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Abstract
In the paper we study the damped half-linear partial differential equation

div(A(x)Hqup—?vu) + <5(x), ||Vu||p_2Vu> + () |ulP2u = 0.

Using radialization method we derive general oscillation results which allow
to deduce new oscillation criteria for this equation from oscillation criteria for
ordinary differential equations. Using careful radialization we improve several
known oscillation criteria.
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1. Introduction

The aim of this paper is to study oscillation properties of the half-linear
partial differential equation

div(A(x)||Vu||p_2Vu> n <5(;v)7 \|vu|\p—2w> Fe@)uf2u=0 (1)

where x = (x;)", € R", A(z) is elliptic n X n matrix with differentiable com-

—

ponents, c¢(x) is Hélder continuous function and b(z) = (b1(x),...,b,(z)) is
continuous n-vector function. The operator V = (%)?:1 is the usual nabla
operator, the number ¢ is a conjugate number to the number p, i.e., g = p%l,

(-, -y denotes the usual scalar product in R™. Under a solution of in 2 CR"
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we understand a differentiable function u(z) such that A(z)||Vu(z)||P~2Vu(z)
is also differentiable and wu satisfies in Q.

A special case of is the linear partial differential equation which can
be obtained from for p = 2. Another special case of is the undamped
equation

div(A(:v)HVqu’zVu) +e()|ulP2u = 0 2)
which for p = 2 reduces to linear equation
div (A(J:)Vu) + c(z)u = 0. (3)

If n = 1, then equation reduces to the half-linear ordinary differential
equation

!
()’ P=2u") -+ bl ~2u = 0. (4)
. 1
The following notation is used in the paper: The vector norm |[b|| = (31, b?)?
is the usual Euclidean norm, ||A|| = SUD| |0 % is induced matrix norm and

Amin (Z), Amax(z) are the smallest and largest eigenvalues of the matrix A(x),
respectively. From the fact that A(z) is positive definite symmetric matrix it
follows that ||A(x)|| = Amax(z). The number w, is the surface area of the unit
sphere in R™ and Q(a), Q(a,b) and S(a) are the sets in R™ defined as follows:

Qa) ={z €R" 1 a < ||z},
Qa,b) = {z € R" :a < ||z]| < b},
S(a) ={z e R" : [|z|| = a}

The vector #(z) is the normal unit vector to the sphere S(||z||) oriented out-
wards. Integration over the domain €(a,b) is performed introducing hyper-
spherical coordinates (r,6), i.e.

/Q(w) f(z)da /ab /S(T) f(z(r,0))do dr,

where do is the element of the surface of the sphere S(r).

For simplicity, if M is matrix and k vector, then the product kM denotes
the matrix product of 1 X n row matrix k and n x n matrix M and the product
M k denotes the matrix product of the n x n matrix M and n x 1 column matrix
k.

The results of this paper are based on a suitable radialization of equation
and conversion of this equation into an ordinary differential equation. This
argument has been used very effectively by many authors in various situations,
see [31 Bl [6] 8] 13} [14 [15] [18] 21, 22| 23].

The paper is organized as follows. In the next section we recall the main
ideas from the oscillation theory for half-linear equations and introduce the main
problem studied in this paper. The third section contains formulation of main



results, proofs, remarks concerning applications and possible generalizations
and one technical lemma which extends the possibilities in applications. The
last section contains some examples which show that using methods from this
paper it is possible to derive easily sharper results than several recent oscillation
criteria which can be found in the literature.

2. Oscillation theory and Riccati equation

According to the oscillation theory of ordinary differential equations, equa-
tion is said to be oscillatory if every its solution has infinitely many zeros
on the interval (79, 00) and nonoscillatory if there exists r; > rg such that
has solution on (11, 00) without zeros. If u is a solution of (4]) which has no zero
on (r1,00), then the function w(r) = a(r)% is solution of the Riccati
equation

Rlw] :=w +b(r) + (p — 1)a'~(r)|w|? = 0. (5)

This Riccati equation is frequently used to derive oscillation criteria for .
More precisely, the following theorem holds.

Theorem A ([, Theorem 2.2.1]). The following statements are equivalent

(i) Equation is nonoscillatory.
(ii) There exists r1 and a (continuously differentiable) function w : [r1,00) —
R such that
Rlw](r) =0 forr € [ry,0).

(iii) There exists r1 and a (continuously differentiable) function w : [r1,00) —
R such that
Rlw](r) <0 forr € [r,00). (6)

Thus, if is oscillatory, then the Riccati inequality @ has no solution in
any neighborhood of infinity.

For the partial differential equation we use the following concept of oscilla-
tion.

Definition 1. Let 2 be unbounded domain in R”. Equation is said to be
oscillatory in Q if every its nontrivial solution defined on N Q(¢g) has zero in
QNQ(t) for every t > tg. Equation (1) is said to be oscillatory, if it is oscillatory
in R™.

Many oscillation criteria proved originally for (4) have been extended to
. The proof of a typical oscillation criterion for is usually based on the
[ Vu(@)||P~ 2 Vu(x)
[u(z)[P~2u(2)
or negative solutions of into solution of (partial) Riccati equation. This
equation is integrated over ball in n-dimensional space centered in the origin
and the problem is converted into problem in one dimension. The rest of the
proof usually simply repeats steps from the proof of the corresponding oscillation
criterion for (neglecting to some technical problems which arise for n > 2).

Riccati type substitution @(x) = A(z) which converts positive



The disadvantage of this approach is obvious: for every new oscillation crite-
rion derived for ordinary differential equations we have to derive a corresponding
version for partial differential equations. Since many new oscillation criteria for
appear in the literature, it turns out to be better to find general theorem
which allows to detect oscillation of partial differential equation from oscillation
of some ordinary differential equation rather than readjust the proof of every
oscillation criterion from to . Some results of this type have been proved
in [3| 8, I5]. Let us mention one of the typical results.

Theorem B (|3, Theorem 3.5)). Equation
div(||Vau|[P~2Vu) + c(@)|ulP~2u =0 (7)

is oscillatory, if the ordinary differential equation

(wonr™ M2 ) + </ o) dx) julP~?u =0 (8)
S(r)

s oscillatory.

The aim of this paper is to extend Theorem [B| to equation . The appli-
cation of this theorem provides a tool to derive oscillation criteria for easily
from existing oscillation criteria for . Concerning oscillation criteria for
we refer to the papers [7, [10, 11l 12, [l O] 2] and the references therein.

As we will show later in this paper, this method can be used not only to
give a simple proof of oscillation criteria, but it also improves some of already
known results.

3. Main results
In this section we formulate our main results.

Theorem 1. For a real number ! > 1 define the functions
ar) =7 [ A@IPAE @) do
S(r)

- (9)

=t b P

b(r) = / () — fw do.
S(r) Ain (@) P"

where [* = l_% is the conjugate number to the number | if ||b(z)|| # 0 and I* =1

if [|b(x)|| = 0. If the equation

(a(r)|u’|p_2u’>, ()P = 0. (10)

is oscillatory, then is also oscillatory.



Proof. Suppose, by contradiction, that is oscillatory and is not oscilla-
tory. Then there exists a solution u of this equation which is positive on Q(ry)
for 1 sufficiently large. For x € Q(r1) define n-vector function

[Vau(a)|[P~2 V()
(@) 2ule)

w(z) = A(z)
The function w satisfies

div(A(x)||Vu||p*2Vu)

|uP=2u

= —c(z) — <E(w),

divw = + (1= p) (A(2)||Vu|[P~*Vu, Vu) [u| P

P=2yy 2)||Vul||P~2Vu, Vu
s 2 S CIC, .

|ulP=?u |ul?

Further, using the smallest eigenvalue of the matrix A and Young inequality

1 - . 1 -
X7 (X, 7)) + PP 2 0
q p

we have
<A(x)||Vqu’2Vu7Vu> o || Vul[P~2Vu
(p - 1) |u|p + b($)7 |u|p72u
1 1 [|Vul|[P = ||Vul||P~2Vu
>p-1(>+ =) Ami
= (p ) (l + l*> Amin |u|p + (0, |u|p72u

_ p)\min ||VU’HP_1 % p—- 1
S Jufp=1 P
I~ ||Vul|[P~2Vu 1 I\’ =
b - b||P
* <p>\min ’ |u‘p72u * p p>\min || H

l p=l 1, - )‘minHqup
—( ) ZIAP -+ - 1)

Amin l* |u‘P
l p—1 1. = Amin ||Vu||p
> —B][P + (p— 1
N ()‘min> pp Hb” * (p ) * |u|p

and this inequality is trivial if ||b()|| = 0 and I* = 1. Combining this compu-
tation and we get

l
>\min

p—1
1, - 1 ||VulP
—||b]P -1 )\min*

) S = DA

divd + c(x) — ( <0.

From the inequality

- [Vl [P~
[[]| < HAHW



we get

l

)\min

p—1
. 1 = 1 .
divd + e(x) — ( ) p—p [6]|P + (p — I)Aminil*HAHq ||@]]? < 0.

Define new function

W(r) = /S @) do. (12)

The inequality

g LA,
W ()| = < min V> "
oo (T e
§<STHA |N*Wm» (Am”ﬂ>wam<ma>

ot e ) < [ @)
(Lmrm>naﬂ> ) wers [ el

By Gauss—Ostrogradskii divergence theorem we have

d d
W (r) = — (@, 7) do =—— V (@, 7) do —/ (@, 7) da}
dr Js@ dr | Js(r) S(a)

Q=
S =

yields

_ 4 divd dz (13)
dr Q(a,r)
= / divido
S(r)

and the function W satisfies

W'(r) + /s(r) [C(x) - <Amii(x)>p1 ||5(;7)”p] w

+@—n§<éunm>w%m<ma> W0 (14)

on [ry,00) and hence the inequality
W' +b(r) + (p = D)a' =" (r)|W|* <0 (15)

has solution on Q(a). By Theorem |A} equation is nonoscillatory, a contra-
diction. Theorem is proved. O



—

Remark 1. If ||b(z)|| = 0 and A(z) = a(||z||) I, where a(r) is smooth function
and I, is n x n identity matrix, then Theorem |1 reduces to [8, Theorem 3.4].

Remark 2. An important step in the proof of Theorem [I]is to derive equation
. A closer look at the proof shows that it is sufficient to derive with
equality sign replaced by inequality sign <. Hence it is possible to use this
method to study equations which are in certain sense majorants to . These
equations cover for example

div (A(x)uvunﬂvu) n <5(x), ||vu||p*2vu> (@) f(w)=0  (16)

where f(u) is a differentiable function which satisfies f(0) = 0, uf(u) > 0 for
u # 0 and
f'(w)
——>p—1 17
Frau) = "
Equation is sometimes called super-half-linear equation.

If the function f(u) satisfies with p — 1 replaced by € > 0, it is sufficient

to consider functions f*(u) = * f(u) and ¢*(u) = Zc(u) where e* = (21 P

The function f*(u) satisfies (17) and f(u)c(z) = f*(u)c*(x) holds.
Finally, it is possible to use this method also to prove nonexistence of positive
solution of the equation

div(A(x)||Vu||p_2Vu) n <E(x), |\Vu\|p_2Vu> 4 B(z,u) =0,  (18)

where
B(z,u) > ¢(x)f(u) foru>0

and the function f(u) satisfies hypotheses stated above.

Remark 3. Many oscillation criteria for the ordinary half-linear differential
equation are derived for the equation with a(r) = 1. However, if the integral
of a'~9(r) is divergent, i.e. if foo a'~9(r)dr = oo, then the transformation of
independent variable s = ¢(r) := f; at~9(t)dt, y(s) = u(r) transforms (10)
into d /1 dy -2 dy

(|52 ) F ey =0, 1 =674s)

and interval [rg,00) is transformed into [0,00). Using this transformation, an
extension of the oscillation criteria derived for a(r) = 1 to general case used
in Theorem [1|is straightforward.

Remark 4. Several oscillation criteria for require | FalTi(r)dr = oo. If
the matrix A(z) is a constant matrix, then the divergence of this integral is
equivalent to the condition p > n. This is a natural phenomenon. The fact
that the oscillation properties of are different for p < n and p > n has been
discussed in details in [3].



Several oscillation criteria in the literature contain an additional (and in some
sense arbitrary) function (say 6(r)) and thus are more general. A convenient
choice of the function # allows to ensure that the condition from some oscillation
criterion (usually divergence or positivity of some integral) holds. A common
way to find criteria of this type is to include the function @ into definition of the
function W (r). The following Lemma is an application of this idea to . Note
that to apply this idea it is sufficient to consider ordinary differential equation
only.

Lemma 1. Let m > 1 be positive number, m* = 5 be its conjugate number
and 0(r) be smooth positive function. If the equation

(e y=0tesa =)+ (00et0) = )™ O =2 =
(19

18 oscillatory, then is also oscillatory.

Proof. Suppose that is not oscillatory. We prove that is also nonoscil-
latory. If is nonoscillatory, then there is a function w(r) which satisfies

w'(r) +b(r) + (p = 1)a' (1) lw(r)| = 0
on (r1,00) for r; sufficiently large. Define the function
Z(r) =0(r)w(r). (20)

The function Z satisfies equation

Z)+ 0b(r) + (o= 1) (9(r)a)) 12001 = G Z6) =0, 1)

Using mutually conjugate numbers m, m* and Young inequality we get
9/
(0= 1)(0) |21 - 57

. 1|p—-1 me’ _
— 1-q — Zl9 — -1y
p(6a) m[ )t - T ()

1 |mo'|?

p| vl
1 1-q o
— a_ |
+—(p—1)(0a) |2 ‘pa
1 1—q 116 _

> p-1)(00) 2l - o e

This inequality combined with shows that the inequality

LR 2= ryan) 21 <o

(ga)(ql)p}

p
famP~!

Z"+0(r)b(r) — a(r)

pP 6P~1(r) = m*
has solution on (r1,00) and is nonoscillatory by Theorem |A| The proof of
the Lemma is complete. O



The following corollary is based on a similar idea as Lemmall] The difference
is that it makes use of a function p(z) of n variables rather than the function
0(r) of one variable and the proof is more complicated since it is not sufficient to
work with ordinary differential equations but we have to return in the proof to
partial Riccati equation. However, it is sufficient to simply repeat the steps from
the proof of Theorem |I| with another functions. From this reason we proved the
simpler version of this Theorem first and now we sketch the extension into more
general case.

Corollary 1. Let p € C*(Q(1),RT). Theorem remains valid, if equations (J)
are replaced by

afr) = (7P /S L P@IA@IA @) do,

=1
)= [ ote) [o(w) T

min

RYC)
@ =0

p (22)
A(z) ] do,

and I* = 1 if ||p(x)b(z) — Vp(z)A(z)|| = 0 and I* = L otherwise.

Proof. Suppose by contradiction that with a(r) and b(r) defined by
is oscillatory and (/1)) is nonoscillatory. Define vector, matrix and scalar func-
tions B(z) = ple)b(z) — Vp(@)A(x), Tp(x) = p(x)B(x), Ay(z) = plx)A(2)
and c,(z) = p(x)c(x). Further, let Amin p(2) = p(z)Amin(z) and [|A,(z)|| =
p(z)||A(z)|| be minimal eigenvalue and norm of the matrix A,(z) respectively.
It is sufficient to prove that the conclusion of Theorem [I| remains valid if the
functions b(z), A(z), @(z), ¢(z), Amin(z) and ||A(z)|| are replaced by b,(z),
Ap(z), Wp(z), cp(x), Amin,p(z) and ||A,(z)|| respectively, since these replace-
ments convert @ into .

We start as in the proof of Theorem |1 and derive . Multiplying by
the function p(z) we find that is equivalent to the equation

o . [Vulp~29u
i (ple)i(@)) + pla)e(o) + (plalio) - Vplo)a(o), LT
<p(z)A(a:)||Vu||p72Vu, Vu>

=0.
juf?

+(-1)

Note that this equation also arises from by using the above mentioned
replacements. Naturally, using the steps from Theorem [I]we conclude inequality
which arises from by using the same replacements. Hence inequality (15))
with a(r), b(r) defined by (22)) has a solution on [ri,o0). By Theorem
equation with a(r), b(r) defined by is nonoscillatory, a contradiction.

O

Remark 5. In general, it is not easy to find the norm ||A(z)||. From this reason



we provide some upper estimates for this norm [19, Proposition 2.7.4]:

Al < [l AllF =

> lal? (23)

i,j=1

< .
Al <n max la]

IIIAII < |[A]leo := max ZI%I

1
fllAll <Al = max Zlawl
These estimates can be used together with the following simple corollary.

Corollary 2. Let [ be a real number, | > 1, E(r) be continuous function and
a(r) be smooth function such that

a(r) = (l*)’”/s( )IIA(x)II”/\fmf( z)do,

b(r) < /S(T) [c(m) - (Amii(x)y—l IIE(;;)IIp] .
l

where I* = = is the conjugate number to the number | if ||b(z)|| £ 0 and I* =1

if [|b(x)|| = 0. If the ordinary differential equation

(a(r)|u'|1’—2u’)' L)l u =0 (24)

is oscillatory, then is also oscillatory.

Proof. Suppose that is oscillatory. From the assumptions it follows that
is a Sturmian majorant to and hence ([10) is also oscillatory. Now the
statement follows from Theorem [I1 O

Obviously, the equations from can be replaced by inequalities in the
same way as in Corollary 2l The following Theorem [2] is variant of Theorem
and presents sharper result, but covers the case 1 < p < 2 only.

Theorem 2. Let 1 < p < 2. For a real number I > 1 define the functions

a(r) = (l*)pfl/ Amax () do,
S(r)
(25)

~ [p—1 »
br) = /m [a(z)—max< B A @] do,

pp

10



1
-1

I
I* =1 if [|b(z)|| = 0. Here b(z)A~'(z) denotes the matriz product of row
matriz (by(x),...) and the inverse A='(x). If the equation

where [* = is the conjugate number to the number 1 if ||b(z)|] # 0 and

(a(r)|u'|p—2u’)' )P e =0 (26)

is oscillatory, then is also oscillatory.

Proof. Suppose, by contradiction, that is oscillatory and is nonoscil-
latory. We start as in the proof of Theorem (1| and derive (11)) which can be
written in the form

[Vul~? _

div i@ + ¢ + <57 A—1w> +(p— 1) (w, A~ Lb) e =0 (27)

If Aax is the maximal eigenvalue of the matrix A, then the number ﬁ is the
minimal eigenvalue of its inverse A~' and hence

(@, A™hdr) > [Jadf| 2

max

From the property of matrix norm we have

. [[Vul[P~!
||| < HA”W

which is for p < 2 equivalent to the inequality

|| Vul|[2~? - ||@]|=P)/(P=1) | |op|| R=P)/ (p=1)

[P = [JA[[CP/e-D T T \Con/-D)

Combining these computation we have the following estimate for the last term
on the left hand side of

[Vul[27P

<u7, A*116> | e > ||uj||2+(2*p)/(p*1))\r;;j(p%)/(p*l) — ||w|‘q)\lfq
U

max*
From these estimates and from equation we get inequality
divid + e+ (BA™, @) + (p = DAL2 ]| < 0. (28)

Using essentially the same method as in the proof of Theorem [I] we use mutually
conjugate numbers [ and [* to split the last term into two terms and use the

11



Young inequality to remove the term <5A*1, u7>:
(B )+ o Daigetalr = (54~ + 0= 0 (5 + ) Al

-1 P\ it A p
=pA;;z[pp |w||Q+< max fA-, *>+ LY A 1||p]
p

l max

P~ Amax
pP
» _1)\max

+- )I*Aﬂna?cII*Hq [BATHP

> (p— 1) Al ][

[+~ max

[BAP.

This computation remains valid if ||b|| = 0 and [* = 1. In this case I disappears.
Inequality now yields

p—1
divw + ¢(x) —

Al BATP + (0 = DA al? < 0. (29)

« 7'max

Define the function W(r) by (12| . Holder inequality yields

/ <)\g;xq)/qw’ )\Ega—xl)/qg> do
S(r)

: :
< (/ Asnawnqaa) (/ Amaxda>
S(r) S(r)
1—q
</ Amaxda) ‘W(r)|q S/ )‘rlnainHq do.
S(r) S(r)

This inequality, inequality and equality show that the function W (r)
satisfies

p—1 o
W’ + / {c(m) e Amax||bA‘1||p] do
S(r) pP

1—q
1) z*”—l/ Ao | (W7 < 0.
S(r)

(W(r)| =

and

Thus, the inequality

W' +b(r) + (p— 1)@ ~9(r)|W]? <0 (30)
has solution on (r1,00) and is not oscillatory by Theorem |Al This contra-
diction proves the Theorem. O

Remark 6. Similarly to Theorem [l and Corollary |2 the functions a(r) and
b(r) can be replaced by any smooth bigger and continuous smaller functions,
respectively.

12



The following corollary is a version of Corollary

Corollary 3. Let p € CY(Q(1),R"). Theorem @ remains valid, if equations
(25) are replaced by

a(r) = (! /S P () 4o

Vo(a) (31

p(z)

P
}da,

and I* =1 if ||p(x)b(z) A~ () — Vp()|| = 0 and I* = 45 otherwise.

5= [ Ne elo) - ()

’E(x)Al(x) -

Proof. The proof is analogical to the proof of Corollary We suppose that
is not oscillatory and prove that (26] is also nonoscillatory. Using the same
method as in the proof of Theorem e derive inequality which can be
written in the form

[Vul*~"

div(pw) +pe+ <p5— va,A—1w> +(p—1)p (W, A= Li5)
With the notation A,(z) = p(z)A(z), gp(x) = p(x)b(z) — Vp(z)A(z), Wy(x) =
p(x)wW(x) equation can be written in the form

[Vul[*7?

iv (@, ) + ¢+ (B, 4,1, ) + (0= 1) (@, A, V)
where A (z) = p~!(x)A~"(x) is the inverse matrix to A,(x). This equation
has the same form as ([32). Thus, using the same steps as in the proof of Theorem
we prove that there exists a function W (r) which satisfies

p=t

1—q
+(p_1)<(z*)1’—1 Ama&pda) W] <0,

S(r)
where Amax () = p()Amax(x) is the largest eigenvalue of the matrix A,(x).
This shows that the Riccati inequality with @(r) and b(r) defined by
has a solution. Thus, is nonoscillatory by Theorem [A| and Corollary is
proved. O

4. Examples

This section contains some examples. These examples are of a different
kind than examples accompanying usual oscillation criteria in other papers. We
don’t prove oscillation of equations for which other oscillation criteria fail, but

13



we show that several recent oscillation criteria can be improved and derived in
a very easy way using results from the preceding section.

The following theorem has been proved originally for damped linear equa-
tion. However, we reformulate this theorem for undamped equation only in
order to obtain results which can be compared to the results from the preceding
section and which are extensible to half-linear case.

Theorem C ([2I, Theorem 3.1]). Let 6 € C([rg,00],R") and m > 1. Further,
let X € C([ro,00),RT), A(r) > max||y(|=r Amax(x) for r >rq. If

lim lalleta) - Aol WD | gy — o
L - 1 9l
and )
lim — —dx = o0,

1= Jarg,r) O(zI)A(|2]])
then equation s oscillatory.

The classical Leighton-Wintner criterion states that the equation

(a(r)u')' + B =0 (34)

[ ort@as == [ aas.

For equation (3) the functions @(r), b(r) from Theorem [2| become

is oscillatory if

a(r) = / Amax(2) do,
S(r)

Using Theorem [2] Lemma [1| and the Leighton-Wintner oscillation criterion to
equation we conclude that the maximum from the definition of the function
A(r) can be removed and the function A(||z||) can be replaced by (smaller)
function Apax(z).

Corollary 4. The statement of Theorem|[(] remains valid if the function A(||z||)
is replaced by Amax ().

Since Leighton—-Wintner criterion extends to half-linear equations, a half-
linear extension of Theorem |C|is straightforward. (For another half-linear ex-
tension of the Leighton-Wintner criterion see Corollary [6] below and the paper
[13] which deals with A(z) =1I.)

14



Corollary 5. Let 6 € C([rg,o0],RT), m > 1 and q = >27 be conjugate number
to the number p. If
p—1 9/1’
et O] g, o
pr 0P (]=]])

lim [e<|x||>c<x> ()

r—00 Q(T{),T)

and

T l_q
lim 6179(5s) / Amax () do ds = oo,
r—00 S(S)

then equation s oscillatory.

Proof. The equation is oscillatory if

/Oob(r)dr =00 = /Ooal_q(r)dr.

Thus the statement is an immediate consequence of Theorem [2] and Lemma

m O

An application of the half-linear Leighton—Wintner criterion to Corollary
gives the following oscillation criterion.

Corollary 6. Let p € C1(Q(rg),RY) and k > 1. If

T—00 0

T 1_q
lim ( / p(x)HA(x)milif(x)da) dt = oo
S(t)
and
k

lim p(z) |c(z) — ———
=00 Jo(ro,r) ( )l( pPAL (2)

min

then equation is oscillatory.
Proof. The proof is similar to the proof of Corollary [5] and thus omitted. O

Corollary|6]is closely related to the results from [14]. The paper [14] considers
A(z) = I,, and deals with oscillation in more general domains than exterior of a
ball. However, in the case which is covered by both Corollary |§| and paper [14]
the conclusion of Corollary@ is identical to [14, Theorem 3.3 and Theorem 3.5].

The method of weighted integral averages is frequently used to obtain vari-
ous extensions of Kamenev type oscillation criteria and also interval oscillation
criteria. In the sequel we introduce two results based on this method.

Theorem D ([20, Theorem 1]). Let Dy = {(t,s) : t > s > to} and D =
{(t,s) : t > s > to}. Let functions H € C(D;R), h € C(Dg;R), k, p €
C1([to,0); (0,00)) satisfy the following three conditions:
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(i) H(t,t) =0 fort>to, H(t,s) >0 on Dy
(ii) H has a continuous and nonpositive partial derivative on Dy with respect
to the second variable
(iii)

O H(ts)h(s)) — H(t k()P Z h(ts) V(.)€ Dy

s p(s)
and
/t H? (1, 8)|h(t, )] ds < oo
for every t.
If
: ! p(s)a(s)|h(t, s)P | _
imswp gy | [ ot - SRR | = o0

then equation is oscillatory.

An application of Theorems [I] and [2] to this result gives the following corol-
lary.

Corollary 7. Let ¢, k € C([rg,0),RT) be real functions. Suppose that there
exists continuous function H(r,s) defined for r > s > ro such that

(i) H(r,r) =0 and H(r,s) >0 forr > s> ro,

(ii) the function H has continuous nonpositive partial derivative with respect
to the second variable,

(iii) the function h(r,s) defined by the relation

9 ¢'(s) _
—a{H(r, s)k(s)] ~ H(r,9)k(s) 5 = bl 9)
satisfies .
/ H'7P(r,5)|h(r,s)|P ds < oo
for every r

(iv)

ligsgp H(rl, o) /L{H(?ﬁs)k(s)qﬁ(s) /S(s) c(x)do

L s)k(s)}l-f’@<s>¢<s>|h<r,s>|p} ds = oo, (35)

where
| @I @ s >
S(s)

Amax () do ifl<p<2
S(s)

O(s) = (36)
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Then equation 18 oscillatory.

Corollary [7| improves [23] Theorem 2.1] in several points. First, we use the
norm consistent with Euclidean vector norm rather than the Frobenius norm
used in [23] and thus obtain sharper result (see inequality (23)).

Second, the term

)\min (1')

Oxu(s) = p' P(8)w,s" "t where s) < min ————%. 37

appears in [23], Theorem 2.1] in condition instead of ©(s). In Corollary
we have shown that this term ©xy(s) can be replaced by smaller term O(s).
In other words, the maximum of the function ||A(z)|[PAL P (z) over the sphere
S(s) (which corresponds to the minimum of the function ‘/‘\A(zgﬁ)q from (37)) can
be replaced by its integral mean value and if p < 2 we can further decrease this
term as (36]) shows. In this sense, the Corollary [7| not only provides a simple
alternative proof of [23, Theorem 2.1], but yields sharper result.

The following Theorem [E] is an example of interval type oscillation criterion
for damped linear differential equation.

Theorem E ([I7, Theorem 2.1]). Consider equation

(T(t)y')/ +pt)y + q(t) f(y) =0,

where 1(t) € C([a, ), (0,00), p(t), qlt) € C([a, ), R), f(u) € CR,R), uf(u) >
0 and f'(u) > p > 0 for u # 0. This equation is oscillatory provided that for
each | > a there exists a function H with properties
(i) H € C(E,R), where E = {(t,s,1);a <1 <s<t< oo}
(ii) H(t,t,1)=0=H(t,1,1), H(t,s,]) #0 forl < s <t and
(iii) the function h(t,s,l) defined by relation
OH

g(t, s,1) = h(t,s,1)H(t,s,1)

is such that h?(t,s,)H (t,s,1) is locally integrable with respect to s on the
sett>s>1>a,

(iv)
li?isotip/l H(t, s, 1) [q(s) - 71;? (fgz; - h(t,s,l)) ] ds > 0.

As an application of Theorem [2] to this result we get the following oscillation
criterion.

Corollary 8. Suppose that for eachl > a there exist a function H(r, s,1) defined
forr>s>1>a such that

(i) H(r,r, 1) =0=H(r,l,1) forr >1>a and H(r,s,l) >0 forr>s>1,
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(ii) H(r,s,1) has continuous partial derivative with respect to s forr > s >1,
(iii) the function h(r,s,l) defined by relation
0H
0Os
is such that h*(r,s,1)H(r,s,1) is locally integrable with respect to s on the
setr>s>12>a,

(iv)

(T.7 87 l) = h(rl s? Z)H(T.7 s? Z)

fimsup [ tH(r,s,w{ / et - P @5) A7 @)|7] o

" (38)
- —\IIM( Yh? (ns,l)}ds >0
where W (r fS( max(z)do and > 1, 1" = Ti are mutually conju-
gate numbers. If ||b(z)]| = 0 we can put I* = 1.
Then equation
div (A(x)Vu) + <l;(x)7 Vu> +e(x)u=0 (39)

1s oscillatory.

Corollary [8 improves [22, Theorem 3.1] which has been proved for slightly
more general equation (covered by Remark [2] nevertheless). The condition
is in [22] replaced by

imnsw [ 1 [ [e65) = fran@)ie) 47 @] a
1

(40)
- 2\I/Xu(s)h2(r,s,l)} ds >0

where Ux,(r) = A\(r)w,r"~t and A(r) > MaxX,es(r) Amax (). It is easy to see
that oscillation criterion involving condition is sharper than the criterion
involving (40). Really, the maximum of the eigenvalue Amax () over the sphere
of diameter r which appears in the function A(r) in . is replaced by the
integral mean value of this eigenvalue in Uy (r) and thus Wy (r) is smaller than
Ux, (7). Another difference between and is in the fact that fixed values
1/2 in are replaced by /4 and [* /4 with arbitrary conjugate numbers I, I*
in .
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