
Př́ıklady: Extrémy – lokálńı, vázané, absolutńı
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Lokálńı extrémy

Najděte body, ve kterých maj́ı následuj́ıćı funkce lokálńı extrémy:

1. z = x2 + (y − 1)2 [(0, 1)-lok. min.]

2. z = x2 − (y − 1)2 [(0, 1)-neńı extrém]

3. z = x2 + y2 − xy − 2x + y [(1, 0)-lok. min]

4. z = x3 + y3 − 6xy [(2, 2)-lok. min., (0, 0)-neńı extrém]

5. z = x3 + 8y3 − 6xy + 1 [(1,
1

2
)-lok. min., (0, 0)-neńı extrém]

6. z = 2xy − 8x− 4y + 1 [(2, 4)-neńı extrém]

7. z = 4xy − 16x− 8y + 7 [(2, 4)-neńı extrém]

8. z = 4(x− y)− x2 − y2 [(2,−2)-lok. max.]

9. z = x3 − 3xy + y2 + y − 7 [(1, 1)-lok. min., (
1

2
,
1

4
)-neńı]

10. z = y4 + 32x2 − 32xy [(1, 2)-lok. min., (−1,−2)-lok. min., (0, 0)-neńı extrém]

11. z = x2 + y2 + 4x− 2y [(−2, 1)-lok. min.]

12. z = xy − x + y [(−1, 1)-neńı extrém]

13. z = x3 − 6xy + 3y2 [(2, 2)-lok. min., (0, 0)-neńı extrém]

14. z = x4 − 2x2 + y3 − 3y2 [(0, 0)-max., (0, 2)-ne, (1, 0)-ne, (1, 2)-min., (−1, 0)-ne, (−1, 2)-min.]

15. z = y3 − 6xy + x2 + 15y − 5 [(3, 1)-neńı extrém, (15, 5)-lok. min. ]

16. z = x3 + y3 − 9xy + 15 [(0, 0)-neńı extrém, (3, 3)-lok. min. ]

17. z = x3 − 3xy + y2 − 2y [(2, 4)-lok. min., (−1

2
,
1

4
)-neńı extrém]

18. z = 2x3 + xy2 − 5x2 + y2 [(
5

3
, 0)-lok. min., (0, 0)-neńı extrém]



19. z = x2 − y2 − x2y + 3y + 4 [(0,
3

2
)-lok. max., (1, 1)-neńı (−1, 1)-neńı]

20. z = x3 + xy2 − 6xy [(−
√

3, 3)-lok. max., (
√

3, 3)-lok. min., (0, 0)-neńı, (0, 6)-neńı]

21. z = y4 + 8x2 − 8xy − 1 [(
1

2
, 1)-lok. min., (−1

2
,−1)-lok. min., (0, 0)-neńı]

22. z = 4xy − xy2 − x2y [(0, 0)-neńı, (0, 4)-neńı, (4, 0)-neńı, (
4

3
,
4

3
)-lok. max.]

23. z = x4 + y4 − 4xy − 6 [(0, 0)-neńı, (1, 1)-lok. min., (−1,−1)-lok. min.]

24. z = e
x
2 (x + y2) [(−2, 0)-lok. min.]

25. z = 4 + e−2y(xy − x2 + y2) [(0, 0)-neńı, (
1

2
, 1)-lok. max.]

26. z = ex(x + y + y2) [(−3

4
,−1

2
)-lok. min.]

Vázané lokálńı extrémy

Najděte body, ve kterých maj́ı následuj́ıćı funkce vázané lokálńı extrémy:

1. z = x2 + 3y2, je-li x− 2y + 7 = 0 [(−3, 2)-vázané lok. min.]

2. z = exy, je-li x + y = 4 [(2, 2)-vázané lok. max.]

3. z = xy, je-li x + y + 2 = 0 [(−1,−1)-vázané lok. max.]

4. z = y2 − 4x3, je-li 2x− y + 1 = 0 [(1, 3)-vázané lok. max., (−1

3
,
1

3
)-vázané lok. min.]

5. z = x2 + y2, je-li 2x + y = 1 [(
2

5
,
1

5
)-vázané lok. min.]

Absolutńı extrémy

Najděte absolutńı extrémy funkce z = f(x, y) na množině M.

1. z = y − x2, M je trojúhelńık s vrcholy A[0, 1], B[−1,−1], C[1,−1]

[zmin = −2 v bodech (−1,−1) a (1,−1), zmax = −1 v bodě (0, 1)]

2. z =
√
x2 − y, M je trojúhelńık s vrcholy A[−1,−1], B[1,−1], C[1,−3]

[zmin = 1 v bodě (0,−1), zmax = 2 v bodě (1,−3)]

3. z =

√√
x− y, M je obdélńık s vrcholy A[0, 0], B[1, 1], C[0,−3], D[1,−3]

[zmin = 0 v bodě (0, 0), zmax = 2 v bodě (1,−3)]

4. z = y − x2, M je čtverec s vrcholy A[−1, 1], B[1, 1], C[1, 3], D[−1, 3]

[zmin = 0 v bodech (−1, 1) a (1, 1), zmax = 3 v bodě (0, 3)]

5. z = x− 2y − 3, M je trojúhelńık s vrcholy A[0, 0], B[1, 0], C[0, 1]

[zmin = −5 v bodě (0, 1), zmax = −2 v bodě (1, 0)]



6. z = x2 + y2, M =
{

[x, y]; x ≤ 2, x ≥ y2
}

[zmin = 0 v bodě (0, 0), zmax = 6 v bodech (2,−
√

2), (2,
√

2)]

7. z = x2 − 2x + y2 − 2y + 3, M je trojúhelńık s vrcholy A[
1

2
,
1

2
], B[2,

1

2
], C[

1

2
, 2]

[zmin = 1 v bodě (1, 1), zmax =
9

4
v bodech (2,

1

2
), (

1

2
, 2)]

8. z = x2 + y2 − 6y, M =
{

[x, y]; y ≤ 2, y ≥ 2x2
}

[zmin = −8 v bodě (0, 2), zmax = 0 v bodě (0, 0)]

9. z = x + 3y, M je určena nerovnostmi: −3x + 4y ≤ 12, x ≤ 4, x ≥ 0, y ≥ 0

[zmin = 0 v bodě (0, 0), zmax = 22 v bodě (4, 6)]

10. z = −3x + 2y, M je určena nerovnostmi: x− 3y ≤ 3, 2x + 3y ≤ 15, x ≥ 0, y ≥ 0

[zmin = −16 v bodě (6, 1), zmax = 10 v bodě (0, 5)]

11. z = 2x + y, M je určena nerovnostmi: x− 2y ≤ 2, −2x + y ≤ 0, y ≥ 0

[zmin = 0 v bodě (0, 0), maximum neexistuje]
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