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lation theory of ordinary differential equations, is extended to the half-linear
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1. INTRODUCTION

Consider the partial differential equation with p—Laplacian and the nonlin-
earity of the Emden-Fowler type

A+ () B(u) = 0, ()
where A,u = div(]|Vu|[P™2Vu), p > 1 is the p—Laplacian, ®(u) = |u[P~%u =
lulP~tsgnu, * = (x;)"; € R", || - ]| is the usual Euclidean norm in R™ and

V= (%)?:1 is the usual nabla operator.

The equations with p—Laplacian have applications in various physical and
biological problems — in the study of non-Newtonian fluids, in the glaciology
and slow diffusion problems. For more detailed discussion about applications of
equations with p—Laplacian the reader is referred to [2] and the references therein.

Among the equations with p—Laplacian equation (E) plays a special role.
Since both terms Apu and ®(u) are homogeneous functions of the degree p — 1,
(E) has the so-called half-linear property: the constant multiple of every solution
is also a solution of (E). From this reason some of the qualitative properties of
half-linear equation (E) are similar to the properties of linear Schréodinger partial
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differential equation

Au+c(x)u=0 (L)
which can be obtained from (E) for p = 2. Especially the Sturmian type theorems
extends from (L) also to (E), see [6, 8].

Notation: Q(a), Q(a,b), S(a), D and Dg are the sets in R” and R x R"
defined as follows:

Qa) ={z eR":a <|z||},
Qa,b) ={x e R" : a < ||z]| < b},
S(@) = {z € R" : |jal| = o},
D={(t,z) eRxR": ¢t > ||z|]| > to},
Do ={(t,z) e RxR": ¢t > ||z|| > to},

the number q is a conjugate number to the number p, i.e., ¢ = p%v (-, ) denotes the
usual scalar product in R™, w, is the surface of the unit sphere in R™. Integration

over the domain €(a, b) is performed introducing hyperspherical coordinates (r, 6),

i.e. ,
/ f(z)da = / f(a(r,0))dS dr,
Q(a,b) a JS(r)

where dS is the element of the surface of the sphere S(r).

The function ¢(x) is assumed to be locally Hélder continuous on ¥(tg). The
solution of equation (E) is every function which satisfies (E) everywhere on O (tg).
The oscillation properties of equation (L) and its generalizations, which in-
cludes also the half-linear partial differential equation with p—Laplacian (E) has
been extensively studied in the literature, see e.g. [1, 6, 7, 8, 14, 15, 17, 18, 19, 20,
, 23]. The oscillation theory of (L) recognizes two types of oscillation. Equation
(L) is said to be weakly oscillatory if every its solution has a zero outside of every
ball in R™ and strongly oscillatory if every solution has a nodal domain outside
of every ball in R™. Moss and Piepenbrick [16] showed that both definitions are
equivalent if the function ¢(z) is locally Holder continuous. As far as the author
knows, the possible equivalence between both types of oscillation remains an open
question for (E). In the paper the first type of oscillation is used.

Definition 1.1. Let © be unbounded domain in R™. Equation (E) is said to be
oscillatory in € if every its nontrivial solution defined on £ N Q(¢y) has zero in
QN Q(t) for every t > tg. Equation (E) is said to be oscillatory, if it is oscillatory
in R™.

The oscillation criteria are usually expressed in terms of integrals of the po-
tential function ¢(z) over the balls centered in the origin. Let us mention the fol-
lowing theorem, well-known in the area of second-order linear ordinary differential
equations.



Theorem A (Hartman—Wintner type oscillation criterion, [14]). Denote

—1 [t
C(t) = P — / Sp72/ |z||* " c(x) dz ds.
P 1 ?(1,5)
If
—0o < liminf C(t) < limsupC'(t) < oco  orif lim C(t) = oo,
t—o0 t—500 t— 00

then equation (E) is oscillatory.

Very general oscillation criterion which deduces oscillation of (E) from os-
cillation of ordinary half-linear differential equation is due to Jaros, Kusano and
Yoshida [8]. A variant of this theorem has been proved independently also by Dosly
and Maiik [6].

Theorem B ( [(]). Let

_ 1
C(T) = W ‘/S(T) C("If) dsS.

Equation (E) is oscillatory, if the ordinary differential equation
(" e(y") + T E(r) @ (y) = 0 (1.1)
is oscillatory.

Oscillation criteria for equation (1.1) can be found in [3, 4, 5, 9, 11, 12, 13].

The disadvantage of the criteria in Theorems A and B lies in the fact that
preferring integration over the balls in R™ we loose the information about the
distribution of the potential ¢(x) over the sphere S(r). However, the distribution
of potential over the sphere may be substantial in the cases when Theorem B is not
applicable. If the function é(z) is sufficiently small, equation (1.1) is nonoscillatory,
but equation (E) still may be oscillatory.

Philos [21] used a class of functions H (¢, s) to obtain oscillation criteria for
linear second order Sturm—Liouville differential equation. This technique, usually
referred as averaging technique, has been elaborated and extended e.g. in [10, 13,

] also for other types of ordinary differential equations. Let us point out the
paper [24], where the usual condition % < 0 is relaxed.

The aim of this paper is to extend the averaging technique also for the partial
differential equation (E) and obtain new oscillation criteria, which can remove the
disadvantage of Theorems A and B. It is also showed, that this technique allows
obtain oscillation criteria not only for the exterior of a ball, but also for different
types of unbounded domains.

The paper is divided into three sections. Main results and comments are
presented in the next section. The last section contains proofs of theorems.
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2. MAIN RESULTS

First let us present a direct extension of [24, Theorem 1] to the case of
equation (E).

Theorem 2.1. Let H(t,z) € C(D,[0,00)), and p(z) € C*(Q(ty), (0,00)) be such
that the function H(t,x) has a continuous partial derivative with respect to x;
(i=1..n) on Dy and the following conditions hold
(i) H(t,z) =0 iff t = |||
(ii) There exists function k(s) € C([to,0), (0,00)) such that the function
f(t,s) =k(s) fs(s) H(t,x)dS is nonincreasing with respect to s for every
t> s>t
(iii) The vector—valued function h(t,z) defined on Dy by

h(t,xz) = VH(t,z) + MVp(z) (2.1)
plx)
satisfies
/ H"P(t,z)||h(t,z)|[Pp(x) de < oo (2.2)
Q(to,t)
fort > tg.

If

-1
lim sup H(t,x)dS
t—o0 S(to)
_|h(t, 2)[Pp(2)

<[, [t - B 0~ 2

then (E) is oscillatory.

The following theorem is a variant of the preceding one. In contrast to The-
orem 2.1 the function H (¢, z) is not necessary to be positive for ¢y < ||z|| < ¢ in
theorems bellow, but can attain also zero values. This allows to eliminate “bad
parts” of the potential ¢(z) from our considerations. We will use the following
additional notation

Qoi(a,b) ={z e R":a < ||z|| <b,H(t,z) # 0},
Sot(a) ={x € R" : ||z|| = a, H(t,z) # 0}.
This allows us to exclude the parts of the sets Q(a, b) and S(a), where the function

H(t, z) equals zero, from the area of integration.

Theorem 2.2. Let H(t,z) € C(D,[0,00)), and p(z) € C1(Q(to), (0,00)) be such
that that the function H(t,x) has a continuous partial derivative with respect to x;
(i=1..n) on Dy and the following conditions hold
() 1f [o]] = t > to, then H(t,z) =0
(ii) If H(t,xz) =0 for some (t,z) € Dy, then ||VH(t,z)|| =0
4



(iii) There exists function k( ) 6 C’([to, ) (0, oo)) such that the function
f(t,s) == k(s fs o H dS = k(s fs H(t,z)dS is positive and

nonincreasing with respect to s for every t > s > 1.
(iv) The vector—valued function h(t,z) defined on Dy by (2.1) satisfies

[ Hra)h o) do < oc (2.4)
Qo 1(250 t)

fort > ty.
If

~1
lim sup H(t,z)dS
t—o0 S(to)
|| (t, 2)|[Pp()

x /QOJ(tmt) {H(tx)P(x)c(a:) T L (ta) dz = o0 (2.5)

then (E) is oscillatory.

Remark 2.1. Condition (iii) claims that the set Sp.(s) is nonempty for every ¢
satisfying to < s < t. Hence The function H(¢,x) has parts with positive values
on every sphere centered in the origin.

Remark 2.2. Under (2.2) we understand that the function g(t,s) defined for
to < s <thby

ot5) = [ H P a)p@)h(t,0) S (26)

So,t(s)
is integrable with respect to s over the interval (tp,t¢). (The point ¢ may be a
singular point of the integral, since H (¢, 2) = 0 for ||z|| = t.) A similar commentary

explains also, how to understand (2.4).

Remark 2.3. Let 2 C Q(tg) be unbounded domain with smooth boundary 0. If
in addition to the conditions of Theorem 2.2 the function H (¢, z) vanishes outside
Q and both H(t,z) and ||VH(¢,z)|| vanishes on 9Q for every ¢ > to, then it
follows that equation (E) is oscillatory in €. Hence Theorem 2.2 can be used to
formulate explicit oscillation criteria on different types of domains, than exterior
of the ball. This situation cannot be covered by Theorem B. Remark also that
Kneser—type criteria for oscillation and nonoscillation of linear PDE in various
types of unbounded domain can be found in [1]. Examples of the oscillation criteria
on the half-plane are given bellow.

The following Corollary is an immediate consequence of Theorem 2.2.
Corollary 2.1. Let the assumptions (i) — (iv) of Theorem 2.2 holds. If

~1
P
lim sup H(t,z)dS / Ww dz < oo (2.7)
t—oo (to) Qo,¢(to,t) Hr (t’ x)
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and

—1
lim sup H(t,z)dS / H(t,z)p(x)c(z)dz = oo, (2.8)
t—o0 S(to) Q(to,t)

then (E) is oscillatory.

The following theorem extends [24, Theorem 2].

Theorem 2.3. Let the functions H, h, k and p satisfy the hypotheses (i)—(iv) of
Theorem 2.2. Suppose also that

0 < inf {liminf K(s) Jg MLt ) 43 } (2.9)

s>to t—o0 k(to) fS(to) H(t,l’) ds

and (2.7) holds. If there exists a function A € C(Q(to),R) such that

tegﬁ)@){( - H(t,z) dS>_1 /Q o [H(t, 2)p(z)e(z)

- Ittt dx} o A(T) (2.10)

pPHP=1(t, )
for T >ty and
| sy )y ar = o, (2.11)
to

where A (T) = max{A(T),0} and

pT) = sup { ( /S . H(t,z) dS)_l /S " p(z)H(t, ) dS } : (2.12)

then (E) is oscillatory.

Remark 2.4. The supremum in (2.12) always exists, since

( [, ) as) /S o PEH)0S < e (p(2).

Remark 2.5. Comparing Theorem 2.3 with Theorem 2 of [24] we see that in the
case of ordinary differential equations is the condition (2.10) replaced by a weaker
condition where limsup,_, ., stays instead of inf,¢(7 o). The reason, why we need
the stronger condition (2.10) instead is the following. In the proof of Theorem 2.3
we estimate the function A(T") from above with help of solution of Riccati equation
— see (3.19) below. This bound does not depend on the value of ¢ in the case of
ODE, however depends on ¢ in the case of equation (E).

The following theorem extends [24, Theorem 3]
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Theorem 2.4. Let the functions H, h, k and p satisfy the hypotheses (i)—(iv) of
Theorem 2.2. Suppose also that (2.9) and

—1
lim inf( ” H(t,x) dS) /Q(t ) H(t,z)p(z)c(xr) de < oco. (2.13)

t—o0

If there exists a function A € C(Q2(to),R) such that (2.10) and (2.11)hold, then
(E) is oscillatory.

Example 2.1. Consider the Schrodinger partial differential equation (L) in R
i.e., n =p = 2. For A > 1 define the functions H, k and p as follows:

plx) =1 for z € R?
1

k(s) = - for s > 1
s

Hit) = (t—r)sin¢ ¢ € [0,7)
0 @ € [m,2m),
where r and ¢ are the radial and the polar coordinates of the point x € R2. It is easy
to see that Sy (s) is the top half-circle with radius s < ¢ and fs(s) H(t,z)dS =
T(t—s) s = O(t). Since p(z) = 1, h(t,r) = VH(t,z) holds and consequently

2
|R(t, )| = {Az(t—r)2/\_2sin4¢+4(t 0 sin Zpcos?p ¢ €0, 7r)
| " 6 [, 2m)

Direct computation shows

(t —7“)A

H=Y(t, z)||h(t,z)]|> = N2(t — r)*2sin® ¢ + 4 cos? ¢

for x € Qg +(to) and (2.4) clearly holds. Further (2.5) has the form
lim sup tiA/ [ (z(r, ¢))(t —7)* sin’ ¢
M(#)

t—o0
A2 . t— )
—Z(t—r))‘ 281112(,25—%

where M (t) = {(z1,22) € R? : 1 < 2% + 23 <2, 29 > 0}. Since

¢
lim t_’\/ (t — ) 2sin? ¢pdr = hm =T / r(t — )2 dr
t—oo M(t) 2 1

cos? qﬁ} dz = oo, (2.14)

—00

t
< lim t‘Ag/ t(t — ) 2 dr
1

t—o0

T 1 1-x
2)\—1tll>nolot (t— 1)1 < oo,
is (2.14) equivalent to
: - 2 t—r)*
limsup ¢ { (z(r, ¢))(t —r)* sin? ¢ — 5~ cos qﬁ} dz (r,¢) = co. (2.15)
t—o0 M(t) T
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Hence (2.14) is sufficient for (L) to be oscillatory on the half-plane x5 > 0.

Example 2.2. Lut us consider the same equation as in the Example 2.1. Let
us change the function p(z) into p(z) = ﬁ = 1. The computation in polar
coordinates yields
I|h(t, 2)||? =22(t — )2 2sin? ¢ + 2X\(t — r)2 " LrLsin? ¢
+ (t — )2 Zsin? ¢ + 4(t — r)* 2 sin? ¢ cos? b
for ¢ € [0,7) and ||h(t,z)||* = 0 otherwise. As in the preceeding example, (2.4)

holds. Further integrating in polar coordinates we ensure that (2.7) holds. Then
the condition

lim sup ¢t~ / e(x(r, ¢))(t — r)’\r_l sin? ¢ dz (r,9) = o0
M(#)

t—o0
is a sufficient condition for oscillation of equation (E) on the half-plane x5 > 0.

Remark 2.6. In contrast to the results in Theorems A and B, the conditions in
Examples 2.1 and 2.2 are not affected by the behavior of the function ¢(z) on the
half-plane x5 < 0, which may be “relatively bad”.

3. PROOFS

Proof of Theorem 2.1. Suppose that (E) is not oscillatory. There exits T > tq ,

such that (E) has a solution u positive on Q(T'). The Riccati-type vector variable

[ Vu(@)[[P~*Vu(z)
P (u(x))

w(z) == p(z) (3.1)

is well-defined on Q(T') and satisfies

Apu | |[Vul[P~2
D(u) ®(u)

[[Vul?
Jul?

divw(z) = p(z) (Vu, Vp(z)) — (p — 1)p(x)

The application of (E) and (3.1) gives

divw(z) = —p(z)e(z) + ﬁ@um, V() — (p - Dot ~(x) | [w(z)||7

and equivalently

plx)e(z) = —divw(z) + T<w($)7 Vp(2)) = (p = 1)p' () [Jw(2)||*
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for z € Q(T). Multiplication of this equality by the factor H (¢, z) and integration
over Q(T,t) for t > T yields

/ H(t,z)p(x)c(z)dz = — / H(t,z)divw(x)dx
Q(T,t) (T,t)

1
4 /m,t)H“ )y (), Vo(a) de
v~

‘/m,t) H(t,2)

From here we conclude that

/ H(t 2)p(x)e(z) dz = — / div(H (1, 2)w(x)) dz
QT,t)

QTt)

Dp' (@) ]Jw(@)]|* dz.

1
" /Q(T,t)<VH“’I>’w<m>>dw * /Q(T , Ht3) s fw(w), Vo(e)) d

- [ HE) e - Dp @) w7 do.
Q(Tt)

Application of Gauss-Ostrogradski theorem, the property (i) of the function H (¢, x)
and (2.1) gives

/Q(Tt)H(tx) dx—/ H(t,z){w(z),v)dx

[ thtto). (o) do - / H(t,2)(p — 19~ () ()7
QTt) (T,
(3.2)
where v is the normal unit vector. From here and from the Young inequality
(p— DX = p(X,Y) +[[Y[" 20 (3.3)

for X = w(x)H%(tw)p_%(x) and Y = h(t, m)p% (x)p_lHl%p(t,x) it follows

/ H(t,z)p(x)c(z) dz
QT,)

h(t P
= H(t,z)(w(x),v) dz +/ de.
S(T) QTt) pZDHp (t, .Z‘)
which is equivalent to

/Q(T,t) {H(t,x)p(m)c(x) 1R, 2)|"p(= }d </ H(t, 2)(w(x), v) do

pP HP=1(t, x)
Hence
/ [H(t,x)p(x)c(x) — WW] dz <w*(T) H(t,z)dS, (3.4)
QT,t)

pPHPL(t, x) S(T)
9



where w*(T) = max,eg(r){||w(z)|[}. Using (3.4) we are able to estimate the
integral from the condition (2.3)

Dole)e(a) — WGP
Awﬂ@m>m><> WH%%wdd

= /Q(to,T) H{t, z)p(x)e(w) de + w*(T)/S(T) H(t,z)dS

' S ()(s) L whT)
S/to l S(s)H(t’x) dS] k(s) k(s) ds + k(T) k(T)/S(T) H(t,.’L‘) ds

for t > T where p*(s) = max,cg(s){p(x)} and c*(s) = max,cg(s){|c(z)|}. Since
f(t,s) := k(s)fs(s) H(t,z)dS is a nonincreasing function with respect to s, the
above inequality implies

Ut a)Pota)] o
/Q(to,t) [H(t,x)p(x)c(a:) pP HP=1(t, x) ] d

<MW[ﬂme@%1M;wﬂ§@®+i¥?

and hence

( S(to)H(t’ )dS) /Q(to,t) {H(L Jple)ez) pPHP=(t, x) ] ‘

T (s)e(s) - k(to)w(T)
S“Wl; W Ot R

for large ¢, which contradicts (2.3). O

Proof of Theorem 2.2. Assume the contradiction. As in the proof of Theorem 2.1
we conclude (3.2) for ¢ > T, where w is the solution of Riccati-type equation,
defined on Q(T). Since H(t,z) = ||h(t,z)|| = 0 for & € Q(T,t) \ Qo (T, t), we have

/ mwwnmwa—/ H(t,2)(p — 1)p*~ (@) ()| da
QT,t)

QTt)

— [ [ w)
Qo,¢(T,t)
~Ht2) - VP @) (@)l de. (35)
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The following relation we obtain from (3.5) and from Holder inequality

/ (h(t,z), w(z)) dz — / H(t, 2)(p — 1)p' () |w()[|* dz
QT,)

QT,t)

_ /Tt [/S() (h(t, 2), w(x)) dS

- / H(t,2)(p — D)o 9(a) ()[4 dS
So,:(s)

< [I([.  mreapine.opas)
([ HEDpwlwas )

ds

[

[ e D @) fwe)ds] s
So,t(s)
Application of Young inequality (3.3) gives

[ bt oo = [ Ha)p- Do 1@ lw)]da
QT t)

Q(T,t)

t
< / pP / HY? (1, 2)p(x)||h(t, 2)|[7 S ds
T So,¢(s)

_ / pPHYP(t 2)p(a) | |h(t, )| |P dx
Qo,:(T,t)
Combining this inequality with (3.2) we conclude
[ [HEp@eln) -y H )| (e ) ] do
Qo,t(Tt)

< H(t,z){w(z),v)dz (3.6)
S(T)

and similarly as in the proof of Theorem 2.1 we obtain

/ﬂ (to,t) [H(t,x)p(x)c(a) — p~Pp(x) H 7P (t,z)||h(t,2)[|] do

< / H(t,o)p(a)e(@)de + [ H(t, ) (w(z),v)dS
Q(to,T) S(T)

' x S M s w* "
</to lS(s)H(t7 )d81 k(s) k(s) ds +w*(T) S(T)H(t, )dS

< k(to) [ S(tO)H(t,x)dS] M [Wd“%ﬁg)

i
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where w*(s), p*(s) and ¢*(s) are the same as in the proof of Theorem 2.1. The
last inequality contradicts (2.5). The proof is complete. O

Lemma 3.1. Let the functions H, h, k and p satisfy the hypothesis (i)-(iv) of
Theorem 2.2. Suppose that (2.7), (2.9) and (2.10) holds. Let u be solution of (E)
which is positive on Q(Ty) for some Ty > to and w(x) be the corresponding Riccati
variable defined on Q(Ty) by (3 1) Then

/ s ~(@)[[w(@)|]7dS ds

H(t,z)dS

lim inf
t—o0

< 0. (3.7)

Proof. Let us denote

F(t) = ( S(T)H(t,x)ds> /Q(T ) [t 2)]] - [[w(z)]| dz

G(t) = ( H{(t, z) dS) (p— 1)/ H(t,)p'™ ()l Jw(2)]|* dz
S(To) Q(To,t)

for t > Tp. As in the proof of Theorem 2.2 we conclude (3.2) and hence

G(t) — F(t) < ( H(t,z) dS)_l

S(To)

X [ H(t,z)||w(z)|| dS —/ H(t,x)p(x)c(x) dx
S(To) Q(To,t)

<0t (@) - ( /S o ) as) /Q oy H O a9

holds for every ¢t > Tp, where w*(t) has been defined in the proof of Theorem 2.1.
Hence by (2.10)

litrginf[G(t) — F(t)] < w*(Ty) — A(Tp) < oo. (3.9)
(o)
Suppose that (3.7) does not hold. Then
“U@)[[w(@)||?dS
lim / Js | | ds = oo. (3.10)
t—o0 ( ) H(t,z)dS
According to (2.9) there exists 7 € R such that
(5) fy H(t.2) a8
0 <n< inf < f 3.11
n Slgto { 1g£ (e fs@ : 2)dS (3.11)
and for every p € R there exists T} > Tp such that
t(p—1) [g5) Htx)p' ™ (@)||w(@)||?dS
/ fs( ds > —4 (3.12)
To fS( t .13 dS nk(To)
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for every t > T;. Further there exists 75 > T7 such that
k(Ty) fsm) H(t,z)dS N
n
k(to) [g,,) H(t,2)dS

for all t > T5. From the definition of the function G(¢) it follows that for ¢ > 15

ot =( S(T)H(t,a:)d8>1 /Tt Kk(s) 5 H(t,x)dS)

(0= 1) [g(0) H(t)p" () uo(x)7dS
k(s) fS(s) H(t,z)dS
holds. Integration by parts and the property (i) of the function H(t,z) imply

S(TO)H(t,x) ds)l/TO l_(;?s(k(s) - H(t,x) ds)

* (0= 1) fy H(t,2)p () ()73
<(J, K(©) Jyqe) H(t2)dS )| ¢

(3.13)

G(t) =(

and in view of (iii)

G(t) Z(/S(TO)H(t,x) dS)_l /Tt [i(k(s) /S(S)H(t,x) ds)

s (p—1) [y H(t)p (@) [w(@)] | dS
. (/T k() Jge) H(t, ) dS df) ds-

Application of (3.12) gives

-1 U t b
G(t)z(/S(TO)H(t,x)dS) T /Tl—as<k(s) S(S)H(t,m)dS)ds
Wk(TL) fy gy, Hts) dS
_nk(TO)fS(TO) H(t,.’IJ) ds '

In view of (iii)

o) > 1ik(T1) [g ) H(t,2)dS
= nk(to) [, H(t,z)dS
and (3.13) implies
G(t) > p (3.14)
for every t > Tb. Since p has been chosen arbitrary, lim; ., G(t) = oco. Let us
consider the sequence {¢,,}°2 ; of the points from (7%, 00) such that lim,, . t, = 00
and limy o0 [G(tn) — F(tn)] = liminf; o [G(t) — F(t)]. In view of (3.9) there exists
real constant M with property
G(tn) — F(tn) <M (3.15)
13



for all n. Hence

nhﬁ\rr;o F(t,) = nlgréo G(ty) = o0. (3.16)
From (3.15) and (3.16) we obtain
F(tn) M 1
B
Gtn) = G(tn) 2
for large n. Hence
F(t,) 1
> —
G(tn) ~ 2
for large n and combination of this inequality with (3.16) yields
FP(tn)

However the definition of the function F'(¢) and the Holder inequality give
-1 1
Fo<|([  Hewas) [ oD @) o) d]
S(To) Q(Ty,t)
-1
X H(t,x)dS
(o )
1
<[ e () b o) ds |
Q(To,t)
-1
<cel[([  H@tw)as)
S(To)

X /Q(Toyt)(p - 1)1—pH1—P(t,x)p(gc)||h(t7x)”p dm} v

and therefore
FP(t)
GP=1(t)

<p-0'7([  HEwas)

S(To)
x / (b — 1)V PHY P (¢, 2)pla)| [Ba(t, ) [P dr.
Q(To,t)
Since by (3.11)

k(To) [g(z,) H(t,x)dS .
>
k:(to)fs(to)H(t,a:) ds

for large t, we have

Gt <=0 (k)

-1
H(t,z) ds)
S(to)

X k(TO)/Q(t t)(p —)IPHP (L 2)p(a)|[h(t,2)|P de. (3.18)

14



If (3.17) would hold we obtain a contradiction with (2.7) This contradiction com-
pletes the proof. O

Proof of Theorem 2.3. Suppose that equation (E) is not oscillatory and w is a
solution of (E) positive on Q(Tp) for some Ty > to. Let w(z) be Riccati variable
defined by (3.1). As in the proof of Theorem 2.2 we conclude (3.6) and hence by
(2.10)

H(t,z)||w(z)||dS
A(T) < Jsi (3.19)
Jsery H(t,2)dS

for every t > T > Tj. Hence
AT [ Ht2)dS < / H(t, 2)|[w(z)|| dS
S(T) S(T)

for all ¢ > T'. Holder inequality gives

A | H(twyas <([ H(t@)p (@)l w(@)]|7d8 )

5(T) 5(T)

X ( H(t,z)p() ds)?
S(T)
Hence

(A ([ HEads) < [ H @) @)l o) as

S(T)

< ( [, H20 ds)“1

S(T)

and the definition of the function p yields
—1
Ay <( [ Heoas) [ HEewop @) )
5(T) 5(T)
for t > T > Tp. This inequality combined with (3.7) contradicts to (2.11). The
proof is complete. O

Lemma 3.2. Let the functions H, h, k and p satisfy the hypothesis (i)—(iv) and
of Theorem 2.2. Suppose that (2.9), (2.10) and (2.13) holds. Let u and w be the
same as in Lemma 3.1. Then (3.7) holds.

Proof. As in the proof of Theorem 2.2 we see that (3.2) holds. With the notation
of Lemma 3.1 inequality (3.8) holds. Hence

liiri)sogp[(}’(t) — F(t)] <w*(Tp) — lig(i)lgf( s H(t,x) dS)_1
H(t,z)p(x)c(z)dx
o B
<w*(Ty) — A(Ty) < o. (3.20)

15



By (2.10)

_ lp(, 2)[[Pp(x)

pPHP=L(t, x) dz

Alto) S(

H(t,a:)ds)ﬂ/S

ZO,t(tl)yt)

(0, 0)p(a)c(o)

S(to)
for t > to. Hence by (2.13)

-1 R, 2)[[Pp(2)
)H(t,m)dS) /Q AL 2P AT 4

lim inf(
(to,t) pPHP=1(t, )

t—o00 S(to

gligg)lf( S(tO)H(t,J;) dS)ﬂ /g H(t,2)p(x)c(z) dz — A(to)

Zo,f,(t(),t)
<o0. (3.21)

0,t

Let us consider the sequence {t,,}52, in (Tp, 00) satisfying lim, o t, = 0o and

hm( H(t x)dS>_1/ [[h(tn, 2)|Pp(2) ,
=0\ () Qo oty PPHP Lty @)

—timinf( [ H(t,x)ds) / [Ih(t,2)|[Pp(@) ,
t—o0 S(to) Q

to,r) PPHPY(L, x)
Now suppose by contradiction that (3.7) fails. As in the proof of Lemma 3.1 and
using (3.20) we conclude (3.16). Using the same procedure as in Lemma 3.1 we

0,¢(

obtain (3.17) and (3.18), which contradicts to (3.21). Hence (3.7) holds. O

Proof of Theorem 2.4. The proof is almost the same as the proof of Theorem 2.3.

Lemma 3.2 is applied instead of Lemma 3.1. U
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