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Antiderivative and indefinite integral

Definition (Antiderivative)

Let f and F' be functions defined on an open interval I. If
F'(z) = f(z) forevery z€l,

then the function F is called an antiderivative of f on the interval I.

It follows from the definition: If F' is an antiderivative of f, then F' + ¢ (where ¢ is
any real constant), is also an antiderivative of f. Indeed,

[F(z) + ] = Fl(x) + ¢ = f(x) + 0= f(2).

This means that if there exists an antiderivative of f on the given interval, then
there exist infinitely many antiderivatives of f on this interval.
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Example

For example, the following functions are antiderivatives of y = z3:

Indeed,

aN/ 4 ! 4 /
(32 (5= (5=

Evidently any function of the form y = %4 + ¢, where ¢ € R, is an antiderivative of
3
y = x°.
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Example

For example, the following functions are antiderivatives of y = z3:
4 4 4
x x x
Y 4 Y 1 +3, Yy 4

Indeed,

! / /
(%) =23, (%4—&—3) =23, (%—7) =23

Evidently any function of the form y = %4 + ¢, where ¢ € R, is an antiderivative of
3
y = x°.

Question: Are the functions of the forn = _x4 +c the only antiderivatives of
Y 4 y
Yy = IL‘3 or can we find another antiderivative?

The following theorem gives answer to this question.
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Theorem (Uniqueness of antiderivative)

Let F and G be two antiderivatives of f on an interval I. Then there exists a
constant ¢ € R such that G(x) = F(x) + ¢ for every x € I.

The previous theorem says that any two antiderivatives of the same function f
differ only by an additive constant.
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Definition (Indefinite integral)

The set of all antiderivatives of f is denoted [ f(z)dxz and it is called the
indefinite integral. We write

/f(a:) dz = F(x) + ¢,

where F' is any antiderivative of f and c is any real constant.

The symbol [ is called the integral sign, the function f is called integrand, the
constant c is called the constant of integration. The dz is part of integral
notation and indicates the variable involved. To integrate f means to find all
antiderivatives of f. The function which has an antiderivative (indefinite integral)
is called integrable.

It holds:

</f(:c) dm)l = f(z) and /(F(:z:))/ de = F(x) +c
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Theorem (Sufficient condition for integrability)

Let f be a continuous function on I. Then there exists an antiderivative of f on I.

@ There exist functions which are not continuous and have antiderivatives.

@ There exist functions which are continuous (hence they have antiderivatives),
but the antiderivatives cannot be expressed using the elementary functions.
The antiderivatives of these functions, such as

xr
.2 €
e " dux, — dz,
x
sinx cos T .
/ dz, / dzx, /Sll’l 2% dx, /cos 2% dx
x T

are called higher transcendental functions.
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Basic Formulas for integration

Simona Fignarovd (Mendel University)

/cosx dxr =sinx +¢
/sinxdx: —cosz +c

1
s dz =tgr+c
cos?

1
/ >— dz = —cotgz + ¢

sin“ x

1
——— dz = arcsinx + ¢
/\/1—332
! d tgr +
———— dx = arctgx + ¢
2 +1 &
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o We usually write [ dx instead of [1dz.

© Sometimes we write [ f‘g) instead of [ ﬁ dz.
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Basic rules for integration

Theorem (Basic rules for integration)

Let f and g be functions, which are integrable on an interval I a let c € R. Then
the following formulas holds on I :

Ju@ 2@ = [1@dot [ o) do

/ - flx = c/f(w)dx

We don’t have any general rule for integration products and quotients of
functions and for the composite function !!!
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Example (Integration of power functions and polynomials)

Qo /x3daz
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

e/ﬁm
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

(2] /\/de:/x%dx

Simona Fignarovd (Mendel University) Indefinite integral MENDELU 10 / 27



Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

Q/ﬁdx:/x%dx:%
2
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gv:v?’—i—c
2
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gv:v?’—i—c
2

1
—d
9/x4x
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gv:v?’—i—c
2

1
Q /—4dx:/ac_4da:
T
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gv:v?’—i—c
2
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gvf”—i—c
2

1 4 3 1
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Example (Integration of power functions and polynomials)

o
(] /x3dm:—+c
4
2
o /\/de:/x%dx:%:§\/m3+c
2

1 4 3 1

(%) /(x4+2x3+x—2)dm
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Example (Integration of power functions and polynomials)

4
Qo /x3dm:%+c

2
(2] /\/dez/x%dx:%:gvf”—i—c
2

1 4 3 1

5 4 2
Qo /(ac4—|—2x3—|—ac—2)dm=%+%+%—2m+c
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

/xzﬂ dx
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

/xzﬂdx:/mg dz
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

/xQﬂdx:/mgdx:

8
ol &,
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

/xQﬂdx:/mgdx:

2
= ?x?’\/}—i—c

8
ol &,
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

© Decomposition of the numerator of a fraction

/x—|;3dx
T
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

© Decomposition of the numerator of a fraction

T+ 3 T 3
/x2 dz = /(F—i_ﬁ) dz
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

2
/xQﬂde/m%dm:%z?fU?’\/E—l-c
2

© Decomposition of the numerator of a fraction

/x+3dx = / i—i—i dx:/ l—1—332_2 dx
2 2 z? x

MENDELU
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions
2 5 z 2 3
2*rxde = [ 22 dx:Tz?x Vr+ec
2

© Decomposition of the numerator of a fraction

/x+3dx = / i—i—i dx:/ l—1—332_2 dx
2 2 z? x
—1

T
-1

= In|z|+3-

MENDELU
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

2
/xQﬂde/m%dm:%z?fU?’\/E—l-c
2

© Decomposition of the numerator of a fraction

/x+3dx = / i—i—i dx:/ l—1—332_2 dx
2 2 z? x
3

MENDELU
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

2
/x2\/5dx=/m%dm:m?:?w3\/§+c
2

22

/x+3dx = / i—i—i dx:/ l—i—?;a:_2 dx
2 z? x
3

© Decomposition of the improper rational function into a sum of a polynomial
and the proper rational function. (We divide the numerator by the

denominator.)

4
a: dx
2 4+1
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

© Decomposition of the numerator of a fraction

1
/x+3dx = / i—i—i dx:/ Z4+3272) dz
2 2 z? x
= ln|x|—|—3-x—=1n|x|———|—c
-1 T

© Decomposition of the improper rational function into a sum of a polynomial
and the proper rational function. (We divide the numerator by the

denominator.)

MENDELU 11 /27
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Example (Basic formulas and simplification of integrand)

@ Multiplication of the power functions

© Decomposition of the numerator of a fraction

1
/x+3dx = / i—i—i dx:/ Z4+3272) dz
2 2 z? x
= ln|x|—|—3-x—=1n|x|———|—c
-1 T

© Decomposition of the improper rational function into a sum of a polynomial
and the proper rational function. (We divide the numerator by the

denominator.)

4 1 3
/ * dx:/<x2—1+x2+1> dm:%—x—i—arctg;ﬂ—i—c
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x cos T .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T sin x
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x ¢ .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T

/tggx dzx
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x cos T .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T sin x
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x cos T .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T sin x
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x cos T .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T sin x

) 2 2
sin“ x 1—cos“x 1 cos” x
cos? x cos? x cos?x  cos’x
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x cos T .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T sin x

/t 2 de — /Siandx—/l_COSZxdx—/ 1 _COSQ.Z‘ du
& n cos2x cos? x B cos?2x cos?zx
1
/(—2 —1) dx
cos? x
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Example (Using formulas for trigonometric functions)

We use mainly the following formulas:

sin x cos T .9 9
tgr = ——, cotgr = ——, sin“x+4cos"r=1
cos T sin x

i 02 2 2
1-— 1
/tgaxdx _ /wdx:/ﬁdpﬂ_z_g) de
COoS“ X COos“ X COoS“ X Cos“ X
1
/(—2—1> der=tgr —x+c
Cos“x
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Method of substitution

Theorem (The 1 st method of substitution, ¢t = p(z))

Let f(t) be a function which is continuous on I and ¢(x) be a function having
continuous derivative on J. Next suppose that p(x) € I for every x € J. Then the
function f[p(z)]¢' (x) is continuous on J and it holds on this interval:

[ fo@le @z = [ reyar

where we substitute t = p(x) on the right-hand side.

@ The method can be used if the integrand is of the form
“composite function f[o(x)] times the derivative of the interior function
o (@)’

o We write a new variable ¢ instead of the interior function ¢(x) and we write
dt instead of ¢/(z) dx.

o Let F' be an antiderivative of f, then we proceed as follows:

[ i@ an = S50

= [ syar=F(O) +c = Flo) +c
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Example (The 1 st method of substitution)

Qo /sin(3x +2) dz
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Example (The 1 st method of substitution)

t=3x+2
Q /sin(3x—|—2)d1:: dt = 3dx
dx:%dt
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Example (The 1 st method of substitution)

t=3x+2 1
sin(3x + xr = t= x| = - [ sintdt
Q in(3 2)d d 3d 3 intd
dw:%dt

Simona Fignarovd (Mendel University) Indefinite integral MENDELU 14 /27



Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)d1:: dt =3dz :f/sintdt:—fcost—i—c
1 3 3
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

Q /sin2xcosx dz = /(sinx)Q'cosa: dx
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

Q /sin2xcosxda::/(sinx)2'cosxdx:‘
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

Q /sin2xcosxda::/(sinx)2'cosxdx:‘

:/ﬁ&
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 o t=sinx . 2
Q /sm xcosxda:—/(smx) Cosxdx_‘dt:cos:rdm —/t dt
3
=—+c
3 +
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

:/ﬁ&

Q /sin2xcosxda::/(sinx)2'cosxdx:‘
3

_ﬁ+c_sin erc
T3 -3
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Example (The 1 st method of substitution)

t=3x+2 1
0/sin(3x—|—2)dm: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

t =sinx
dt = cosx dz

:/ﬁ&

Q /sin2xcosxda::/(sinx)2'cosxdx:‘
3

3 sin” x
= — 4 c= +c
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdx_‘dt:coswdm —/t dt
_ﬁ+c_sin3a:+c
3 3
) t=1-—2?
e/x-elfz der =|dt = —2zdzx
xdx:—%dt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdx_‘dt:coswdm —/t dt
_ﬁ+c_sin3a:+c
T3 -3
t=1-22
1—x2 1 t
e/x-e de=|dt=—-2xdzx :_5/6 dt
xdx:—%dt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—i—c
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdx_‘dt:coswdm —/t dt
_ﬁ+c_sin3a:+c
T3 -3
t=1-22
1—x2 1 t 1 ¢
Q [x-e der =|dt = —2zdzx =5 edtz—ie +ec
xdx:—%dt

Simona Fignarovd (Mendel University) Indefinite integral

MENDELU




Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2d$: dt = -2z dz :—E/etdt:—%et—i-c:—%el*zz—|—c
xdm:—%dt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2d$: dt = -2z dz :—E/etdt:—%et—i-c:—%el*zz—|—c
xdm:—%dt

Q /xs-\/x“—kldx
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2d$: dt = -2z dz :—E/etdt:—%et—i-c:—%el*zz—|—c
xdm:—%dt
t=z"+1
o/x3~\/1’4—|—1dx: dt = 42° dz
m3dw:idt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x+2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2d$: dt = -2z dz :—E/etdt:—%et—i-c:—%el*zz—|—c
xdm:—%dt
t=x*+1 1
°/x3~\/1’4+1dx: dt = 42° dz :f/\/idt
3 9.1 4
z°dr = 3 dt

Simona Fignarovd (Mendel University) Indefinite integral MENDELU



Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x—|—2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
T3 -3
t=1-22
1
(5] e dr = | dt = -2z dz| = —= etdt:—let-kc:_lel*””z_,_c
1 2 2 2
rdr = —5dt
t=z'+1 1 1 1
°/x3~\/1’4—|—1dx: dt = 42° dz :7/\/idt:7/t5dt
3 1 4 4
z°dr = 3 dt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x—|—2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2d$: dt = -2z dz :—E/etdt:—%et—i-c:—%el*zz—|—c
xdm:—%dt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x—|—2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxda:—/(smx) Cosxdm_‘dt:COSZL‘dI —/t dt
_ﬁ+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2d$: dt = -2z dz :—E/etdt:—%et—i-c:—%el*zz—|—c
xdm:—%dt
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Example (The 1 st method of substitution)

t=3x+2 1
Q/sin(3x—|—2)dx: dt =3dz :f/sintdt:—fcost—kc
1 3 3

= —% cos(3z +2) +¢

-2 _ . 2 - t=sinx _ 2
Q /sm xcosxdaz—/(smx) Cosxdm_‘dt:coswdm —/t dt
_i+c_sin3a:+c
3 3
t=1-—2?
1
9/$'617m2dz: dt = -2z dz :—E/etdt:—%et—i-c:—%el*ﬁ—|—c
xdm:—%dt
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Composite function with linear interior function

Let F' be an antiderivative of f on an interval I. Then for ax + b € I we have:

/faa:—i—b (a:c+b)
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Composite function with linear interior function

Let F' be an antiderivative of f on an interval I. Then for ax + b € I we have:

/f ax +b)d (a:c +0b)+
Example
/sin(5m +1)de
@ Using substitution:
t=5z+1 1 1
/sin(5a:+1)d:c =|dt=5dz| = g/sintdtz —gcost—i—c:
do = % dt

1
~ cos(bx + 1) +¢

@ Using the above formula: az +b=5x + 1

f(z) =sin(z) = F(z) = —cosx
f(az + b) =sin(bz + 1) = F(ax + b) = — cos(bz + 1)

1
= [ sin(bz +1)dz = — cos(bx + 1) +¢
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Example

Q /cos 2z dz
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Example

1
Q /cosQacd:c = Esin2x+c
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Example

1
Q /cosQacd:c = Esin2x+c

Q /(3—5$)6dx
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Example

1
o /costdx = isin2x+c

o /(3—5x)6dx: _%.%(3_5@7
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Example

1
Q /cosQ:cd:c = §sin2x+c

11 1
o /(3—5$)6dx:—3-?(3—5x)7=——(3—5x)7+c
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Example

1
Qo /cosQ:cd:c = §sin2x+c

11 1
o /(3—5$)6dx:—3-?(3—5:5)7:__

1
e/2x_3dx
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Example

1
Qo /cosQ:cd:c = §sin2x+c

11 1
o /(3—5$)6dx:—3-?(3—5:5)7:__

1 1
— 2 n 19z —
e/2x_3dx 2n|a: 3+ ¢
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Example

1
Qo /cosQ:cd:c = §sin2x+c

11 1
o /(3—5x)6dx:—3-?(3—5:5)7:__

1 1
— 2 n 19z —
e/2x_3dx 2n|a: 3+ ¢

Q /62_“’ dx
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Example

1
Qo /cosQ:cd:c = §sin2x+c

11 1
o /(3—5x)6dx:—3-?(3—5:5)7:__

1 1
— 2 n 19z —
e/2x_3dx 2n|a: 3+ ¢

Q /62_“’ dz = —€e>""+¢
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Example

1
Qo /cosQ:cd:c = §sin2x+c

11 1
o /(3—5x)6dx:—3-?(3—5:5)7:__

1 1
— 2 n 19z —
e/2x_3dx 2n|a: 3+ ¢

Q /62_“’ dz = —€e>""+¢

Q /Singdm
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Example

1
Q /cosQ:cdx = §sin2x+c

11 1
o /(3—5$)6dx:—3-?(3—5x)7=——(3—5x)7+c

1 1
— S n|2z —
0/2x_3dx 2n|a: 3| +ec

Qo /62_m dz = —€e>""+¢

. . 1 T
Q /Slnidm—/sm<§x> dx——2COS§+C
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Example

1
Q /cosQ:cdx = §sin2x+c

o /(3—5$)6dx: —%-%(3—53@)7: —i(3—5x)7+c

1 1
(3] /2x_3dx:§1n|2x—3|+c

Qo /62_“7 dz = —€e>""+¢

. . 1 T
Q /51n§dm—/sm<§x> dx——2COS§+C

The integrals can be solved using the substitutions:

t=2x,t=3—5x,t:2x—3,t:2—x,t=g.
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1
:/;dtzln|t|+c:ln|f(x)|—|—c

= /J;((;C)) dz =In|f(z)|+¢
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f;; ' t:f{((;v)) :/%dtzln|t|+c=1n|f(x)|+c

7@
fa)

-

=In[f(z)] +c

Example

o/:102—3
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F@ | =5 | _ L g il om | e 4
/f(m) dx_'dtzf’(x)dx —/tdt—l |t +c=In|f(z)] +

S /J;((;C)) do =In|f(z)| +c

Example

Q/ 2m3dm:ln|x2—3‘+c

22 —
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F@ | =5 | _ L g il om | e 4
/f(m) dx_'dtzf’(x)dx —/tdt—l |t +c=In|f(z)] +

S /J;((;C)) do =In|f(z)| +c

Example

Q/ 2m3dm:ln|x2—3‘+c

22 —

3z
o [y
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G I 1 N Y S PN
/f(m) dx_'dtzf’(x)dx —/tdt—l |t +c=In|f(z)] +

S /J;((;C)) do =In|f(z)| +c

Example

0/ 2m3dm:ln|x2—3‘+c

22 —

3z 3 2z
° /$2—3dx_§/a§2—3dm
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G I 1 N Y S PN
/f(m) dx_'dtzf’(x)dx —/tdt—l |t +c=In|f(z)] +

— /f/(x) do =In|f(x)| +c

f(=)
Example
0/x22f3dw:1n|x2—3‘+c
o /x23—:)d$=g/;—f3dm:gln|m2—3|+c
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G I 1 N Y S PN
/f(m) dx_'dtzf’(x)dx —/tdt—l |t +c=In|f(z)] +

S /J;((;C)) do =In|f(z)| +c

Example

2z 9
o /x2_3dw:ln|x =3|+c
3z 3 2z 3 )

o /xz—_gdx:i/ajz—dmzilnim -3|+c¢

-3
(5] /tg:z:d:z:
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G I 1 N Y S PN
/f(m) dx_'dtzf’(x)dx —/tdt—l |t +c=In|f(z)] +

S /J;((;C)) do =In|f(z)| +c

Example

0/ 2m3dm:ln|x2—3‘+c

22 —

3z 3 2z 3 )
o [Fpar=} [ rgar=inlt -5l

Q /tg:z:d:z::/smx dx
COS T
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Jigt-ld A

= /J;((;C)) dz =In|f(z)|+¢

1
z/gdtzln|t|+c:ln|f(x)|—|—c

Example

2z 2
(1] /x2_3dw:ln|x —3‘+c
3z 3 2z 3 9

o /tg:z:d:z:—/smxd :_/—smxdx
Ccos T Cos T
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f
/f’((:r)dx:' t=f() :/%dt:1n|t|+c:1n|f<x>|+c

f(z) dt = f/(x) dz

= /f/(x) dz =In|f(z)| +c

f(=)
Example
Q/x22f3dw:ln|x2—3‘+c
Q /xz?’—igdx:g/xf—igdx:;lnizz—ﬂ—l—c
Q /tg:z:d:z::/izz d:z::—/_ccs)isnxx dz = —1In|cosz| + ¢
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f
/f’((:r)dx:' t=f() :/%dt:1n|t|+c:1n|f<x>|+c

f(z) dt = f/(x) dz

= /f/(x) dz =In|f(z)| +c

f(=)
Example
Q/x22f3dw:ln|x2—3‘+c
Q /xz?’—igdx:g/xf—igdx:;lnizz—ﬂ—l—c
Q /tg:z:d:z::/izz d:z::—/_ccs)isnxx dz = —1In|cosz| + ¢

Q / cotgr dx
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f
/f’((:r)dx:' t=f() :/%dt:1n|t|+c:1n|f<x>|+c

f(z) dt = f/(x) dz

= /f/(x) dz =In|f(z)| +c

f(=)
Example
Q/x22f3dw:ln|x2—3‘+c
Q /xz?’—igdx:g/xf—igdx:;lnizz—ﬂ—l—c
Q /tg:z:d:z::/izz d:z::—/_ccs)isnxx dz = —1In|cosz| + ¢

Q /cotgw dx:/c.osx dzx
sinx
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fa: t=f) |_ 1 =1In c=n|f(z)|+c
/ 28 o= | A0 | = [ 7 at=ml+ o=l +
= /J;((j)) dz =In|f(z)|+¢
Example

2x
Q /x2_3dm:1n|x2—3‘+c

3z 3 2z 3 9

Q /tg:z:d:z:—/smx d:z::—/_smxd:c:—ln|cosx\+c

COS ™ COS ™

Qo /cotgwdx:/cosxda:—ln|sma:|+c
sinz
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Trigonometric substitution

The integral of the the form /R(sinx,cos x) dz, where R is a rational function,

can be transformed (with using special substitutions) into the integral from a
rational function. Special cases:

Q /R(sinx)cosxdx = t=sinz

o /R(cosx)sinxdx = t=-cosx

sinzcos?z cosPz+1

g ) q
SlIl2 T + Cosx SlIl2 x

o Functions of the type R(sinz,cosz) :

sinx +2 2sinz

sin®z  sinz —1

o Functions of the type R(sinx) :

coS T cos?x + cosx

@ Functions of the type R(cosz) : 2: 13 T1
cos? x cos
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Example

sin x cos x
o,
sin“x + 2
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Example

sin x cos x sin
2—d$: TCOS.’L’CL’I}
sin“x + 2 sin“x + 2
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Example

sin x cos x sinx t=sinz
Q /dez/?cosxdx:
sin” x + 2 sin” x + 2 dt = cosx dz
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Example

sin x cos x sinx t=sinz
Q /dez/?cosxdx:
sin” x + 2 sin” x + 2 dt = cosx dz

t
= [ ——dt
/t2+2
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Example

sin x cos x sin t=sginx t
———dz= | ———coszdz = = | ——dt
° /sin2x+2 /sin2x+2 ‘dt:coszrd:r /t2+2

1 [ 2t
== [ =t
2/t2+2
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Example

sinx cos x sinx
c 2—d$: TCOS.’L’CL’L':
sin“x + 2 sin“x + 2

1 [ 2 1
= [ 2 dt= (2 +2
2/t2+2 p(t"+2)+e

t=sinz
dt = cosx dx

_/ t
) 242

dt
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Example

o /sinmcosx
sin’x + 2

1 2t

do— |

1

sinx

sin’x + 2

cosxdxr = ‘

t=sinz
dt = cosx dx

1
(t2+2)+c:§ln(sin2x+2)+c

_/ t
) 242

dt
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Example

o /sinmcosx
sin’x + 2

1 2t

sinx

Q 3 dz
cos3 x

do— |

1

sinx

sin’x + 2

cosxdxr = ‘

t=sinz
dt = cosx dx

1
(t2+2)+c:§ln(sin2x+2)+c

_/ t
) 242

dt
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Example

o /sinmcosxd / sinx q t=sinx
———der= | —5——coszdr =
sin®x + 2 sin®z + 2 dt = cosx dzx
1 2t 1 1
:é/mdt:iln(t2+2)+c=§ln(sin2x+2)+c

sinx 1
Q 3 dx = 3
cos3 x cos3 x

sinx dz

_/ t
) 242

dt
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Example

sin x cos x sinx t=sinz
(1] ———dx= | ———cosxzdx =

t
= [ ——dt
/t2+2

sin®x + 2 sin®z + 2 dt = cosx dzx
1 2t 1 1
:é/mdt:iln(t2+2)+c=§ln(sin2x+2)+c

t =cosx

i 1
Q / sm3x dx:/ 3 sinzdz = |dt = —sinx dzx
cos3 x cos3 x . _
sinxdr = —dt
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Example

sinx cos x
O [ 5 L dr=
sin“x + 2

1 2t
2/t2+2

sinx 1
Q 3 dr =
cos3 x cos3 x

sin x qo— | t=sine | _ t
sin2x+2cosx T=ldt =coszde| ~ | 212
1 1
iln(t2+2)+c:§ln(sin2x—|—2)+c
t =cosx 1
3 sinzdzx = |dt = —sinz dx :—/—dt
t3

sinxdr = —dt

dt
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Example

sinx cos x
Q ———dx =

sin’x + 2

1 2t
2/t2+2

sinx 1
Q 3 dr =
cos3 x cos3 x

sin cos 2 da — t=sinx
sin?z + 2 | dt =cosz dx

_/ t
) 242

1 1
iln(t2+2)+c:§ln(sin2x—|—2)+c

t =cosx 1
sinzdzx = |dt = —sinz dx :—/—dt

3 A 3
sinxdr = —dt

dt
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Example

sin x cos x sinx t=sinz
(1] ———dx= | ———cosxzdx =

t
= [ ——dt
/t2+2

sin?z + 2 sin?z + 2 dt = cosx dx
1 2t 1 1
:i/mdt:iln(t2+2)+c=§ln(sin2x+2)+c

t =cosx

i 1 1
Q / S L dx:/ sinzdzx = |dt = —sinz dx :—/—dt
cos® x cos® x . - t3
sinzdr=—dt
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Example

sin x cos x sinx t=sinx
o /dez/?cosxdx:
sin“x + 2 sin“x + 2 dt = cosx dx

t
dt
/t2+2

1 2t 1 1
:i/mdt:iln(t2+2)+c=§ln(sin2x+2)+c

t =cosx

. 1 )
Q / Sy dx:/ sinzdr =|dt = —sinz dz :—/—dt
cos® x cos® x . - t3
sinxdr = —dt

t=2 1
_ |43 _ _
= /t dt = ) +c= o +c
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Example

sin x cos x sinx t=sinx
o /dez/?cosxdx:
sin“x + 2 sin“x + 2 dt = cosx dx

t
dt
/t2+2

1 2t 1 1
:§/mdt:iln(t2+2)+c=§ln(sin2x+2)+c

t =cosx

. 1 )
Q / Sy dx:/ sinzdr =|dt = —sinz dz :—/—dt
cos® x cos® x . - t3
sinxdr = —dt

Y (PO PR S5 S S
-2 2t2 2cos? x
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Example

o /sinxcosxd / sinx d t =sinx / t
S dae = cosx dr =
sin?z + 2 sin?z + 2 dt = cosx dx 242
1 2t 1 1
25/_t2+2dt:§1n(t2+2)+c=§ln(sin2x+2)+c
sinx 1 t=cosz 1
0/ :c:/ sinzdz = |dt = —sinx dzx :—/—dt
cos® x cos® x . - t3
sinxdr = —dt
=2 1 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2costz | C
sin® z
° (*) /cosac—i-?’

dt
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Example

o /sinxcosxd / sinx d t=sinz / t
——— dz = cosx dr =
sin?z + 2 sin?z + 2 dt = cosx dx 242
1 2t 1 1
:i/mdt:iln(t2+2)+c=§ln(sin2x+2)+c
sinx 1 t=cosw 1
0/ :c:/ sinzdz = |dt = —sinx dzx :—/—dt
cos® x cos® x . - t3
sinxdr = —dt
=2 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2cos?z | C
sin® z sin®x .
Q (*) /m x_/icos$+381nwdx

dt
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Example

o /sinxcosxd / sin x d t=sinx / t
SR e = cosz dx =
sin? z 4 2 sin? z 4 2 dt = cosz dx 2 42
1 2t 1 1
:i/mdt:§1n(t2+2)+c=§1n(sin2x+2)+c
sin 1 t =coszx 1
0/ :c:/ sinzdr = |dt = —sinz dx :—/—dt
cos® x cos® x . - t3
sinzdr = —dt
t=2 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2cos2z | ¢
sin® z sinz | 1—cos’zx
O () [ oiigir= [ oigenede= [ T sne de

dt
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Example

o /sinxcosxd / sinx d t =sinx / t
2T A = cosx dx =
sin?z + 2 sin?z + 2 dt = cosz dx 2 +2
1 2t 1 1
:i/mdt:51H(t2+2)+0251H(S1n2$+2)+c
sin 1 t =cosx 1
0/ :c:/ sinzdr = |dt = —sinz dx :—/—dt
cos® x cos® x . - t3
sinxdr = —dt
=2 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2cos2z | ¢
sin® z sin®x . 1—cos’z .
0 () [ iigie= [ anigenedr= [ s e
t =cosx
dt = —sinz dx

sinxdr = —dt

dt
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Example

o sin x cos x q / sin x cos 2 da t=sinx / t
B S —— xr = =
sin?z + 2 sin?z + 2 dt = cosz dx 12 +2
1 2t 1 1
:Q/mdt:51H(t2+2)+0251H(S1n2x+2)+c
sinx 1 t=cosz 1
0/ 3 :c:/ 3 sinzdzx = |dt = —sinz dx :_/t_?’dt
CosTT cosTT sinzdzr = —dt
=2 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2cos2z | C
sin® z sin®x . 1—cos’z .
O () [ oiigir= [ oigenede= [ T sne de
t =cosx 2_1
dt = —sinz dx :/t 3 dt
sinzdr = —dt +

dt
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Example

o sin x cos x q / sin x cos 2 da t=sinx / t
B S —— xr = =
sin?z + 2 sin?z + 2 dt = cosz dx 12 +2
1 2t 1 1
:Q/mdt:51H(t2+2)+0251H(S1n2x+2)+c
sinx 1 t=cosz 1
0/ 3 :c:/ 3 sinzdr = |dt = —sinx dz :—/t—3dt
CosTT cosTT sinzdzr = —dt
=2 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2cos2z | C
sin® z sin®x . 1—cos’z .
O () [ oiigir= [ oigenede= [ T sne de
t =cosx 2
dt = —sinz dx :/tt 31 dt:/(t—?)—l—%) dt
sinzdr = —dt + +

dt
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Example

o /sinxcosxd / sinx q t=sinz
———dx= | ———cosxdx =
sin?z + 2 sin?z + 2 dt = cosz dx

t
de
/t2+2

1 [ 2 1 1
25/_t2+2dt:§ln(t2+2)+c=§ln(sin2x+2)+c

t =cosx

i 1 1
Q / S L dx:/ sinzdr = |dt = —sinx dz :—/—dt
cos® x cos® x . - t3
sinxdr = —dt

t=3dt = 7572+ ! +ec ! +
= — ——+tc=— — +c
-2 2t2 ~ 2cos?x
sin® x sin® x 1—cos®z
° (*)/cosx—i—i’)dx /cos:c—&—?)smwdx /cosac—i—?’ smadr
t =cosx 2
= |dt = —sinzdx :/tt 31 dt:/(t—?)—l—%) dt
sinxdr = —dt + +

2

t
5—3t+8ln|t+3|+c

Simona Fignarovd (Mendel University) Indefinite integral MENDELU



Example

o sin x cos x q / sin x cos 2 da t=sginx / t
B S —— xr = =
sin?z + 2 sin?z + 2 dt = cosz dx 12 +2
1 2t 1 1
:§/mdt:§1n(t2+2)+c=§1n(sin2x+2)+c
sinx 1 t=cosz 1
9/ 3 :/ 3 sinzdr = |dt = —sinx dz :—/t—3dt
CosTT cosTT sinzdzr = —dt
=2 1 1
=— [t3dt=——F+c= S
/ 2+C 2t2+ 2cos2z | C
sin® x sin®x . 1—cos’z .
Q (%) /7COS$+3 x_/7cos:c+3smmdx_/7cosac+3 sinz dz
t =cosx 2
= |dt = —sinzdx :/tt 31 dt:/(t—?)—l—%) dt
sinxdr = —dt + +

2

2

3t+8Injt+3|+c=

COS2 x

—3cosz +8In|cosz+ 3|+ ¢

dt
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Theorem (The 2 nd method of substitution, x = (%))

Let f(x) be a function which is continuous on I and p(t) be a function having
continuous and nonzero derivative on J. Next suppose that ¢(J) = I Then it

holds on I:
[ @) dz= [ rlo)

where we substitute t = p~1(x) on the right-hand side and where ©~! is the
inverse function to .

@ We write ¢(t) instead of x and ' (¢) dt instead od dz. The composite
function obtained in the integral on the right-hand side seems to be more
complicated than the original one, but in some particular cases it can be
easier to integrate this composite function.

o We proceed as follows:

/f d“"”“ — dt' /f dt = F(t) + ¢ = Flg™\(a)] + ¢},

where F'(t) is an antiderivative of f[p(t)]¢’(¢).
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Integration of irrational function

We can eliminate roots in the integral

/R(:z:, Vazx +b, ¥ax +b,...)ds,

where R is a rational function. We use the substitution

t = vax +0b, where s is the least common multiple of ny,ns,. ...

Then:
t=+<var+b=—axr+0b=1t°
1 b
r=—t"— =
a a

1
de = =st* ' dt
a
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Example

t=yzF+l=z=t*-1

T
c/\/x+1dx:‘ der =2t dt
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Example

T =V +rli=az=t2-1] t? -1
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Example

T =V +rli=az=t2-1] t? -1
°/ x+1dx_‘ dz = 2t dt ’_/ ot

=2/(t2—1)dt
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Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
\/ﬁ do =2t dt t

:2/(t2—1)dt—2<§3—t>+c
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Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
dox =2t dt t

Vet
t3 2
:2/(t2—1)dt—2<§—t>+c:§(\/x+1)3—2\/x+1+c
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Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
dox =2t dt t

Vet
t3 2
:2/(t2—1)dt—2<§—t>+c:§(\/x+1)3—2\/x+1+c

° [ i
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Example

T =V +rli=az=t2-1] t? -1
°/ x+1dx_‘ dz = 2t dt ’_/ go2tdt

:2/(t2—1)dt:2<§—t>+c=§(\/ﬂc+1)3—2\/x+1+c

2 _|t=ve=sa=¢
° /\/E(x—kl)dx_‘ dz = 2t dt
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Example

T =V +rli=az=t2-1] t? -1
°/ x+1dx_‘ dz = 2t dt ’_/ go2tdt

:2/(t2—1)dt:2<§—t>+c=§(\/ﬂc+1)3—2\/x+1+c

2 _|t=ve=sa=¢
° /\/E(x—kl)dx_‘ dz = 2t dt

2
Y
/t(t2+1) bdi
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Example

T =V +rli=az=t2-1] t? -1
°/ x+1dx_‘ dz = 2t dt ’_/ go2tdt

:2/(t2—1)dt:2<§—t>+c=§(\/ﬂc+1)3—2\/x+1+c

2 _t=ve=a=¢
° /\/E(x—kl)dx_‘ dz = 2t dt

1
=4 | ——dt
/t2+1

2
= —2t
/ e )t
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Example

T =V +rli=az=t2-1] t? -1
°/ x+1dx_‘ dz = 2t dt ’_/ go2tdt

:2/(t2—1)dt:2<§—t>+c=§(\/ﬂc+1)3—2\/x+1+c

2 _t=ve=a=¢
° /\/E(x—kl)dx_‘ dz = 2t dt

1
:4/mdt:4arctgt+c

2
= —2t
/ e )t
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Example

T =V +rli=az=t2-1] t? -1
°/ dex_‘ de = 2t dt ’_/ tde

t3 2
:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c
2 t=yVr=az=12 2
S = = [ ——=2t
° /\/E(x—kl) dz ‘ dr =2tdt /t(t2+1) dt

1
:4/mdt = 4arctgt + c = darctg\/T + ¢
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Example

T =V +rli=az=t2-1] t? -1
°/ dex_‘ de = 2t dt ’_/ tde

t3 2
:2/(t2—1)dt:2<§—t>+c:§(\/x+1)3—2\/x+1+c
2 t=yVr=az=12 2
S = = [ ——=2t
° /\/E(x—kl) dz ‘ dr =2tdt /t(t2+1) dt

1
:4/mdt = 4arctgt + c = darctg\/T + ¢

0/\3/%/_5'_1@:
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Example

T
0/ z+1

dox =2t dt

dx_‘t:\/m+1:>x:t2—1’ _/t2—1
B B t

2t dt

:2/(t2—1)dt=2<§—t>+c:§(\/ﬂc+1)3—2\/x+1+c

2
o/\/z(xﬂ)dx_‘ de = 2t dt

t=\z=1=1

1
:4/—dt = 4arctgt + c = darctg\/T + ¢

2+

°/%@1

1

t=r=1=1°

d”’:‘ da = 6t° dt

2
2t dt
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Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
dox =2t dt t

Vet
t3 2
22/(t2—1)dt—2<§—t>—|—C=§(\/$+1)3—2\/.T+1+C

2 t=\z=1=1
9/\/5(;H dv= ‘ de = 2t dt

2
= [ ——=2tdt
/t(t2+1)
1
:4/1?2—}— dt = 4arctgt + c = 4arctg\/T + ¢

Vi o ff=Vr=a=t0
Jr+1 7T de=6t2dt

:/t2+16t5dt
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Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
dox =2t dt t

\/F
£ 2
:2/(t2—1)dt—2<§—t>+c:§(\/ﬂc+1)3—2\/:c+1+c

2 t=\z=1=1
o/\/f(x—‘,— dv= ‘ de = 2t dt

2
= [ ——=2tdt
/t(t2+1)
1
:4/1?2—}— dt = 4arctgt + c = 4arctg\/T + ¢

t8
— 5 —

Vi o ff=Vr=a=t0
Jr+1 7T de=6t2dt

Simona Fignarovd (Mendel University) Indefinite integral MENDELU 22 /27



Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
dox =2t dt t

\/F
£ 2
:2/(t2—1)dt—2<§—t>+c:§(\/ﬂc+1)3—2\/:c+1+c

2 t=\z=1=1
o/\/f(x—‘,— dv= ‘ de = 2t dt

2
= [ ——=2tdt
/t(t2+1)
1
:4/1?2—}— dt = 4arctgt + c = 4arctg\/T + ¢
_'t:(ﬁ:m:tﬁ

VT _ 5 4, 8
\3/E+1d do = 65 dt _/t2+16t dt =6 t2+1dt

1
_ 6 4 2
—6/<t —t +t—1+m) dt
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Example

2t dt

t—\/m—i— I=zc=t2-1 t?—1
dox =2t dt t

\/F
£ 2
:2/(t2—1)dt—2<§—t>+c:§(\/x+1)3—2\/:c+1+c

2 _t=vE=a=1¢
9/\/5(;5+ dv= ‘ de = 2t dt

2
= —2tdt
/t(t2+1)
1
:4/t2+ dt = 4arctgt + c = 4arctg\/T + ¢
_'t:%:m:tﬁ

VT _ 5 4, 8
\3/E+1d do = 65 dt _/t2+16t dt =6 t2+1d

—6/ tﬁ—t4+t2—1+L dt=6 i—ﬁ—i-ﬁ—t—i-arctt
- 2r1) T\ 7 53 &

t

)+
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Example

2t dt

‘t— m+1:>x:t2—1’ _/t2—1
B t

vo+1 dox =2t dt

:2/(t2—1)dt—2<§3—t>+c:§(\/x+1)3—2\/:c+1+c

2 _t=vE=a=1¢
9/\/5(;5+ dv= ‘ de = 2t dt

2
= —2tdt
/t(t2+1)
1
:4/t2+ dt = 4arctgt + c = 4arctg\/T + ¢
_'t:(ﬁ:m:tﬁ

VT _ 5 4, 8
9/%+1d dz = 6t° dt o t2+16t dt =6 t2+1d
P R SR S IR
=6 -t +t 1+t2+1 dt =6 + t + arctgt

7 5 3
_6{‘/:?6\/_
T

t

)+
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Integration by parts

Theorem (Integration by parts formula)

Let w and v be function having continuous derivatives on an interval I. Then the
following formula holds on I :

@ Integration by parts formula follows from the rule for differentiation of the
product of two functions.
© When using the integration by parts formula we need:
o to differentiate the function u,
o to integrate the function v’. This can be a problem!!!
Moreover, for an effective application of this formula we need the product u'v
(which appears in the integral on the right-hand side) to be “simpler in sense
of integration” than the original uv’.
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Typical integrals for using integration by parts

Let P be a polynomial.
()
/P(x)e‘”"’b dz, /P(a:) sin(az + b) dz, / P(z) cos(ax 4+ b) da

In these cases we differentiate the polynomial and we integrate the
exponential (or trigonometric) function.

)
/ P(z)In™(az + b) do
/ B eweales 2 B) <l / P(a)arccotg(az + b) dz
/ ) i 4 )l / e

In these cases we integrate the polynomial and we differentiate the
logarithmic or the cyclometric function. The case P(z) =1 is also included.

4
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Example (Integration by parts I)

Qo /mcosxdx
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u=x v =cosx
v =1 v=sinz
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx =

=zsinx — /sinmdm
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /xcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

Simona Fignarovd (Mendel University) Indefinite integral MENDELU 25 / 27



Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /xcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

o /(ar:2 + e *dz
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /xcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=a2>+1 v =e"
u =2z

(2] /(ar:2 + e *de =
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Example (Integration by parts I)

u=z v =cosx . .
Q@ [ zcosxdzx=| . =zsinz — [ sinzdz
' =1 v=sinz
=xsinx +cosx + ¢
Q [(z®+1)e"d u=e+1 v=e”
T e T = _
o =2z v=—e "

— (x2 +1)(—e™") — /21‘(—6796) dx
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"

(2] /(x2 + e *de =

x

— (x2 +1)(—e™") — /21‘(—6796) dx

= —e (2 4+ 1)+ 2/:176_3C dz
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdac =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"

(2] /(x2 + e *de =

x

— (x2 +1)(—e™") — /21‘(—6796) dx

_ _ u=
=—e ”(:v2+1)+2/a:e mdx:‘ o — 1
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /mcosxdx: :xsinx—/sinmdm

=xsinx +cosx + ¢

u=a2>+1 v =e"

o =2z v=—e %

(2] /(x2 + e *de =

— (x2 +1)(—e™") — /Zw(—e*m) dz

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}
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Example (Integration by parts I)

u=x v =cosx

, . =xsinz — [ sinzxdx
u' =1 v=sinz

Qo /mcosacdac =

=xsinx +cosx + ¢

u=2z241 v =e"

o =2z v=—e %

(2] /(x2 + e *de =

— (x2 +1)(—e™") — /Zw(—e*m) dz

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}

=—e (22 +1) — 2we™ " +2 / e *dx
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdx =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"%

(2] /(x2 + e *de =

= (22 +1)(—e?) - /Zw(—e*m) dx
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Example (Integration by parts I)

u=x v =cosx
v =1 v=sinz

Qo /mcosacdx =

=xsinx +cosx + ¢

=zsinx — /sinmdm

u=2z241 v =e"
o =2z v=—e"%

(2] /(x2 + e *de =

= (22 +1)(—e?) - /Zw(—e*m) dx

= —e (2 4+ 1)+ 2/906_3C dz =

=—e (22 +1)+2 [ay(—e—m) - / 1-(—e™™) dx}

=—e (z*+1) - 2ze™ " + 2/6_“” dz

=—e "(@?+1)—2ze " —2 " +c=—e"(2°-22+3) +c
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Example (Integration by parts Il)

Q /lnxdx
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Example (Integration by parts Il)

Q /lnxdx:

u=Ilnzx vV =1

r 1 _

Ww== wv=x
xT
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Example (Integration by parts Il)

_ r_
0/lnxdx: u—1111£17 U_l‘:xlnx—/lncdx
z

Ww== wv=x
xT
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Example (Integration by parts Il)

_ r_
0/1nxdx: u—1111£17 U_l‘:xlnx—/lncdx
z

=5 v=zx
:xlnx—/dx:xlnm—x+c

Simona Fisnarova (Mendel University) Indefinite integral MENDELU 26 /27



Example (Integration by parts Il)

_ r_
0/1nxdx: u—1111£17 U_l‘:xlnx—/lncdx
z

=5 v=zx
:xlnx—/dx:xlnm—x+c

Q /warctga: dz
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Example (Integration by parts Il)

_ r_
0/1nxdx: u—1111£17 U_l‘:xlnx—/lncdx
z

=5 v=zx
:xlnx—/dx:xlnm—x+c

u = arctgr v’
li

_1
T x241

VS, 8

v

Q /warctga: dzr =
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Example (Integration by parts Il)

_ r_
0/lnxdx: u—1111£17 U_l‘:xlnx—/ln:dx
z

Ww== wv=x
:xlnx—/dx:xlnm—x—l—c

x

!

u=arctgr v =ux
v

z2 1 x?
= —arctgr — — dx

o /xarctga: dz = 5| 71

1 — zZ
T ox241 - 2
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Example (Integration by parts Il)

_ ’_
Q/lnxdx: u=nz U_l‘:xlnx—/l~xdx
z

L v=2a
:xlnx—/dx:xlnx—x—l—c

u ==
x

u=arctgr v =z x> 1 x?
= ?arctga: 3 21 dx

Q /xarctgmdx: , 1 22
T VT2
x? 1 1
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Example (Integration by parts Il)

_ r_
0/1n:17d:17: u,_hllx U_l‘:xlnx—/l~xdx
= x

u == v=2a
:xlnx—/dx:azlnx—x—i—c

x

u=arctgr v =ux

2
li _
V=73

2 + 1 / x2 q
= —arctgxr — — X
g T T | e

v t L 1 L d v t 1( tgx) +
= —arctgr — — _— r = —arctgr — —\xr — arctgxr C
g AT T 5 211 g AT T 5 &

Q /xarctga: de =

_1
T x241
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Using the computer algebra systems

Wolfram Alpha:

http://www.wolframalpha.com/

Mathematical Assistant on Web (MAW):

wood .mendelu.cz/math/maw-html/index.php?lang=en&form=integral

Example
Using the Wolfram Alpha find the integral

/lnx dx.

integrate 1ln x dx

Solution:
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