2ln|x| = lnx?

A— efa(x)dx _ elnxz = 2

/b(x)Adx: / c x?dx = /xe_X2 dx
X

2

We simpify.

B B == Linear equation
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‘ Solve DE  xyf +2y=e"".

—x2

rp 2,
y+y=

X

a(x)

2 e
X

/a(x)dx=/%dx=2ln|x| = lnx?

A— efa(x)dx _ elnxz — 2

/ b(x)Adx = / e;x

2

x> dx = /xe‘x2 dx = —%e_xz

The composite function e suggests substitution (—x%) = t,

This substitution gives

1 1 1
/xe‘x2 dx=—§/e’dt=—§e’=—§e

—2xdx = dt.

B OB |
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‘ Solve DE  xyf +2y=e"".

—x2

2
y Xy_ X

a(x)

2 e
X

/a(x)dx=/%dx=2ln|x| = lnx?

A— efa(x)dx _ elnxz — 2

/ b(x)Adx = / e;x

1 1 o
1= [e-2]

2

x> dx = /xe‘x2 dx = —%e‘xz

Now we use our results in the general formula for solution.

y

%I:C-i— [ b(x)Adx]

B OB B
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‘ Solve DE  xyf +2y=e"".

2 2
2 e
G(X) = ;

—X

2
y Xy_ X

/a(x)dx=/%dx=2ln|x| = lnx?

A— efa(x)dx _ elnxz — 2

/ b(x)Adx = / e;x

1
We take out the factor 5 from the brackets. This yields the constant 2C
inside. We replace this constant 2C by new constant K
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‘ Solve DE  xyf +2y=e"".

—x2

) 2
y + == a(x) = x b(x)

/a(x)dx=/%dx=2ln|x| = lnx?

A— efa(x)dx _ elnxz = 2

e ™ 2 1 2
A 2 —X _aX
/b(x) dx—/ - xdx_/xe dx——ze

1 1 .1 1 .

2

The problem is resolved.
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Real world applications (local links)

e Suspenstion bridges
e Sociologic diffusion

Further reading

http:
http:
http:
http:
http:
http:
http:
http:
http:
http:

B B2

//eqworld.ipmnet.ru/en/solutions/ode/ode-tocl.htm
//en.wikipedia.org/wiki/Examples_of_differential_equations

//www.
//www.
//www.
//www.
//www.
//www.
//www.
//www.

sosmath

sosmath

.com/diffeq/first/separable/separable.html
sosmath.
sosmath.
sosmath.
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